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An Active Resistor Network for Gaussian
Filtering of Images

Haruo Kobayashi, Joseph L. White, Student Member, IEEE, and Asad A. Abidi, Member, IEEE

Abstract —The architecture of an active resistive mesh con-
taining both positive and negative resistors to implement a
Gaussian convolution in two dimensions is described. With an
embedded array of photoreceptors, this may be used for image
detection and smoothing. The convolution width is continuously

variable by 2:1 under riser control. Analog circuits implement a
45X 40 mesh on a 2-pm CMOS IC, and perform an entire

convolution in 20 ps on applied images.

I. INTRODUCTION

H ARDWARE capable of sensing an input in two

dimensions and processing it in parallel to obtain

results in real time is of great interest in applications such

as low-power compact image recognition systems. In digi-

tal signal processors today, a 2D input from a sensor is

first scanned and quantized, and subsequently processed

using pipelined parallel algorithms to obtain a fast

throughput rate [1]. The data at each grid point in the 2D

input, corresponding to one pixel in the case of a sampled

image, serially enter this signal processor and flow through

it at some usually fast clock rate. A substantial increase in

throughput may be obtained over this signal flow rate by

using simultaneous processing per pixel, particularly if the

signal fan-out is eliminated by not digitizing the input but

retaining it as an analog quantity. This is how signal

processing takes place in natural biological systems [2]-[4].

Much of signal processing consists of data reduction

and the extraction of high-level content for purposes such

as identification, classification, or storage. The hardware

to accomplish this will very often implement an algorithm

derived from a study of physical or biological systems,

which naturally perform a similar task. In a pro-

grammable digital signal processor, an explicit algorithm

is entered as a sequence of instructions, or as their

hardwired equivalent in a dedicated processor. Analog

hardware, on the other hand, cannot be programmed as
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digital operations may be, and is almost always hardwired:

a circuit must be constructed in which Kirchhoff’s laws

and the terminal characteristics of the components to-

gether embody the desired algorithm. Insofar as this

synthesis is guided by experience, ingenuity, and taste, the

approach is ad hoc and limited in its generali~, but when

successfully executed, it may offer a savings in power and

enhancement in speed by orders of magnitude over the

digital approach [5]. The input to an analog signal proces-

sor is some current or voltage, the output some other

voltage or current determined by the laws of physics

governing the circuit. The early analog computers were

built on this principle, but being composed of building

blocks with quite general functions, they were not very

efficient in hardware for massively parallel tasks.

Translinear integrated circuits are one well-known exam-

ple of an efficient use of hardware to embody complex

nonlinear algorithms, although usually for scalar or one-

dimensional array inputs. They achieve hardware effi-

ciency by exploiting transistor device physics rather than

from complex building blocks such as operational ampli-

fiers; they are also hardwired to accomplish a specific task

[6], [7]. Our work deals with a class of circuits suited to

simultaneous signal processing in two dimensions also

using processing at the transistor level.

II. IMAGE SMOOTHING USING SIMULTANEOUS 2D

SIGNAL PROCESSING

This section will discuss the algorithm and architecture

of a particular image processing function we have imple-

mented for potential use in compact machine vision sys-

tems [8].

A. Smoothing Images by a Gaussian Operation

Many electronic image recognition systems tend to

replicate the hierarchy from low- to high-level processing

found in biological organisms. A raw image is usually

smoothed to suppress noisy features; its outline is then

obtained with some form of edge-enhancement operation,

and the outline after normalization and rotation is com-

pared with stored templates. While the quantity of data

might reduce along this chain, the complexity of the

operations increases significantly. Our work relates to the

lowest level of image processing, the smoothing of raw
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image data with a Gaussian convolution function of vari-

able width.

There is broad evidence suggesting that a noisy image is

best smoothed by a Gaussian convolution kernel prior to

edge enhancement. This corresponds to the defocusing

action of a lens, and is inherent in many biological sys-

tems. The defocusing blurs the small sharp features char-

acteristic of visual noise, which are extraneous to impor-

tant objects in the field of view. Unless the image is

properly smoothed beforehand, differentiating the inten-

sity map of the image to enhance the edges will also

accentuate the sharp noisy features. Theoretical work has

proven that a noisy image is best smoothed by a Gaussian

convolution kernel to obtain the largest signal-to-noise

ratio after differentiation [91, [101.

The optimal width, or extent, of the convolution used

to smooth a particular image depends on the spatial

standard deviation of the noise, and also on the scale of

the objects which is usually not known in advance. The

width of the Gaussian smoothing must therefore be vari-

able under the control of the user. Adaptive methods

such as scale space filtering [11] rely on this capability.

Our experiments suggest that a Gaussian with a width

variable by a factor of 2 is adequate to smooth the noise

in many simple images sampled at a resolution of 50 by 50

pixels.

We set about after these considerations to implement

one analog integrated circuit capable of sampling an

image at a resolution of 50 pixels on a side, smoothing it

by a Gaussian in about 5 ps, and giving the user the

flexibility of continuously varying the Gaussian width by a

factor of 2:1. This speed of operation is orders of magni-

tude faster than digital implementations of this convolu-

tion function, which in addition to the requirements of

image buffering also require the image to be circulated

several times through a filter to obtain the property of

variable width.

B. Computation in 2D Using Resistive Meshes

Resistor networks were used as analog computers in

the past to solve complex boundary value problems in

electromagnetic [12]–[15]. These were later replaced by

numerical simulation on digital computers, primarily be-

cause of the ease of programmability. Digital computa-

tion, however, could neither surpass the low power dissi-

pation nor the speed of analog computers, because when

the latter solve complex 2D problems, the currents and

voltages could attain their final values within a very short

RC relaxation time. This high speed is the main attraction

of analog computation for 2D real-time signal processing,

in that the number of calculations unlike digital computa-

tion does not grow proportionally to the resolution, but

more as the square root. The use of this concept for

similar applications has also been noted elsewhere [16].

Unlike a resistive sheet subject to a potential difference

between two edges, where the resulting lateral equipoten-

tial contours solve electrostatic or magnetostatic field

Network Structure

Resistive Network

RI R1 R1 Ri

Cusped Convolution Kernel

Fig. 1. lD mesh with leakage resistors to ground, and its convolution

kernel.

problems, the contours in a sheet which also has a contin-

uous leakage to ground will decay in a characteristic

fashion in response to a voltage applied at a single point.

The spatial rate of decay depends on the leakage conduc-

tivity to ground relative to the lateral conductivity. This

decay function may be thought of as the spatial impulse

response of the leaky resistive sheet, or, equivalently, its

convolution kernel; the potential contours in response to

multiple-point stimuli will then be determined by linear

superposition. Consider, for example, a one-dimensional

discrete version of the leaky resistive sheet composed of a

uniform linear mesh of resistors R 1 with resistors RO

from every node to ground (Fig. 1). In response to a

current excitation at one node, the resulting voltage dis-.

tribution on the mesh decays n nodes away from the

excitation according to an exponential function
exp(– nR ~/Ro) [16]. This convolution kernel differs from

a Gaussian in two important ways: it has a slower decay at

its tails, and the exponential on either side of the excita-

tion meet at the center to produce a CUSP (Fig. 1). The

discontinuity in derivative at this point would produce

undesirable results when this function is applied to a

noisy image and then followed by edge enhancement. The

mesh must therefore be modified to produce a character-

istic function which better resembles the flat-topped

Gaussian at the point of excitation. Obtaining a practical

realization of this mesh was one of the key contributions

of our work.

C. An Active Resistive Mesh Implementing

Gaussian Convolution

We first qualitatively examine why the resistive mesh in

the previous example produces a cusped convolution ker-

nel, and how it must be modified. An indirect procedure

for synthesizing the desired network is then described,

followed by methods to extend it to two dimensions.

The spatial derivative of voltage at a point in a resistive

sheet or discrete mesh specifies the potential gradient or

the electric field there. According to the point form of
Ohm’s law, J = uE, a current injected at a point (assum-

ing the point has nonzero extent, so that the current

density there is not infinite) on a resistive sheet with

leakage to ground will produce some nonzero electric

field (E) there, and therefore a nonzero potential gradi-

ent. A nonzero J may produce a zero E only if o –+%
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which implies that the sheet must appear perfectly con-

ductive at the point of injection. If a negative resistance is

introduced to locally neutralize the dissipation in the

sheet, while maintaining the dissipation across the large

scale, a convolution function may be obtained with a flat

top and decaying tails. It is plausible to achieve this in a

discrete resistive mesh by introducing negative resistors

not between every node, because that would simply mod-

ify the value of I?l, but between every other node, or

perhaps even straddling several nodes. Investigating this

numerically, we found that a mesh implementing a convo-

lution of the desired shape could be obtained using nega-

tive resistors of a certain value connecting nodes with

their second nearest neighbors. We also came upon an

alternative procedure to synthesizing the same mesh,

based on the theoretical work relating to the optimal

smoothing of images. This is now described.

Poggio et al. [9] have analyzed how to smooth samples

~, –@< j < ~, of a noisy function to best estimate the

derivative if the noise were not present. They seek a

fitting function U(x) with continuous first derivative which

interpolates the sample points ~ with a least-mean-square

difference, but with the constraint that the derivatives of

U(x) are not allowed to fluctuate excessively to obtain the

least noisy estimate of the actual derivatives of the sam-

pled function. This is expressed as the problem of mini-

mizing an energy functional E, defined as the mean

square difference between the interpolating function and

the samples, subject to a penalty on excessively large

second derivatives. The strength of the penalty is con-

trolled by a parameter A, called the regularization param-

eter:

It is shown that the U(x) minimizing E in (1) is obtained

by convolving ~. with an almost exactly Gaussian kernel,

and the width of this kernel increases with A. We may use

this result by exploiting a fundamental connection be-

tween the minimum of an energy functional and the

operating point of a circuit. It is known from circuit

theory that Kirchhoff’s laws and the constituent relations

of the components drive a network to a state of minimum

energy dissipation, so it is reasonable to construct a

network whose energy dissipation is described by (l). The

network equations may be obtained directly by setting the
derivative of the right-hand side of (1) to zero.

Using a discrete estimate of the second derivative in

(l), we get

j j

where ~. = U(x = j). This is a quadratic form, and there-

fore has a unique minimum where dE/dLJ = O for all j, so

o=2(~-~)+A;~(U+l+q.1-2q)2for all j.
11

(3)

-R2 -R2 -R2 .R2

Fig. 2. ID mesh with negative resistors between second nearest neigh-

bors produces a cmvolution with a flat top.

Differentiating the terms in the sum and noting that

d~./dL$ = O if i #j,

o=(q–y)+A(6q -4(q.l+q+l) +(q-2+q+2)).

(4)

This describes the node equations of a one-dimensional

mesh [17] consisting of positive resistors (1? ~) connecting

nearest-neighbor nodes (i.e., j – 1, j and j, j + 1), negative

resistors ( – R2 = – 4R1) connecting second nearest

neighbors, and resistors R. = AR ~ to ground from every

node, which are the leakage resistors described previously

in the qualitative model (Fig. 2). The ~. correspond to

voltage excitations in series with the leakage resistors.

The network will produce as an array of node voltages

(1+) the convolution of the array of excitation voltages (~)
with a Gaussian kernel whose width is controlled by A. If

{~} were a set of photovoltages consisting of samples

along a scan line through an image, the output set of

voltages produced by the network would be the smoothed

scan line.

The desired smoothing in an image, however, must take

place across two dimensions. To obtain this, samples of a

2D image as a matrix of photovoltages should drive a

two-dimensional mesh to obtain the desired result. The

one-dimensional prototype of a Gaussian convolution

mesh must then be extended to implement the kernel

with circular symmetry in two dimensions. Noting, for

instance, that a two-dimensional Gaussian function

G(x, y) is separable, that is, G(x, y) = G(x). G(y), the

desired 2D convolution may be obtained by driving an

array of lD meshes parallel to the y axis with the matrix

of sampled photovoltages, and an identical array of lD
meshes along the x axis with the matrix of buffered

outputs from the first array. This is not very efficient in

hardware, because each mesh must have independent

active circuits to produce the negative resistances, and an

intermesh buffer must be used at every node.

Another possible implementation on a 2D rectangular

grid is to connect every node to its four nearest neighbors

oriented 9(P apart with resistors RI, and the four second

nearest neighbors at the same orientations with resistors

– R2. The simulated spatial impulse response of this

network decayed more rapidly along the diagonals than

axially, producing an unacceptably large deviation from



KOBAYASHI et al.: ACTIVE RESISTOR NETWORK FOR GAUSSIAN FILTERING OF IMAGES 741

,., ., .
r ‘r’ ‘r’ ‘1

@

i ,: ‘\, !.,. /
Ro d Photo

+ Sensor

— =

(a)

● 2D Gaussian-like

● Good Ch’cular Symmetry

● Hexagonal Structure

● Circularly Symmetric

‘1

20

18

16

14

12

10

Q

o

0
8

6

4

2

00
5 10 M 20

Perspective Plot Contour Plot

(b)

Fig. 3. (a) Extension of the mesh to 2D on a hexagonal grid produces (b) the best circular symmetry in the convolution
kernel.

circular symmetry. A better circular symmetry was ob-

tained by adding similar positive and negative resistive

connections along the four diagonal directions, but

weighted four times larger in magnitude. It became evi-

dent that a large number of components would be re-

quired to contrive circular symmetry on a rectangular

grid, but not so on a hexagonal grid which inherently

possesses a circular symmetry. The image must also be

sampled on a hexagonal grid for compatibility with the

mesh, “which now consists of equal resistive connections

6@ apart in orientation to nearest and second nearest

neighbors. A hexagonal grid affords the greatest spatial

sampling efficiency in the sense that the least photorecep-

tor sites will attain a desired coverage of the image [181,

and the fewest network elements will yield the desired

circular symmetry (Fig. 3(a)). The latter was verified in

the simulated convolution kernel of this 2D network (Fig.

3(b)).

We required the kernel width to be variable by a factor

of 2 under user control. That the convolution width

depends on the ratio RO /R1 was known from the synthe-

sis procedure, but the strength of this dependence was

not, Simulations of the network showed a weak depen-

dence (Fig. 4)

()
1/4

Convolution width a ~ .
1

(5)

It was simplest in terms of implementation to keep RI

and Rz fixed to preserve the Gaussian shape, and make

RO alone variable by 16:1 to obtain the desired 2:1

variation in smoothing width.

Several aspects of this design procedure and simulated

results invite analysis. Is there a systematic way to gener-

alize a lD mesh prototype with circular symmetry to 2D?

Is the characteristic function of this combination of posi-

tive and negative resistors stable in space (i.e., does it

decay rather than oscillate indefinitely)? Stable in time?

Can the network be generalized to other convolution

functions? What is the analytical relation between the

width of the convolution function and the network ele-

ments? We have answered some of these questions else-

where [19].
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Lambda

Fig. 4. The width of the convolution kernel increases as the l/4th

power of the grounded resistor.

III. CIRCUIT DESIGN

The practicality of implementing this signal processing

technique depends greatly on whether it is realizable on a

standard (digital) CMOS IC process. We discuss now the

circuit design of the required components, including the

photosensors, and the special considerations for layout of

this highly interconnected 2D network as a monolithic

integrated circuit.

Inuut Circuit

Photo-Transistor
Light

Light Vdd

(

3, collector

N Substrate
~ Emitter

Vck

Cross Section

Wide Input Dynamic Range
Light Vdd

x

$

Vd M Iog(ld)

Id

Vd
in subthreshold

Whole Input Circuit
Vdd

Fig. 5. The vertical bipolar transistor in a CMOS well produces loga-
rithmic compression at the gate voltage by a MOSFET in subthreshold.
A transconductance buffer drives the network.

Vin Vin Vin

!Vc, /RO

——
ki+IcI

t
Ic

—

A. Logarithmic Photoreceptor

An image focused on the chip surface maybe sampled

by a matrix of photoreceptors, one at every node of the

network. The intensity across a simple image may vary by

two to three orders of magnitude in a Iaboratoty environ-

ment, more in natural backgrounds, so a linear photore-

ceptor, which converts the intensity to a proportional

voltage or current, would drive the active circuits in the

network into saturation. A logarithmic photoreceptor is

II = K[(VC - Vt) Vin -~Vin2]
(in triode region)

12= K[(Vc+Vin -Vt)Virr-~Vin2]

1=11+12= 2K[Vc-Vt]Vin

Fig. 6. The linearized variable resistor, with implementation of gate

bias.

therefore required, and as studies on image Processing level-shift PMOS driving a resistively degenerated

have shown, perfectly adequate for the task on hand [3]. NMOSFET, which appears to the photoreceptor as a
photosensing is most economically obtained using the voltage-controlled current source (Fig. 5).

parasitic vertical bipolar in a CMOS well as a phototran-

sistor, whose collector current becomes proportional to

the light intensity incident on the collector junction along

the well bounda~. This may be compressed into a loga-

rithmic voltage by a diode-connected MOSFET biased in

the subthreshold region by the small photocurrent density

produced under room lighting conditions. A compact

logarithmic photoreceptor is in this way obtained with a

two-transistor circuit [20], [21] (Fig. 5).

Although the stimulus to the prototype network in the

discussion above was a voltage source in series with the

variable resistor RO, the circuits for the photosensor out-

put and RO (described below) are naturally grounded on

one end, so the Norton transformation must be invoked

to convert the stimulus into a parallel combination of a

grounded current source and a shunt resistor. A transcon-

ductance photoreceptor buffer was used, consisting a

B. Variable Resistor

The width of the convolution kernel is set by a resistor

RO, whose value should ideally be continuously variable

under user control. A single MOSFET operating in triode

region used as a variable resistor would introduce an

undesirable parabolic nonlinearity in the 1 – V character-

istics. Two MOSFET’S in parallel obeying the simplified

square law equations, however, can exactly cancel each

other’s parabolic nonlinearity in the triode region of oper-

ation if their gate biases are applied in a particular way,

and the resulting linearized resistance is controlled by the

bias. We used this as the variable resistor (Fig. 6). The

floating-gate bias voltages were obtained as the V& of

source-follower FET’s carrying a control current.
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Fig. 7. (a) An NIC inverts the polarity of a resistor. (b) One NIC
serves all resistors converging on a node.

The mean network voltage at a given level of ,photosen-

sor illumination will change with the convolution width:

for example, when the convolution width is decreased by

making all RO large, the mean voltage will also increase

because the buffered photocurrents will flow into larger

resistors. This will impose the unnecessary demand of a

large common-mode range of operation in active circuits

such as RO. We used a scheme to normalize the network

inputs by slaving the buffer transconductance of the loga-

rithmic photoreceptor proportionally to RO, so as to

maintain a constant mean network voltage at all illumina-

tions.

C. Network Resistors

The 5-kfl resistors for the nearest-neighbor internode

connections in the network were implemented using p-well

diffusions. A Gaussian convolution kernel would be ob-

tained in spite of tolerances in the p-well resistivity as

long as the relative magnitude of the positive and nega-

tive resistors remains 1:4. To make this ratio on the chip

depend only on geometry, both RI and Rz were imple-

mented in the same material, p-well diffusion, and a

negative impedance converter (NIC) was attached to R2
to invert its polarity.

Our NIC implementation (Fig. 7) consists of the combi-

nation of a voltage follower and current inverter. The

op-amp-based followers at each end of Rz impose across

it the potential difference at their inputs, and the result-
ing current flow, forced through the Class-B type output

stages, is sourced from or sunk into the positive or nega-

tive power supply. Current mirrors in series then apply

the same current at the input leads of the followers,

inverting the sense of current flow as perceived at the

network nodes. A negative resistance – R2 is presented

to the network.

Six negative resistors converge on every node in this

hexagonal mesh. Six different NIC’S are, however, not

required at each node; instead, a single NIC placed at the

node after the confluence of the resistors will simultane-

ously make them all negative (Fig. 7(b)). The dc gain in a

simple five-FET op amp was large enough to obtain

accurate inversion of the resistor 1– V characteristics and

eliminate the crossover nonlinearity in the Class-B stage.

The NIC at every node thus contained only 11 FET’s.

D. Layout Considerations

A key concern in the implementation of this network as

an IC is whether the usual two layers of metal and one of

polysilicon can implement the starlike fan-out of intercon-

nections emanating from every node. We proved to our-

selves at the outset of this work that this was possible. A

hexagonal grid was obtained by horizontally staggering

successive rows of cells, and their interconnections imple-

mented on a Manhattan geometry (Fig. 8(a)). All three

available layers of interconnect were used to create abut-

table cells. The power, ground, control, and output rails

ran parallel to these rows from edge to edge of the chip.

A unit celI, including its portion of interconnect, mea-

sured 170 X 200 ~m in 2-pm CMOS (Fig. 8(b)). The area

of the photoreceptor collector–base junction, the blank

rectangle in the cell layout at the lower left, measured

56X 24 pm. No wires were allowed to traverse the photo-

sensor because metal would absorb the incident light.

Parasitic photocurrents generated in the source/drain

junctions of other active circuits would have negligible

effect on the voltages at the low-impedance nodes there.

We observe finally that the active circuits occupied only

57% of the cell area, a measure of the toll exacted by the

richness of interconnect in this circuit.

E. Output Means

This convolution network accepts a 2D input in the

form of an incident image, does 2D signal processing

across the resistive mesh, but on a standard IC is re-

stricted to ID output at the pins along the periphe~. The

output therefore must be read at the pins (Fig. 9) by

accessing one row of nodes at a time, and, at least in this

implementation, becomes the bottleneck to the through-

put rate. Addressable MOS switches were used to con-
nect every node to output lines, and on-chip vertical

bipolar transistors connected as emitter followers served

as analog buffers at the pads. The speed of signal process-

ing was determined by the relaxation time of this un-

clocked network, but a clock was introduced at the output

to scan out the rows. To relieve this bottleneck, one can
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● Double Metal, Single Polysilicon

● P-well Fteeistors

(a)

200 urn

(b)

Fig. 8. (a) The layout of interconnects among a cluster of seven cells
on a hexagonal grid; the blank areas contain the photoreceptor and
associated active circuits in each cell. (b) Unit cell layout.

Illuminate n 2D Input

=f$’F

—

—

I IwImage

Fig. 9. Output mechanism. The network has 2D input, accomplishes
2D signal processing, but is forced to output results in ID.

envisage connecting several 2D computational IC’S per-

forming a cascade of low-level vision tasks, with micro

solder balls joining together matrices of pads on their

surfaces, or through via holes on the back sides of the

chips. This technique, originally developed for “flip-chip”

mounting, is used at very high densities today to mate 2D

focal plane array sensors to active substrates [22]. Once

the desired data reduction has taken place at the output

Fig. 10. Chip photograph.

of the such a cascade of chips, a few high-level outputs

containing image features could be scanned out in paral-

lel on pins with no loss in throughput speed.

IV. EXPERIMENTAL RESULTS

We were able to fit a 45x 40 array of unit cells on a

7.9 x9.2-mm die, the largest die size available to us

through the MOSIS foundry service. Power supplies of

+ 5 and – 5 V were used, mainly for convenience in

circuit design; the circuits could be modified with a minor

effort for operation on a single 5-V supply. The fabricated

chip (Fig. 10) contained more than a 100000 transistors

and was fully functional.

The network response to optical input was measured by

shining light on the exposed chip, and reading the outputs

using a specially developed interface board under control

of a personal computer. An array of analog column volt-

ages along an addressed row were digitized and stored,

and the smoothed output image reconstructed on the

computer screen after all rows had been scanned.

A. Component Characteristics

Test circuits were included to independently verify op-

eration of some of the key building blocks in the network.

The log compression FET and the transconductance

buffer following the photosensor gave the desired log-lin-

ear relationship across 2.5 decades of photocurrent (Fig.

1 l(a)). The variable resistor could be changed by the

control current by a factor of 16:1 in magnitude, from 20

to 320 kfl (Fig. n(b)). The network simulations described
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Fig. 11. Measured characteristics of the component circuits: (a) loga-

rithmic compression at the photoreceptor output (Vd) versus photocur-
rent; (b) the variable resistor, which becomes nonlinear when one FET
goes from triode to saturation; and (c) the negative resistor.

previously predict that this would yield the desired 2:1

variation in convolution width. A strong nonlinearity in

the 1– V characteristics appeared for voltages larger than

0.3 V, but we had designed the range of the network

voltages not to exceed this value under normal illumina-

tion. A negative resistor of the desired value was also

obtained (Fig. 1l(c)), with very little observable nonlinear-

ity at applied voltages of 0.3 V of either polarity.

B. Response to Optical Inputs

The network function was characterized with two sim-

ple incident images, a pinhole excitation representing a

spatial impulse, and the character “T.” The images were

produced on the chip surface by light transmitted through

Input Image Output Image Convolution Kernel
1

,; 1~
.>!. ,,!0,, . . . . .

Narrow

Fig. 12. Measured convolution kernel of the network. The measured
network stimulus is deconvolved from the output. Dashed lines superim-

posed on output show the numerical smoothing used.

.200:
4a

Node
(a)

160,

.20J ~ I
10 15 20 25 30 35 40

Node
(b)

Fig. 13. The uniformity of output (a) across one chip, and (b) between
three chips.

a mask used in place of the lid on the cavity of the

ceramic PGA package. We had also made provision on
the IC to measure the actual compressed signal driving

the network, so that the true network function could be

obtained by deconvolving it from the measured output.

The convolution kernel was thus deduced from mea-

surements of the network input and output (Fig. 12). It

was difficult at this sampling resolution to accurately
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Fig. 14. (a) Measured outputs at two different smoothing widths on

character “T.” (b) Uniformity of network action versus rotation.

ascertain that it was a Gaussian function, but the charac-

teristic inflection in the function as it approaches the

peak value was evident. This would not appear unless the

network contained negative resistors. We were able to

change the full width at half maximum of the kernel by a

factor of 2, from 4.7 to 9.4 pixels wide, by changing RO

across its full span with the control current. The network

output was most noisy at its tails at minimum RO, and we

had to use smoothing in the sense of a least-mean-square

fit to deduce the kernel function. Light through the

pinhole nominally sampled only a small neighborhood on

the chip; we moved the pinhole to points on the chip
either side of the center, and found an acceptable uni-

formity in the response (Fig. 13(a)), which is determined

here by MOSFET matching across the extent of the chip

surface [23]. The slight uptilt of the output at the ends of

the measured response was caused by the edge effect

when the network terminates at the chip boundaw. The

uniformity across three chips was also acceptable at this

sampling resolution (Fig. 13(b)), except for one chip where

a particularly large uptilt appears.

The smoothing effected by the network on a character

“T” was also measured (Fig. 14(a)), and its symmetry
after rotations relative to the chip axis verified (Fig.

14(b)). Both were satisfacto~. ‘
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(a) An 8 X 8 subnetwork simulated at the transistor level onFig. 15.

SPICE, and (b) at various distances away from excitation, showing
settling within 2 p.s.

Precautions were required in making the measurement

to compensate for the effects of the 2-W power dissipa-

tion when no heat sink was mounted on the package. This

large power dissipation produced a thermal gradient

across the IC, peaked at the center with circularly sym-

metric isotherms spreading out towards the chip bound-

ary. We deduced this from a corresponding pattern in

photoreceptor dark currents, which appeared as a stimu-

lus to the network in the absence of an optical input. This

had to be calibrated and subtracted from all measure-

ments to obtain the true optical response. We emphasize

that this relatively large power dissipation was not funda-

mental to the network; 75% of it was due to an unneces-

sarily large bias current in one building block, the control

circuit for the variable resistor. A further reduction in

quiescent power could be obtained by devising a voltage

drive to the network nodes, because the current sources

in the present implementation produce some steady power

dissipation through RO, even when the chip is not illumi-
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TABLE I
ELECTRICAL CHARACTERISTICS

Photosensor sites 45x 40
Sampling geometry Hexagonal

Area per pixel 170 X200 pm

Rise time of network (l@90yo) 2 ps

Rise time of photosensors 20 #s

Width of convolution (FWHM) 4.7–9.4 pixels

Chip size 7.9 x9.2 mm
Technology 2-pm CMOS, single poly,

double metal
Power dissipation 2 W (75% in one function block)

nated. The power dissipation could be made even smaller

by scaling down all the currents in the IC, but at a

trade-off of longer relaxation times.

The settling time of the entire network in response to a

step input from the photoreceptors determined the 2D

computational speed. For all practical purposes, a step

change in a photoreceptor has only to propagate a few

nodes away before the decay in the convolution function

will swamp it out, and the voltages at nodes farther away

will remain relatively unchanged. We simulated an 8 X 8

subnetwork at the transistor level on SPICE, and the

results indicated settling in less than 2 KS in response to a

step in photocurrent (Fig. 15). However, a settling time of

20 KS was experimentally observed in response to illumi-

nation from a light chopper, which we surmise was domi-

nated by the slow response of the phototransistors [20].

The graceful settling in the transient SPICE simulation

verified the stability of the network response in time. A

similar waveform of the settling of node voltages was also

observed experimentally.

The electrical performance of the Gaussian convolution

IC is summarized in Table I.

V. CONCLUSIONS

Parallel processing of images per pixel will offer the

highest possible speed in functions related to low-level

vision. This is indeed the present trend in real-time hard-

ware for digital image processing. We have described a

single-chip analog implementation of this concept to per-

form a Gaussian convolution with the use of an active

mesh. Although it may be argued that a variable focus

lens also effects this function, there are two significant

differences: the active resistive mesh may be extended to

many different convolution functions, including orienta-

tion selective ones [19], most of which cannot be simply

implemented with geometric optics; furthermore, no me-

chanical system could attain the physical compactness and

microsecond control of the convolution functions. The

difference in output of two independent meshes on the

same chip, for example, could implement the much sought
after difference of Gaussian function in image processing

[3]. In short, the notion of an active mesh opens many

new opportunities for realizing application-specific analog

signal processors. Digital signal processors have as advan-

tages an immunity to component noise and mismatches,

more ready programmability, and shorter development

times, but tend to be considerably larger chips than their

analog equivalents. On the other hand, inaccuracies in

analog computation may not be limitations in low-level

vision functions, but much more of a detriment in high-

level classification tasks. This leads us to believe that

compact hardware with the least power dissipation to

implement real-time image recognition and classification

may ultimately consist of a judicious mix of analog comp-

utation of the type described here, and conventional

digitaI signal processing.
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Spatial Versus Temporal Stability Issues 
in Image Processing Neuro Chips 

Takashi Matsumoto, Fellow, IEEE, Haruo Kobayashi, Member, IEEE, and Yoshio Togawa 

Abstract-A typical image processing neuro chip consists of a 
regular array of very simple cell circuits. When it is implemented 
by a CMOS process, two stability issues naturally arise: 

i) Parasitic capacitors of MOS transistors induce the temporal 
dynamics. Since a processed image is given as the stable 
limit point of the temporal dynamics, a temporally unstable 
chip is unusable. 

ii) Because of the array structure, the node voltage distribu- 
tion induces the spatial dynamics, and it could behave in a 
wild manner, e.g., oscillatory, which is highly undesirable 
for image processing purposes, even if the trajectory of the 
temporal dynamics converges to a stable limit point. 

The main contributions of this paper are (i) a clarification of the 
spatial stability issue; (ii) explicit if and only if conditions for the 
temporal and the spatial stability in terms of circuit parameters; 
(iii) a rigorous explanation of the fact that even though the 
spatial stability is stronger than the temporal stability, the set 
of parameter values for which the two stability issues disagree is 
of (Lebesgue) measure zero; and (iv) theoretical estimates on the 
processing speed. 

I. INTRODUCTION 

A, Motivation 

HIS study has been motivated by the temporal versus T spatial stability issues of an image smoothing neuro chip 
[l]. The function of the chip is to smooth a two-dimensional 
image in an extremely fast manner. It consists of the 45 x 40 
hexagonal array of very simple “cell” circuits, described by 
Fig. 1. An image is projected onto the chip through a lens 
(Fig. 2) and the photo sensor represented by the current source 
in Fig. 1 inputs the signal to the processing circuit. The 
output (smoothed) image is represented as the node voltage 
distribution of the array. With an appropriate choice of go > 0, 
g1 > 0, and g2 < 0, the chip performs a regularization with 
second-order smoothness constraint and closely approximates 
the Gaussian convolver, which is known to have an op- 
timal S/N as a preprocessor for edge detection [2], [3]. 
(APPENDIX IV explains why a regularization with second- 
order smoothness constraint demands negative conductance.) 
Conductance go is designed to be variable in order to control 

Manuscript received January 15, 1991; revised October 9, 1991. This work 
was supported by the Japanese Ministry of Education, the Ogasawara Foun- 
dation, the Casio Foundation, and the Science and Engineering Laboratory 
and Tokutei-Kadai of Waseda University. 

T. Matsumoto is with the Department of Electrical Engineering, Waseda 
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H. Kobayashi is with Yokogawa Electric Corporation, Tokyo 180, Japan. 
Y. Togawa is with the Department of Information Science, Science Uni- 
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the width of the Gaussian-like kernel. In engineering terms, 
this is a noncausal infinite impulse response (IIR) realization of 
a Gaussian-like convolver instead of a finite impulse response 
(FIR) realization, and this structure accomplishes high-speed 
processing while maintaining simplicity. The reader is referred 
to [ l ]  for responses actually measured from the chip. 

Since the negative conductance g2 < 0 is involved, two 
stability issues naturally arise: 

(i) Because the chip is fabricated by a CMOS process, 
parasitic capacitors induce the dynamics with respect to 
time. This raises the temporal stability issue of whether 
the network converges to a stable equilibrium point. 

(ii) Because a processed (smoothed) image is given as 
the node voltage distribution of the array, the spatial 
stability issue also arises even if the temporal dynamics 
does converge to a stable equilibrium point. In other 
words, the node voltage distribution may behave in a 
wild manner, e.g., oscillatory. 

In discussing relationships between the temporal and the 
spatial stability issues, several precautions need to be taken. 
In particular, it is important to realize that while the tem- 
poral dynamics is causal, i.e., t 2 0, the spatial “dynam- 
ics” (a precise definition will be given later) is noncausal. 
Namely the spatial dynamics can go into the negative di- 
rection as well as the positive direction. Furthermore, the 
spatial dynamics is not an initial value problem but rather 
a boundary value problem which gives rise to several delicate 
issues. 

Our earlier numerical experiments on these issues were 
rather intriguing. The results suggested that the network is tem- 
porally stable “if and only if” it is spatially stable. Fig. 3 shows 
spatial impulse responses at different sets of parameter values. 
For the sake of simplicity, the network is of a linear array 
instead of a two-dimensional array. The network has 61 nodes 
and the impulse is injected at the center node. Fig. 3(a) 
suggests that the network can be used for image smoothing 
because the response to an impulse is “bell-shaped.’’ In fact, 
the Gaussian-like convolver chip [ l ]  corresponds to Fig. 3(a) 
where go is variable. Fig. 3(b) indicates that it can enhance 
contrast of an input image after smoothing because it inhibits 
the “surround” responses in addition to smoothing. Fig. 4 
shows the corresponding temporal step responses of the center 
node. For simplicity, the only parasitic capacitors taken into 
account are those from each node to the ground. The responses 
shown in parts (a) and (b) of Fig. 4 are temporally stable 
while part (c) is not. Fig. 3(c) is spatially unstable because the 
response does not decay, which is highly undesirable for image 

1045-9227/92$03.00 0 1992 IEEE 
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Fig. 1. The image smoothing neurochip. Only one “unit” is shown. 

processing purposes. (A precise definition of spatial stability 
will be given later.) All of our earlier numerical experiments, 
including those shown in Fig. 3 and Fig. 4, suggested the 
equivalence of the two stability conditions. However there are 
no apriori reasons for them to be equivalent. As will be shown 
rigorously, the two stability conditions are not equivalent. The 
spatial stability condition is stronger than the temporal stability 
condition. Nevertheless, the set of parameter values (go, g1,g2) 
for which the two stability conditions disagree turns out to 
be a (Lebesgue) measure zero subset, which explains why 
our numerical experiments suggested equivalence between the 
two conditions. (A measure zero subset is difficult to “hit”). 
We will prove, in a very general setting, that the network 
is temporally stable if and only if it is spatially regular, a 
new concept which is weaker than the spatial stability, and 
it amounts to a decomposability of eigenvalues of a matrix 
describing the spatial dynamics. Explicit analytic conditions 
will be given for the temporal as well as the spatial stabilities 
in a general setting. Also given is an estimate on the speed of 
temporal responses of the networks. 

Since our results are proved in a general setting, they can 
be applied to other neural networks of a similar nature, e.g. 
oriented receptive field filters [4] and Gabor filters [5] ,  which 
we intend to pursue in our future projects. The results in this 
paper, however, are only for linear array cases. Extensions to 

future paper. 

OUTPUT 

Fig. 2. A schematic diagram. 

B. Related Works 

two-dimensional array cases are nontrivial and are left for a A serious stability is Performed in L61 for lateral 
inhibition networks that are present, at least partly, in most 

7 
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Fig. 3. Spatial impulse responses with n = 61, rn = 2 ,  ]/go = 200 kR, 
l / g i  = 5 kR, U 3 1  = 10 PA, u k  = 0 for IC # 31. (a) 1/92 = -20 kR; 
stable. (b) l/gz = -18 kR; stable. (c) 1/92 = -17 kfl; unstable. 

of the early vision chips, e.g., [7]-[14] and the networks 

,) /-1 considered in the present paper. Each node has conductance 
connections only with immediate neighbors. However, the 
MOS capacitors, nonlinearities of MOS conductances, and 

the design, oscillations. On the one hand, the problem in 
[q is difficult than the one discussed in this paper 
because nonlinearities must be taken into account. On the 
other hand, it is simpler in the sense that each node has 
connections only with its immediate neighbors. In [6] sev- 
era1 sufficient conditions are given for temporal stability 
using a rather interesting argument. We close this section 
by noting that the observation was made in [15] that ac- 
tive conductances can cause instability in early vision neural 
networks. 

’ ? I ’  

111 i 
TI\IE I V S I  

amplifiers in the input circuit could cause, depending on Ijl  I1 

Fig. 4. Temporal step responses of the center node U31(t) with n = 61, 
rn = 2, ] / g o  = 200 kR, l / g ~  = 5 kR, CO = 0.1 pF, 

t < 50 ps 
U 3 1 ( t )  = (YO p A  t > 50 ps 

u k ( t )  3 0 for k # 31. (a) 1 / 9 2  = -20 kRTstable. (b) l /g2 = -18 kR; 
stab]e, (cl l/gz = -17 kR; unstable, 

11. STABILITY-REGULARITY 

Subsection A explains how the temporal and the spatial 
dynamics are described. It is pointed out that the boundary 
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conditions should be carefully examined for the spatial dynam- 
ics. Subsection B characterizes the spatial dynamics in terms 
of the eigenspaces of the matrix describing the dynamics. The 
first main result, Theorem 1, clarifies conditions under which 
spatial responses behave properly. In particular, it states that 
in addition to a condition on the eigenvalues of the matrix 
describing the dynamics, another condition on the boundary is 
necessary. In subsection C the second main result, Theorem 2, 
reveals a fundamental relationship between the temporal and 

defined. Propositions 2 and 3 give the stability as well as the 
regularity criteria in terms of the characteristic polynomial of 

the spatial dynamics by showing that a network is temporally 
stable if and only if it is spatially regular, a new concept to be 

the matrix describing the spatial dynamics. 

where 

A =  - 

. 

. 

. 

. 

. 

. 

A. Formulation 

Consider a neural network consisting of a linear array of 
n nodes where each node is connected with its pth nearest 
neighborhoods, p = 1, . . . .  m < n via a (possibly negative) 
conductance g p  and a capacitance cp. Fig. 5 shows the case 
where m = 3. The network is described by 

where vi and ui are the voltage and the input current at the 
ith node, and 

M = { p  integer 1IpI 5 m} (2)  
/ m \  

(3) 

bo = CO + 2 c p  (4) 
p =  1 

bhp = - cp ,  1 5 p 5 m. 
Equation (1) is obtained simply by writing down the 
Kirchhoffs current law (KCL) at each node. Letting v = 

one can recast (1) as 

T 
( V I ,  . . . .  v,) and U = (‘1~1, . . . .  u ~ ) ~  (T denoting transpose), 

dv 
d t  B -  = A v + u  (5 )  

B =  
b, 0 . .  . . . . . . . . . . . .  

(7) 

Note that A as well as B is symmetric and has a uniform band 
structure, which, as will be seen, yields interesting properties. 
If B is nonsingular, an equilibrium point of (5) satisfies 

- apv;-p = ui (8) 
PEM 

which is a difference equation instead of a differential equa- 
tion. Assuming that am # 0, one has 

vi+, = - - 
am 

Therefore, letting 

~~. 

r 0  1 0  ......................... 0 
0 

F =  

0 0 . . . . . . . . . . . . . . .  
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Fig. 5.  Network described by (1) when 7~ = 3. 

with v 
( b) T 2 m  E 1R x k  = ( v k - m r  v k - m + l r  ' '  ' r V k r  ' '  ' r V k + r n - l )  

y k  = (0, ' ' '  0, - u k / a m )  
T Fig. 6.  Boundary conditions with nz = 2 (a) The circuitry at the right end. 

E ]RZm (b) A modification of the boundary conditions establishes consistency. 

one can rewrite (9) as 

x k + l  = Fxk + Y k  (11) 

Observe that subscript k in (11) is not time. Equation (11) 
represents the spatial dynamics induced by the temporal dy- 
namics (5). Note also that dim w = n, the number of nodes, 
while dimzk = 2m, the size of the neighborhood, which is 
independent of n. 

In image processing, input is U while output is ~(co ) ,  the 
stable equilibrium point of (5). Equation (11) describes how 
the coordinates of v(m) are distributed with respect to k .  
There are several issues that need care. 

First, the temporal dynamics given by (5) constitute an 
initial value problem while (8) or (11) is a boundary value 
problem. Namely, arbitrary w(0) and U( .) completely deter- 
mine the solution to (5) while for (8) or ( l l ) ,  one cunnor 
specify (for a given { y k } )  an arbitrary xo because a solution 
x k  must be consistent with the KCL's at the end points. 
Furthermore, the temporal dynamics given by (5) are causal; 
i.e., a solution at time t does not depend on the future. The 
spatial dynamics given by ( l l ) ,  however, are noncausal; i.e., 
a solution at node k depends on both the right-hand-side and 
left-hand-side neighbors. In order to be more specific, let us 
look at Fig. 6(a), where the right end point is shown with 
m = 2 ,  -K 5 IC 5 K ,  n = 2K + 1. Capacitors are omitted 
for the sake of simplicity. KCL's at the Kth and ( K  - 1)th 
nodes are, respectively, 

The right-hand sides are nonzero when independent current 
sources are present. These equations define a two-dimensional 
linear subspace to which the boundary state X K  must belong. 
Another two-dimensional constraint is imposed at the left end. 
If these constraints are independent (generically they are), then 
a four-dimensional trajectory xk E R4 is uniquely defined. 

For a general m, there are m boundary conditions at the 
right end and there are another m conditions at the left end. 
An impulse response of (ll), for instance, is determined in the 
following way. Let y o  # 0 whereas y k  = 0 for IC # 0 and 
consider XO, which is to be determined. Let R2" 2 T+ (resp. 
T-)  be an m-dimensional linear subspace to which X K  (resp. 
X - K )  must belong. Then 

XK = FKxo + FK-lyO E T+ 

X - K  = F P K x 0  E T-. 

(134 

and 

(13b) 

determine 2 0  provided that T+ and T- are independent. Other 
x k  's are determined by 

Moving to the second issue, observe that the boundary 
conditions (12) are not consistent with the temporal dynamics 
(5) because the last two equations of an equilibrium are 
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respectively. We will assume, throughout, that this type of 
modification is always done. 

Here, we are slightly abusing our notations of K and n. 
There will be no confusion, however. The difference between 
(12) and (14) lies in the coefficients of the first terms. By a 
slight modification of circuit parameters, one can make (1 1) 
consistent with (5). That is, if one replaces the last two go's 
in Fig. 6(a) with go + g1 + g2 and go + g 2 ,  respectively, as in 
Fig. 6(b), then it is consistent with (5). For a general m, one 
can maintain the consistency of (11) with (5 )  by replacing the 
last m go's by 

g1 

(a) 

p = l  p=2 - - 

I". T n  

90 f Q p .  go + g p ; .  . . , go + gm (15) K-1 K 
7 7 1 

eigenvalues of F lie inside the unit circle" does not work 
because F has a special structure (see (42) below): 

A 0 

does not work either, because (16) is always satisfied. As was 
shown in Fig. 3(c), Zk can behave in a wild manner even if 
n = 2 K  + 1 is finite, which is highly undesirable for image 
processing purposes. 

Finally, there is another problem concerning the finiteness 
of the network size n. Since A and B are symmetric, all 
eigenvalues are real. Thus, given a fixed n, while it is 
easy to say that (5 )  is asymptotically stable iff B-lA is 
negative definite, it is very hard to derive analytical (a priori) 
iff conditions for negative definiteness even with m = 2. 
One can derive, however, an interesting analytical condi- 
tion if one looks for negative definiteness of B - l A  for all 
n. Section I11 gives extremely simple analytical conditions 
for the temporal stability. With these conditions, a designer 
is guaranteed to have a stable network independent of the 
number of nodes. Without these conditions, a designer must 
compute all the eigenvalues of B-lA. If one or more of 
the eigenvalues turn out to be nonnegative, one has to re- 
compute the eigenvalues with a new trial set of parameter 
values. One also has to recompute eigenvalues when the 
network size is changed in response to certain design con- 
siderations. 

Definition I :  A neural network described by (5) is said to 
be temporally stable if B - l A  is negative definite for all n. 

B. Spatial Dynamics 

As was explained in subsection A, care needs to be exer- 
cised in studying the spatial dynamics (11). Let X s l ,  Xcz, and 

respectively, and let E", E", and E" be the (generalized) 
eigenspaces corresponding to Xsz, Act, and Xuz , respectively. 
They are called stable, center, and unstable eigenspaces, re- 
spectively. Let E = R2". Then [16] 

E = E" @ E c  @ E" (17) 

where @ denotes a direct sum decomposition, and 

F(E") = E", Q = s . c , u ,  (18) 

i.e., E", E", and E" are invariant under F .  

stability while maintaining consistency with (16) when K 
+m. 

Definition 2: A neural network described by (11) is said 
to be spatially stable if F is hyperbolic, i.e., if the center 
eigenspace E" in (17) is empty. 

Remark 1: Another way of saying this is that all the eigen- 
values of F are off the unit circle. Of course, eigenvalues can 
be outside the unit circle. Note that this definition does not 
depend on the network size n = 2 K  + 1. 

It is known that a noncausal linear system is stable in 
the sense of (16) iff its transfer function (in the frequency 
domain) has no poles on the unit circle. This, however, is 
when K 1' +cc and when there are no boundary conditions. 
One perhaps wants to argue (as, in fact, the authors did when 
they initiated the present study) that if the network size is 
sufficiently large, the behavior would be similar to that of the 
infinite case. This is simply wrong, as will be indicated by the 
following examples. 

Our task here is to give an appropriate definition of spatial 
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Fig. 8. Significance of boundary conditions. (a) Impulse response for Fig. 7(a) with go = g, g1 = 2g, l / g  = 50 k 0 ,  
2131 = 0.1 PA. (b) Impulse response for Fig. 7(b) with the same data except for gt = -9, ~ 3 1  = 0.1 PA. 

Example 1: Consider the simplest case, m = 1 in (11) with 
go = g, g1 = 29, g > 0 (Fig. 7(a)). Then 

F = [ ’  -1 4 ‘1 
and F is hyperbolic because eigenvalues are XI = 1/2 
and XZ = 2. Fig. 8(a) shows the impulse response when 
l / g  = 50 kR, where the impulse is injected at the center 
node. Let us now replace the rightmost go and the leftmost go 
with gt = -g as in Fig. 7(b). The impulse response is then 
given by Fig. 8( b), which “explodes” in the negative direction 
as Jkl increases. Note the difference of the voltage units. In 
both cases, the input current injected to the center node is the 
same and very small: 0.1 PA. It should be emphasized that the 
only difference is in the two gt7s, and the explosion happens 
in whichever way the network size is large. In fact, in our 
simulation with n = 61, an overflow occurred. 

If the reader says that changing gt = g > 0 to -g < 0 is 
unnatural, the following example shows the case in point. 

Example 2: Consider Fig. 7(a) again with go = g > 0 and 
g1 = -g/8. Since eigenvalues of F are -3 f 2&, F is 
hyperbolic, and Fig. 9(a) shpws the impulse response with 
l / g  = 100 kR. Next replace the rightmost and the leftmost go 

1/2 - withgt=go-(g$+4gog1) - g ( 1 - 1 / & )  > o  
341 kR). The impulse response is given by Fig. 9(b), which 
again explodes. In both cases the input at the center node 
is 1 PA. Observe that since g1 < 0 the stability issues 
are already nontrivial with m = 1. The stability issues for 
this example will be checked theoretically in Section I11 (see 
Example 5). 

There is another story about spatial responses. Our simu- 
lation results indicate that spatial responses behave quite 
properly even if the gt value is varied by a large amount. 
Namely, parts (a) and (b) of Fig. 3, Fig. 8(a), and Fig. 9(a) 
are very robust against variations of gt from go. 

Thus, two fundamental questions concerning the spatial 
dynamics must be answered: 



547 MATSUMOTO et al.: SPATIAL VERSUS TEMPORAL STABILITY ISSUES 

3.200000 5' v 
I I 
1 11 21 31 41  

NODE 

Fig. 9. Impulse response can explode even when gt > 0. (a) Impulse response for Fig. 7(a) with go = g, gi = -g/S, 
l/g = 100 kQ, U31 = 1 PA. (b) Impulse response for Fig. 7(b) with the same data except for gt = g(1 - 1/fi). 

1) Why does a particular gt value give rise to explosion 
of impulse responses even if the eigenvalues are off the 

This means that X k  explodes as Ikl increases. For the network 
of Example 1 one can easily show that 

unit circle? 

range of gt values? 
2) Why do impulse responses behave properly over a wide 

One can answer the first question easily. Recall (13) and When St = -g in Fig. 7(b), KCL at the Kth (resp. - ~ t h )  
Observe that a spatial response X k  depends not only on the 
input Y k  but On the boundary conditions T+ and T-. 

node reads 29vK-1 - guK = 0 (resp. gv-K - = O), 
which implies (19). The situation is the Same for Example 2. 

Therefore, if Another way of looking at Fig. 8(b) is to consider Fig. 10, 
where Fig. lO(a) is the original network and Fig. 10(b) shows 
that an equivalent conductance, g,,(K), as seen from node 
K - l i s  

T+ = E" (resp. T- = E")  (19) 

then ZK (resp. X - K )  is forced to lie in E" (resp. E").  
E Since E" (resp. E") is invariant under F ,  one has Z k  ges(K) = (1/2g - l / g ) - I  = -29. 

E" (resp. %k E E")  for all k > 0 (resp. k < 0); hence 
Since g + ,qeQ(K) = -9, one sees that Fig. 10(b) is equiva- 

Xk = x ; ~ ~ ,  IXz l  > 1, e2 E > 
< 0). 

lent to Fig. 1O(c); hence geq(K - 1) = -29. It is clear that 
the equivalent conductance at any node k is -29. This implies 
that KCL at every node ( I C  > 0 )  is 2gVk-1- g V k  = o so that (resp. z k  = X?el, 1x11 < 1, el E E" ,  
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K - 2  K - 1  K 

Fig. 10. An equivalent circuit of Fig. 7(b). (a) Original network. (b) The 
equivalent conductance g e s ( h - )  seen from node li - 1. (c) A circuit equiv- 
alent to Fig. lO(a). 

V k  = 2 V k - 1 .  Thus V k  explodes as k > 0 increases. A similar 
argument shows that 'uk,  k < 0, also explodes as k decreases. 
The situation in Example 2 is the same. 

Answering the second question is much harder. The argu- 
ments used in answering the first question cannot be used here. 
Instead, it exemplifies the difficulty. Observe that KCL at the 
Kth node in Fig. 7(a) for Example 1 is 

T+ : - 3 g v K  f 2 g v K - 1  = O 

and hence 

T+ # E " ,  T+ # E "  (2 1 a) 
T- # E", T- # E " .  (21b) 

These facts imply that the response z k  is of the form 

decaying term Ate? (resp. A k e , ) .  This raises another serious 
question. Consider Example 1 again with gt = g > 0. Since 
everything is passive, our intuition demands that there should 
be no stability problems. Nevertheless, (22) says that there are 
expanding terms. 

Thus, another question arises: How can (22) involve ex- 
panding terms when everything is passive? In order to answer 
this, let us first consider the case where the network size is 
infinite and no boundary conditions are imposed. Let {Zk} ' :  

be the impulse response defined by 

Z k + l  = F Z k ,  k # 0 
Z 1  = FZo + y o .  

Then the network is stable in the sense of (16) only if for 
every Y 0 

IIFkZIII -+ 0 

l l ~ ~ 3 ~ l l  -+ o 

as k 'T +cc 

as k 1 --03. 

It will be shown later that this is possible only if E", the 
center eigenspace of F,  is empty. In order to see distinctions 
between solutions with and without boundary conditions more 
precisely, note that in image processing, the input { y k }  in (11) 
is not an impulse, but nonzero for 0 5 k 5 d. 

Definition 3: Consider (11) and let { y k }  be nonzero only 
for 0 5 k 5 d. Then { Z k } ' ~  is said to be afree-boundary 
solution if 

Z k + l  = F Z k ,  k < 0 (234 

Z d  = FdZo + Fd-'Yyl, (23b) 

Z k + 1  = F Z k ,  k 2 d. (234 

d-1 

k=O 

Remark2: If d = 1, then { y k }  is an impulse. If one redefines 
the summation term in (23b) as a new yo ,  then (23) can be 
replaced by 

g k + l  = F Z k ,  k # O (244  
(24b) Z 1  = FdZo + y o .  

Since no boundary conditions are imposed, { Z k } + z  is not 
unique. The following proposition clarifies the uniqueness 
issue in terms of stability. Let 

A,,, := max{ /A,;/ 1 A,; is a stable eigenvalue} 
Amin := min{ lAuil 1 A,i is an unstable eigenvalue} 

A, := min (  it,). (25) 

X k  = Ate: + Ate t ,  k > o (22a) Proposition I: 
2 k  = Ate, + Ate;, k < o (22b) 

where el* (resp. e;)  are the eigenvectors associated with 
A 1  (resp. A,) and all of them are nonzero. The situation 
given by (21) does not change for a wide range of gt 
variations. This means that there is always an expunding term 

i) The F matrix of the spatial dynamics is hyperbolic if 
and only if for any y o  there is a unique free-boundary 
solution { z k } ? z  satisfying 

+m 

/ / z k / / '  < -03. (26) 
Aie; (resp. Ate,) in (22a) (resp. (22b)), in addition to the k = - m  
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EU 

Yg + E" 

ES 

Fig. 11. Definition of z. 

ii) The unique { Z k } ' ~  is determined by 

Proof: 
i) 3) Since E" is empty (see (17)), 

E = E" @ E s .  

Since E" is invariant under F (see (18)), 

Remark 3: 
i) Consider a free-boundary solution for Example 1, i.e., 

when go = g and g1 = 29 extending indefinitely. In 
spite of the fact that everything is passive, exploding 
solutions are mathematically legitimate. However, by 
demanding the finite total energy (26), one forces all 
exploding solutions to be illegitimate and makes only 
one solution legitimate, which is given by (27). Con- 
versely, if a unique stable free-boundary solution exists, 
then the F matrix must satisfy hyperbolicity. 

ii) The stable free-boundary solution in terms of (21) can 
be characterized as e; = e l  = 0. 

Recall the boundary conditions T+ and T- in (13). 
Definition 5: Let { Y k }  be nonzero only for 0 5 k 5 d. Then 

{ Z k } : ;  is said to be a solution for (T+,T-, K )  if 

The following result thoroughly answers the second and 
third questions that arose in connection with spatial dynamics 
in a very general setting. 

Theorem I: Let a neural network described by (11) be 
spatially stable, i.e., let F be hyperbolic. If the boundary 
conditions T+ and T- satisfy 

and this intersection is a singleton set, say { z }  (Fig. 11). 
Define 

T + + E " = E ,  T - + E " = E  (34) 

Zo := F - d ( z  - y o ) ,  Z1 := z (29) 

and let other Z k  be defined by (24a). Then 

k=--03 k = - w  k=l  
30 

k=O k = l  

where A# is defined by (25). Note that (29) is equivalent 
to (27) and this is the only choice of 31 and ZO for 
which (26) holds, because if 31 $! E",  for instance, then 
Z1 = ZY + Zy, with nonzero Zp. Hence FkZu --f cc 
as K 1' +W. A similar argument holds or ZO. 
e) If E" is non-empty, then there is a yo # 0 such that 
(E" + y o )  n E" = 4. It is clear that for such yo  there 
is no way of choosing Z1 and 30 which satisfy (26). 

0 
Definition 4: The unique { Z k } : :  given in Proposition 1 is 

1 111 

ii) Clearly, (27) and (29) are equivalent. 

said to be the stable free-boundary solution. 

then a solution { Z k } ' ;  for (T+,T-,K) converges to the 
stable free-boundary solution {Zk}?:  as K 7 +CO: 

+ K  

k=-K  

Proof: See Appendix I. 

i) In words, this theorem tells us that if the F matrix 
of the spatial dynamics satisfies the spatial stability 
condition (Definition 2) and, in addition, if the bound- 
ary conditions satisfy (34), then response Zk not only 
behaves properly but also converges to the stable free- 
boundary solution Z k  as K T +CO. 

ii) It will be shown in subsection 111-B (see Example 3) 
that for parts (a) and (b) of Fig. 3, F is hyperbolic 
while for Fig. 3(c), it is nonhyperbolic. A simple 
computation shows that there are two distinct pairs of 
complex conjugate eigenvalues on the unit circle for 
Fig. 3(c). 

iii) Since T+, T-,  E", and E" all have the same dimension 
m, the vector sum + in (34) amounts to the same 

Remark 4: 

I 
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as the direct sum $. Therefore, dim T++ dim E" = E" 
dim E and dim T-+ dim E" = dim E;  hence con- 
dition (34) is extremely mild. It is satisfied unless Z K  

(resp. Z-K) is forced to lie in E" (resp. E"). This 
explains why all of our computer simulations look 
the same with various boundary conditions except for 
peculiar ones. What happens if T+ (resp. T-)  is very 
close to E" (resp. E")? This simply requires a very 
large K to observe a solution similar to the stable 
free-boundary solution. 

iv) Since E" is empty, zldefined by (32) can be written 
as 

2 1  =z'i+z;, z;l E E", xs E E" 

A crucial step in the proof of Theorem 1 given in 
Appendix I is to obtain estimates on llFkzp11, k 2 0, 

and F k x  , k 5 0, because these terms are expanding 
instead of decaying. The following is roughly what is 
happening. Let {zl~}?; be a solution for (T+, T-; K ) ,  
and let K < K' while T+ and T- are fixed. In order 
for { z k } ? : :  to be a solution for (T+, T-, K') ,  it must 
make more iterations to reach T+ from zi than that for 
{zk}?:. There are two ways to do this. In the first, 
zi locates itself farther away from the origin than 2 1 .  

In a second, ZKI hits T+ at a point closer to the origin 
than Z K  does (Fig. 12). There is a limitation to the first 
method because x i  must satisfy (32) while yo and d 
are fixed. On the other hand, there is no such limitation 
to the second method because the dynamics can get as 
"slow" as it pleases as the origin is approached.' This 
allows one to give an appropriate estimate on F'zl  , 
lc 2 0. A similar argument holds for T-. 

v) It is rather interesting to observe that the network given 
in Example 1 is exactly a D/A converter widely used 
in practice. See [17] for instance. The network is called 
the R-2R ladder because go = 9 and 91 = 29. In order 
to convert an n-bit binary signal into an analog signal, 
one inputs a constant current source at the lcth node if 
the lcth bit is "I"; otherwise the current source is set 
to zero. In such a D/A converter, the rightmost go is 
replaced with gt = 29 instead of2 g so that KCL gives 
WK-1 - 2VK = 0, which forces (see (20b)) 

I1 4 

ll / I  

XK E E". (37) 

Since E" is invariant and since the stable eigenvalue is 
l /2 ,  one has X K  = ( l / 2 ( K - k ) ) z k .  If the leftmost gt 
is 29 also, then X - K  E E". Any response of a linear 
network is a superposition of impulse responses, hence 
the rightmost voltage W K ,  which is the output, is given 

/ 
Fig. 12. An illustration of the proof of Theorem 1 

as 

VK = constant x 1/21C (38) 
k 

where k runs over those nodes where "1" is present. 
Note that if gt were not chosen as 29, the D/A 
converter would give a wrong analog output. 

C. Temporal Stability S p a t i a l  Regularity 

Now we turn to the relationship between the temporal and 
the spatial dynamics for which a new concept is needed. 

Definition 6: A neural network described by (11) is said to 
be spatially regular if there is a nonsingular 2m x 2m matrix 
T such that 

E " 8  E" E'L 

where a blank indicates a zero matrix, and elements of G 
consist of +1 or 0. 

Remark 5: Spatial regularity demands several particular 
structures in the dynamics: 

i) dim E" = dim E" and 
FIE" = ( ~ 1 ~ ~ l - l  (40) 

where FIE" (resp. FIE") denotes the restriction of 
F to E" (resp. E"). Namely, the dynamics on the 
unstable eigenspace E" are exactly the same as the 
inverse dynamics on the stable eigenspace E" .  

ii) The center eigenspace E" is decomposed as EC1 @ Ec2, 
dim Eel = dim E"', and FIEc1 and FIEc2 have 
essentially the same structure. 

iii) If a neural network described by (11) is spatially stable, 
E" is empty. It will be shown later (see (43)) that (40) 
is satisfied for (10). Therefore, spatial stability implies 
spatial regularity, but not conversely. 

'The dynamics z ~ + ~  = Fzk have "zero" speed at the origin because 
FO = 0; i.e., it does not move. Since a solution depends continuously on its 
initial condition. one sees that the dvnamics gets slower without limit as it 

The following standing assumptions are made throughout 
the paper stated Otherwise. 

Y 

approaches the origin. Standing Assumptions: In (9, 
'Recall that in Fig. 8(a) gt = y, while in Fig. 8(b) ,qt = -g. (i) a0 < 0, am # 0; 
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(ii) B is positive definite for all n. 
Since we are looking for conditions under which B - l A  is 

negative definite for all n, the diagonal element a0 of A must 
be negative (provided that B is positive definite), which is 
the inequality in (i). If a ,  = 0, then the neighborhood M 
is of a smaller size. No restrictions will be imposed on the 
sign of up,  p # 0. In image processing neuro chips, cp in 
(4) are parasitic capacitors of MOS processes, and positive 
definiteness of B is a mild condition. The following result 
establishes a fundamental relationship between the temporal 
and spatial dynamics. 

Theorem 2: A neural network described above is temporally 
stable if  and only if  it is spatially regular. 

Proof: Consider the characteristic polynomial of F: 
m 

PF(A) := det(A1 - F )  =A" 

The determinant of the (2rn - 1) x (2m - 1) principal minor 
of A 1  - F is given by 

because F has no zero eigenvalues. This shows (47). Thus, 
for each eigenvalue X of F ,  there is only one elementary 
Jordan block [16]. Therefore the real canonical form of FIE'" 
restriction of F to the eigenspace corresponding to A,, is given 

by 

which satisfies I 
A, 1 I I 

This implies that if A, (resp. A,) is a stable (resp. unstable) 
eigenvalue, i.e., IA,I < 1 (resp. IA,I > l), then A;' (resp. 
A;') is also an eigenvalue and unstable (resp. stable). F 
is nonsingular, for det F = 1; hence there are no zero ei- 
genvalues. This implies that dim E" = dim E" and 

FIE" = (FIE")-l. (43) 

In order to discuss FIE", let 

w = A + x - '  or 
2 

By a repeated use of the binomial formula: 

one sees that 
m m 

a0 + ap (A" + A - P  ) = E a P w p  := & ( U )  (45) 
p=o am am P I 1  

for real ap's. Since F has no zero eigenvalues, 

PF(X) = 0 iff & ( U )  = 0 (46) 

where X and w are related via (44). Hence if A, is real and 
[A,[ = 1, then (44) forces A, to be a double eigenvalue 
{Acl  A=} or its multiple. We next claim that 

dim ker(A1 - F )  = 1 (47) 

for any eigenvalue A, where "ker" denotes the kernel of a 
matrix. In order to see this, note first that A being an eigenvalue 
implies 

det(X1 - F )  = 0 

where 2q is the multiplicity. This is clearly of the form (39). 
So far, no use has been made of the negative definiteness 

of B - l A  and yet we are already close to (39), the regularity. 
The situation, however, is slightly subtle when it comes to 
a nonreal Ac with IA,I = 1, because (42) tells us nothing 
except for the fact that A:, the complex conjugate, is also an 
eigenvalue. This last is of no use since F is a real matrix and 
A: also being an eigenvalue is automatic. We now assume 
that B - l A  is negative definite for all n. Since B is positive 
definite for all n, A is negative definite for all R. It is known 
[18], then, that there are zp E R, p = 0, .  . . rn, such that the 
elements of A satisfy 

i = O  

i.e., up's can be decomposed as in (49). Substitution of (49) 
into (41) yields 

Since 0 # a ,  7 -z0zm and since F has no zero eigenvalues, 
one sees that 

PF(A) = O  iff R(X)R (51) 
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where 
m 

R(A) = & A Z .  (52) 
i=O 

Therefore if A is a nonreal eigenvalue with IA,I = 1, 
(51) forces the eigenvalue configuration to be of the form 
{A,, A,", A,, A,"} or its multiple. It follows from (47) that the 
real canonical form of F on this eigenspace is given by 

24' 

where 

Q - P I 1  
P Q I  1;- --- 

I s  
1-- --- 

I 
I 
I 
I 
I 
! 

I 
1 1  

--I--------- -P 11 

I 

*. *. .. I *** 

I *. 
**. .* **. .* ** 

'*. 

I 

I 
I *. 

I 

cy2 + p2 = 1 

(53) 

(54) 

and 2q' is the multiplicity. This, again, is of the form (39). 
If a neural network is spatially regular, the real canonical 

form of the spatial dynamics F is equivalent to (39). The 
characteristic polynomial of F,  then, admits a decomposition 
of the form given by (50). Comparing (50) with (49 ,  one sees 
that (49) holds. This condition is known [18] to be not only a 
necessary but also a sufficient condition for A to be negative 
definite for all n. Since B is positive definite and symmetric 
for all n, it follows from [19] that - 

v3 AV 
V#O V T B V  

max. eigenvalue of B- lA  = max - < 0 (55 )  

for any n which implies temporal stability. 0 
Remark 6: Suppose that a neural network is temporally 

stable. Although its spatial dynamics can be unstable, it has 
a sort of symmetry in that the spatial dynamics cannot have 
a component which is essentially different from the rest; i.e., 
every component has its partner. 

i) Consider (1) and let 
Remark 7: 

n 

w := 5- v;u; 

which is the power injected into the network. It follows 
from (1) that 

dui-, 
W = - viapvi-p + vibpdt 

i P  i P  
dv 

= -vTAv + vTB- 
d t  

:= WR + wc. 
Thus the first term 

WR = -vTAv = power dissipated by the resistive part 

of the network. Therefore a neural network is tem- 
porally stable iff its resistive part is strictly passive, 
i.e., 

WR > 0, v # 0 for all n. 

ii) It follows from the previous remark that spatial stability 
demands more than strict passivity of the resistive part. 

iii) Observe that 
vTBv/2 = energy stored in the capacitors. 

Therefore (55) says that 
max. eigenvalue of B - l A  

-power dissipated by resistors 
= m a (  2 .  energy stored in capacitors 

power dissipated by resistors 
2 .  energy stored in capacitators 

- min - - 

Remark 8: Since the capacitance matrix B has exactly the 
same structure as that of A, one can derive an iff condition 
for its positive definiteness. If all cP's are positive, however, 
then the positive definiteness is straightforward because 

m m m 

bo = CO + 2 cP > 2 cP 2 lbpl (56) 
p = l  p = l  p = l  

i.e., the diagonal element is larger than the sum of the 
row elements. Since B is symmetric, this implies positive 
definiteness. 

Remark 9: Since an actual chip is made up of MOS 
transistors, the formulation given by (1)-(4) is naturally a 
model. For example, in [ l ]  both the variable conductance go 
and the negative conductance 92 are composite CMOS circuits. 
As one of the reviewers correctly points out, a reasonable 
justification of the model should be given. Appendix VI1 
supplies a justification. 

Now the question naturally arises as to how one checks 
temporal stability or spatial regularity. Since temporal stability 
is equivalent to spatial regularity, we will say, hereafter, that 
the stability-regularity condition is satisfied if a network is 
temporally stable or spatially regular. Recall & ( U )  defined by 
(45). 

Proposition 2: The following are equivalent: 
i) Stability-regularity. 

ii) Every nonreal eigenvalue Ac of F with J A c J  = 1 has 

iii) Every real zero W R  of Q with I w ~ l  < 2 has an even 

Proof: Equivalence between (i) and (ii) was demon- 
strated in the proof of Theorem 2. To show that (ii) and (iii), 
suppose that A, = ej', 0 # k7r, is an eigenvalue of F.  Then 
(44) implies that the corresponding w is real and IwI < 2. 
Conversely, if w is real and IwI < 2, then (44) says that 

0 
For the sake of the completeness, we will state the follow- 

Proposition 3: The following are equivalent: 

an even multiplicity. 

multiplicity. 

A, = e.+je, 0 # k7r. 

ing: 

i) Spatial stability. 
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ii) Eigenvalues of F are off the unit circle. 
iii) Q has no real zero on [-2,2]. 

111. EXPLICIT STABILITY CRITERIA 

Even though both conditions (ii) and (iii) of Proposition 2 
give a specific way of checking the stability-regularity, ex- 
plicit analytical conditions in terms of the circuit parameters 
greatly help in designing circuits. The same is true for the 
spatial stability. In subsection 111-A two stability indicator 
functions will be given for a general m, with which one can 
easily check the stability -regularity or the spatial stability in 
terms of circuit parameters. In subsections B through D, the 
stability indicator functions will be specialized to m 5 3. In 
particular, it will be shown that the conductance values of the 
neuro chip which motivated the present study satisfy the tem- 
poral as well as the spatial stability conditions. Furthermore, 
it will be rigorously shown why our numerical experiments 

show this, consider (see (45)) 
m 

a,Q(w) = a0 + up (Ap + A-’) (61) 
p=l 

where w and X are related via (44). Since we are interested in 
w on [-2,2], X is represented as 

x = e!@, 8 E [0,7r]. 

Hence 
m m 

p =  1 p=l 
7” 

= 2 up cos(p8) 
p = l  

It follows from 

l ” 2  c a p  cos(p8) d8 = 0 (63) 
p=l 

indicated the “equivalence” between the temporal and the 
spatial stability. 

that (62) is either identically or changes sign [O, . r r~ .  
Since a, # 0, the first possibility is excluded. Therefore, if 
a. < 0, then (61) cannot be always positive on [-2,2]; hence 

U the second inequality in (60) is always violated. 
A. Stability Indicator Functions Proposition 5: A neural network described by (11) is spa- 

tially stable if and only if The following functions play a crucial role throughout the 
rest of the paper and will be called the stability indicator 
functions: 

r I Proof: It follows from Proposition 3 that the spatial 

a + ( a o , a l , ~ ~ ~ , u m )  := max amQ(w) 
w E I- 2,21 

stability is equivalent to the fact that Q has no real zero on 
[-2,2], which, in turn, is equivalent to 

max a,Q(w) < 0 or min a,Q(w) > 0. (65) 
wE[-2,2]  wE[-2 ,2]  

(57) I a - ( a o , a l , ~ ~ ~ , a , )  := min a,Q(w) 
w E [ - 2,2] 

I By using the argument used in the proof of Proposition 4, one 
sees that the second inequality in (65) is always violated. 0 

The following fact gives upper and lower bounds for eigen- 
values of the temporal dynamics A. 

Proposition 6: 

where Q is defined by (45). 

satisfies the stability-regularity condition if and only if 
Proposition 4: A neural network described by (5)  and (11) 

’ 

i) Any eigenvalue p of the temporal dynamics A for any 
a+(ao, a1,. . . ,  a,) I 0. (58) n satisfies the following bounds: 

Pro08 It follows from Proposition 2 that the stability- 

multiplicity. This means that, if Q has a zero on (-2,2),  it 
must be an extremum. Since any zero at k 2  is necessarily even 

to (resp. a-(ao,a~,~~~,a,) <.I-) 

regularity holds iff every real zero of Q on ( -2>2)  has an even ii) The bounds (66) are optimal in the sense that if a; 
(resp. 8) is any number which satisfies 

(see (44)), one sees that the stability-regularity is equivalent gr < o + ( ~ o ,  all ’ .  ’ ?urn) 

max Q(w)  5 0 or min Q(w)  2 0. (59) then there is an eigenvalue p of A for some n such that 
wE[-2,21 w E [ - 2,2] . .  

One can easily show that (59) is equivalent to 0; < p (resp. p < a?). 
Proof: See Appendix 11. 

wE[-2,2]  max 5 Or w E min [-2,21 2 0. (60) Remark 10: Note that (58) is a weak inequality, i.e., equality 
is allowed, while (66) does not allow the equality. This is ex- 
actly what it should be. If, for instance a+(ao, ai, . . . , am) = 
0, then Proposition 4 tells us that the network is temporally 

We claim that the second inequality in (60) is always violated 
under our standing assumptions: a0 < 0, a, # 0. In order to 

I 
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stable and hence that all the eigenvalues of A are strictly 
negative, which is what (66) says. 

We would like to emphasize the if  and only if  nature of 
Proposition 4 as well as Proposition 5 and the optimality 

u-(ao, a l , .  . . , a,) are crucial to the stability issues of our 
interest. The above propositions, however, would not be 
very useful unless one could compute explicit formulas for 
a+(ao, a l , .  . . , a,) and a-(ao, a l , .  + .  , a,). In the following, 

(Appendix IV gives a simple explanation for this choice of 
conductance values.) Propositions 4 and 7 tell us that the 
stability-regularity is equivalent to 

of Proposition 6, which indicate that a+ (ao, al,  . . . , a,) and a+(go,g1,g2) = -90 I O ,  

i.e., passivity of go. Furthermore, Proposition 5 says that the 
network is spatially stable iff 

we will compute these functions for m 5 3. a+(go,g1,g2) = -go < 0,  
B . m = 2  

i.e., iff go is strictly passive. Thus go can be safely varied over 
any range as long as it is positive. We begin with m = 2, which motivated the present study. 

Proposition 7: When m = 2, the stability indicator func- Remark 11: 
tions are given by 

2 4  

2 4  

Proof: See Appendix 111. 

i) Even when g1 as well as g2 is negative, a network 
can satisfy the stability -regularity or/and the spatial 
stability condition provided that go is “sufficiently” 
passive because 

a+(go,g1,g2) = 
-90 + 4191 I when 191/92( 1 4 
-go + 21gi1+ 4 1 B  + g?/41g21 when Ig1/g21 5 4. 

iii) Since Q is quadratic, conditions (ii) and (iii) of 
Proposition 2 are sharpened, respectively to the 
following: 

(ii)’ F has no simple nonreal eigenvalue on the unit circle. 

(iii)’ Q has no real zero on (-2,2). 
It follows from Proposition 4 (resp. Proposition 6) that , -  

Example 3: With Propositions 4-7 at hand, we can now the set of parameter values (go, g1,gz) for which stability- 
check Fig. 3 and Fig. 4 theoretically. In Figs. 3 and 4, l/go = 
200 kR and l /g l  = 5 kR are fixed while g2 is varied: 
(a) l/ga = -20 kR; (b) l/g2 = -18 kR; and (c) l /g2  = 
-17 kR. In order to check (a), note that 1g1/g21 = 4; hence 
(67) gives 

a+(go,g1,g2) = -go < 0. 

Propositions 4 and 5 guarantee the temporal as well as the 
spatial stability. For (b), 1g1/g21 = 18/5 < 4 and (67) reads 

which checks Fig. 3(b) and Fig. 4(b). Finally, for (c), 

and hence the network is temporally and spatially unstable, 
which checks Fig. 3(c) and Fig. 4(c). 

Example 4: For the Gaussian-like convolver [ l ]  

regularity and the spatial stability hold are given, respectively, 
by 

We will now give a fact which, as its by-product, explains 
why our numerical experiments suggested SR = SS, which 
is untrue. Let 

on which our numerical experiments were performed. 
Proposition 8: 

i) meas[SSnG] > 0 
ii) meas[(SR - SS) n GI = 0 

where meas[.] denotes the Lebesgue measure on R3. 
Proof: It follows from (67) that SS n G contains an 

open set o f  W3 and hence it is of positive Lebesgue measure. 
Since SR 3 SS, the set difference SR - SS makes sense, and 
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meas[SR n G] > 0. The set (SR - SS) n G is a subset of 
SR n G such that 

we need to prepare several notations. First note that, when 
m = 3, 

(71) 

The zeros of the derivative d Q / h  are and since this is nonvanishing, (71) forces (go, g1,gZ) to lie 
0 

Remark 12: This proposition explains why our experiments 
suggested SR = SS for a Lebesgue measure zero subset is 
“hard to hit.” 

C . m = l  

in a Lebesgue measure zero subset [20, lemma 41. 

where 

Neural networks with m = 1 are used in an extensive man- D =  ( 3 2 - 3 ( 3 + 9 =  ( $ 3 ( 3 + 9 .  (75) 
ner [6]-[8]. Although those networks contain only positive 
conductances (go,g1 > 0), it would be worth clarifying the 
temporal as well as the spatial stability issues when g1 < 0. 
We will state the result without proof because the proof is 
much simpler than in the m = 2 case. 

Using (74), one has 

Proposition 9: When m = 1, the stability indicators are &(GI = 3& [ -- 2 (%)2+”(”)  3 a3 given by 9 a3 
1 a2 a1 5 a2 a0 - + -  9 a3 a3 3 a3 a3 

- _ - - - -  

Example 5: When go > 0 but g1 < 0, the stability issues are 
nontrivial. The network is temporally (resp. spatially) stable 
iff 

In Example 2, l/go = 100 kR, l / g l  = -800 kR, and a+ 
(g0,gl) = (-1/100 + 4/800) x lop3 < 0 and the network is 
temporally as well as spatially stable which checks Fig. 9(a). 

Remark 13: One can show for this case also that the set of 
(go, 91) values on which the temporal stability holds, and yet 
the spatial stability fails, is of measure zero, 

Note that 

and define 

D . m = 3  k : = as&(&) 
As was remarked earlier, neurochips with m 5 2 have 

already been designed and fabricated. Although no result 
has been reported on chips with m = 3, we conjecture 
that this architecture might be suitable for noncausual IIR 
implementations of interesting image processing filters. 

We saw in subsection 111-B and Appendix I11 that the case 
m = 2 is already sufficiently complicated to require a careful 
analysis. Naturally, the case m = 3 is even more involved and 

(79) 
11 
3 - go - 291 - -g2 - 293. 

Proposition 10: When m = 3, the stability indicator func- 
tions are given by 
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f+ when g 3  > 0, D 5 0 
or g 3  > 0, D > 0, 2 5 E- < E +  
or 9 3  < 0, D > 0,  I- I -2, 2 5 I+ 
when g 3  > 0, D > 0, E- 5 -2, 2 5 E+ 
or 9 3  < 0, D I 0  or g 3  < 0, D > 0, E- <I+ 5 -2 

or g 3  < 0, D > 0, 2 5 5- < I+ 
when g3 > 0, E- 5 -2 5 I+ 5 2 
or 9 3  < 0,  -2 < E -  5 2 5 E+ 
when g3 > 0, I- 5 -2 5 I+ 5 2 
when g 3  > 0, -2 5 I- 5 2 I E+ 
when g 3  > 0, -2 5 E- < I+ 5 2 
when g3 < 0, -2 5 E- 5 E+ 5 2 

or 9 3  > 0, D > 0, I- < I+ 5 -2 

f- 

max[f+, f-] 

h+ 
h- 
max[f+, h-] 
max[f-, h+] 

f+ when g 3  > 0, D > 0,  <- 5 -2, 2 5 E+ 
or g 3  < 0, D > 0, E- < E+ 5 -2 
or g 3  < 0, D > 0, 2 I E- < E +  
when g3 > 0, D 5 0, 
or g3 > 0, D > 0,  2 5 E- < E +  
or 9 3  < 0, D > 0, E- < -2 ,2  5 E+ 
when 9 3  < 0, -2 5 I- 5 2 5 E+ 
or g 3  > 0, E- 5 -2 5 E+ 5 2 
when g3 > 0, -2 5 5- 5 2 5 E+ 
when g3 < 0, E- I -2 5 I+ 5 2 
when g 3  < 0, -2 5 E- I I+ 5 2 
when 93 > 0, -2 5 5- < E+ 5 2. 

or g 3  < 0, D 5 0 

f- or g 3  > 0, D > 0, I- < I+ 5 -2 

min[f+, f-] 

h+ 
h- 
min[f+, h-] 
min[f-, h+] 

Proof: See Appendix V. 

IV. TRANSIENTS 

This section analyzes the capacitance matrix B in (4) using 
the method used for analyzing A. As a by-product, an estimate 
will be obtained of the "processing speed" of neuro chips. 

It follows from (4) that the capacitance matrix B has exactly 
the same structure as that of A. Therefore, one can derive 
conditions under which B is positive definite and bounds on 
its eigenvalues. Let 

where bo,. . . , b, are as in (4) while w and X are as in (44). 
Define 

~ + ( b o , h , . . . , b m )  := max b m Q B ( u )  (80) 
wE[-2,2] 

v-(bo,bl,...,b,) := min b m Q B ( u )  (81) 
w E [ - 2,2] 

The following fact can be proved by an argument similar to 
that used for the negative definiteness of A. 

Proposition 11: Replace (ii) of the standing assumptions 
(subsection 11-C) by 

bo > 0, b, # 0. (82) 

i) The following conditions are equivalent: 

a) B is positive definite for all n. 
b) Every nonreal zero A, of &(A) with (A,( = 1 

c) Every real zero W R  of QB(w)  with I W R ~  < 2 has 
has an even multiplicity, 

an even multiplicity. 
d) 

q-(bo,bi,...,b,) 2 0 (83) 

and the bounds are optimal. 
Corollary 1: Assume (82) and consider the temporal dy- 

namics (5)  with v(0) = 0. If (58) and (83) are satisfied, then 
the solution v( t )  of (5 )  satisfies the following bounds: 

Proof: See Appendix VI. 
Remark 14: 

i) The result tells us how fast/slow a step response of 
(5)  grows. Although there is no precise concept of the 
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time constant RC for (5) (dim v >> l), (85) can be 
interpreted as 

(86) rl+ 
g- g+ 

-- '- 5 "time constant" 5 --. 

ii) Let us compute the upper bound in (86) for m = 2. It 
is not difficult to show that 

CO + 2Cl + 2)Cl) when c2 < 0 or 

CO + 2c1 + 4c2 + c:/4c2 

rl+(co, c1, c2) = 

c2 > 0 and Ic1/c21 2 4 
when c2 > 0 and 
ICl/C21 5 4 .  

If go, 91, CO, c1, c2 > 0, then it follows from (67) and 
the above formula that 

(J+ go 
-_ V+ = rl+ 

(CO + 4Ci)/90 when Ic1/c2( 2 4 = {  (CO + 2c1 + 4c2 + c:/4c~)/g0 when Jc1/c21 I 4. 

Since it is difficult to estimate parasitic capacitances 
accurately, this is as much as one can tell from the 
corollary. 

V. CONCLUDING REMARKS 

(i) We would like to call the reader's attention to the fact that 
the spatial dynamics of the class of neural networks discussed 
here are zero phase and yet IIR. More specifically, consider 
the transfer function of the spatial dynamics in the frequency 
domain: 

1/H(z)  = 1/ [a,z-mPF(z)] 

where PF is the characteristic polynomial defined by (41). 
Then 

m 

p = l  

which is real. Obviously, a zero-phase filter is ideal in signal 
processing, for if the phase does not behave properly, the 
signal would be distorted. It is known [21] that a stable linear- 
phase IIR cannot be realized by a causal system (linear-phase 
meaning here that the phase is linear in w). Thus the spatial 
dynamics (11) are a zero-phase noncausal IIR filter. The results 
reported here establish conditions under which those noncausal 
IIR filters are temporally and/or spatially stable. 

(ii) Using an argument used in the proof of Lemma A2, 
one can show that if a0 > 0, i.e., if the diagonal element 
of A is positive, then A is positive definite iff the spatial 
dynamics is regular. Since the definition of spatial stability 
(Definition 2) is the hyperbolicity of F ,  the spatial dynamics 
can be stable even when a0 > 0. Thus, the spatial regularity or 
stability can be satisfied even when A is positive definite, while 
temporal stability is certainly violated if A is positive definite. 
This asymmetry is due to the fact that the spatial dynamics is 
noncausal whereas the temporal dynamics is causal. 

(iii) Recall Proposition 8, which states that, for m = 2, the 
temporal stability coincides with the spatial stability except 
for a measure zero subset of R3. 

Conjecture: Proposition 8 will be true for a general m. 
(iv) The following is a list of possible future research 

projects: 
Generalizations to nonlinear cases, e.g., the chip reported 
in [ll]. While the temporal stability results can be estab- 
lished under reasonable conditions, the spatial stability 
results may not be easy to obtain because the spatial 
dynamics are not only nonlinear but also nonautonomous 
with respect to node number I C .  More specifically, let 

(87) 
dv 
dt 

B- = G(v) + U  

be the temporal dynamics where G : R" + R". Let v 
be an equilibrium of (87) and suppose that 

zk+l = F ( z k )  + y k  (88) 

represents the spatial dynamics in the sense of ( l l ) ,  
where F : R2" + R2". Therefore, the spatial stability 
means the stability of the trajectory (88), which is 
not necessarily a fixed point of F .  Furthermore, if the 
conductances are nonlinear, the temporal dynamics are 
not necessarily of the popular form -dv . .  1 

d t  R 
B -  = --U + TG(v) + U  

where T is symmetric, G = (G1,. . . , G"), and Gi, 
i = 1, 
Generalization to two-dimensional array cases. 
IIR implementations and associated stability of other 
interesting filters, e.g., oriented receptive field filters [4] 
and Gabor filters [5]. 
It could be interesting to investigate the relationship, if 
any, with the stability results for neural field equations 

,n, is sigmoidal. 

[221, ~ 3 1 .  

APPENDIX I 
PROOF OF THEOREM 1 

Throughout this appendix, the center eigenspace E" is 
empty. Hence any vector z E E can be written as z = 
z" + z", z" E E", z" E E". Proposition A1 says that 
a slight enlargement of E" does not destroy the property 
E" n T+ = ( 0 ) ;  i.e., the intersection between E" and T+ 
is the singleton set (0) and that the same is true for E" 
and T-. Proposition A2 says that 21 (resp. 20) approaches 
E" (resp. E") as K + $00. Lemma A1 tells us that 2 1  (resp. 
20) approaches Z1 (resp. ZO) as K + +W. 

PropositionAl: There are positive numbers a+ and CY- 

such that 
L + ( E " )  n T+ = (0) 
&-(E") n T- = (0) (All 

where R,+(E") and A a - ( E S )  are the a+ sector of E" and 
the CY- sector of E", respectively (Fig. 13): 
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A 1 
Fig. 13. The CY+ section of E" and the a- section of E". 

Lemma A l :  Let ~ 1 ,  €2 > 0 satisfy 
~ 1 ( 1  - ~ 1 ) - ~ , ~ 2 ( 1  - ~ 2 ) - ' , ~ 1 , ~ 2 ]  I 1 / 4  

and 
Proof: Since T+ @ E" = E" @ E", there is a unique 

linear map 7111 : E" + E" such that 
T+ = { (zU,711+zu) E E" E" I Z" E E"}. 

Since T+ n E" = {0), the map ry is nonsingular; hence 
a+ := inf{ )lrlL+zuII 1 z" E E", llzull = l}  

is positive. Clearly (Al) is satisfied. A similar argument is 
valid for A,-(E"). z = Z" $2, Z" E E", Z" E E",  

then 

Proof: If (A6) holds, z E &2(ES) implies 

Proposition A2: I f  { ~ k } f z  is a solution for (T+, T-,  K ) ,  

11eII I "+lA#  114II 

and llZUll I E211ZSIl 

llZ"ll = llz - ZUlI I llzll + Ilz"Il I llzll + EZlIZsll 

-2(K-1) which, in turn, implies 

hence 

The other inequality can be derived in a similar manner. 

E" and E" respectively: 

0 
Now let & ( E U )  and &(E") denote the closed E sectors of 

Then Proposition A2 says that a solution {zk}?; for 
(T+ , T- , K )  satisfies 

Therefore 

Since z E K E ~ ( E " )  + yo ((A6)), one has 
z - yo = W" + w", W" E E", W" E E' 

llW"lI I ~l l lwUl l  (A131 

from which it follows that 
lIw"II I E l ( 1  - &l)-lllwll. ('414) 

Let us rewrite the equality (see (A13)) 
z" + z s  = wu + w" +yo 

and 

Then the uniqueness of the stable free-boundary solution 
(Proposition 1) implies that there is a unique pair (TI, 30) 
satisfying (see (24)) 

3 1  = zs - wS FdZo = W" - z". (A15) 
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It follows from (All) ,  (A12), (A14), and (A15) that 

112 - 51 1 )  = JJZ" + 2" - (2" - w")II 

= llzU + W"ll I 11~"Il + l l ~ s l I  
I E l ( 1  - +lllwll + E2(1 - ~z)-'11~11 

which proves (A9). Similarly 

- FdZo/l = llw" + w" - (w" - zU)ll 

I llw"Il + llzUII 
= E l ( 1  - E1)-lIIwlI + EZ(1 - E2)-1114 

I14 - ll%Il I llz - 2111 

which proves (A10). In order to show (A8), observe that 

and 

llwll - / /FdZo//  I l(w - FdZo 11 
imply 

llzll I l l % l l  + Ilz - 5111 
I I l % l l  + &1(1 - &l)-ll lwll  + 4 1  - .2)-11141 

559 

and 

114111 I lI211l I T .  ( A W  

Since ZK = FK-'z1, (A18) implies 

(A191 -(K-1) 
112K11 I A# T .  

In order to estimate 11zi11, let 

T$ : E' -+ E" 

be the linear map such that 

T+ = { (?+zS,zs)  E E" @ E'lz" E E"} .  (A20) 

This map is well defined and is unique because of (34). It 

follows from (A20) that 

Adding (A16) and (A17), one has 

It follows from this that 

E g ( 1 -  Ez)-l] 

< A-(K-k) < A-(K-k) (K-1) 

- X-ZKfk+l 

. (Ilwll + 1141) 
- # llz%ll - # A# lIT",lT 

- # 11~;11T. 
where (A4) was used. This inequality together with (A5) 
implies 

0 

Completion of the Proof: It follows from Proposition A2 that 
(A4) is satisfied for K sufficiently large. Since Fd expands the 
vectors in E" while it contracts the vectors in E", one sees 
that 

On the other hand, 

I 2 m a x ( E 1 ,  €2). 

I 2 ~ ; ' ~  max(a_l,  a;l~2#)r 
zo E K E ~ ( E " )  implies Fdzo E &1(E"). where (A3) was used. Therefore 

I 
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It follows from (A21) and (A22) that 

k = l  

K 

- 0  as K-++co. 

Using a similar argument, one can show that 
0 

1 ( 2 k  -Zk112  + O as K -+ +m. 0 
k = - K  

APPENDIX I1 
PROOF OF PROPOSITION 6 

(i) If p is an eigenvalue of A,  

A , : = A - p l  ('423) 
is singular, and hence it is not negative definite. Therefore A, 
cannot be temporally stable. If 

a o - p < O  (A241 
then Proposition 2 says that &,(U) defined by (45) for A, 
has a real zero on ( - 2 , 2 )  with odd multiplicity. Since the 
multiplicity is odd, the zero on ( - 2 , 2 )  cannot be an extremum 
of &, so that 

min &,(U) < 0 and max &,(U) > 0 (A25) 
w E [ -2,2] w E [ - 2 ,2] 

which is equivalent to 

min a,&,(w) < 0 < max a,&,(w). (A261 
w E [ -2,2] w E [ - 2,2] 

Since 
m 

u,&,(u) = ao - ,U + a p  ( A p  + A-") (A27) 
p=l 

where w and X are related via (44), one has 

a m & p ( ~ )  = am&(w) - P. (A281 
Equations (A26) and (A28) imply (66). In order to consider 
the case 

u o - p > o  (A291 
one needs the following: 

Lemma A2: If a. - p > 0, the following are equivalent: 
i) A, is positive definite for all n. 

ii) The corresponding spatial dynamics are regular. 

iii) Every real zero of Q, on (-2,2)  has an even multi- 
plicity. 

Proof: Recall (49) and replace -ap by ap:  

p=l 

u o - p =  2 z;. 
p=o 

One can use an argument similar to that used in the proof of 
0 

In order to complete the proof of (i) of Proposition 6, 
observe the fact that A, being singular violates (i)-(iii) in 
Lemma A2. Since (iii) of Lemma A2 is the same as (iii) of 
Proposition 2, one can use the same argument as for a. - 1-1 < 
0. It is clear from the form of A and a0 # 0, a ,  # 0 that 
a0 - p = 0 is impossible. 

(ii) In order to prove the optimality of the upper bound, 
note that for any y E R 

Theorem 2 and Proposition 2 to show the result. 

u + ( ~ o  + 7,  ~ 1 , .  . . , a,) = a+(ao, a i , .  . . ,U,) + 7.  (A30) 

Now fix a l ,  . ' ' , a ,  and consider 

Pn(ao - p,  a l , .  . ',a,) := det(A - p1)  (A311 

where n denotes the size of A. It follows from (A31) that 
if { p n , z ( a ~ ) } z , ,  and {pn ,J (a~)}J=l  are the eigenvalues of 
A when the diagonal is a0 and ab, respectively, then by an 
appropriate relabeling, 

pn,a(ao) - ao = pn,%(ab)  - ab, a 1, .. . ,n. (A32) 

In order to demonstrate the optimality of the upper bound, we 
first consider the case 

a+(ao, a1,. ' .  ,a,) = 0. 

If this is not optimal, there is a S > 0 such that 

~ n , z ( a ~ , a l , . . . , a r n )  < -6 < a+(ao,al,...,arn) (A33) 

for all n and 1 5 a 5 n. It follows from (A32) that 

Pn,a(ao + 6/27 al,  ' .  ' , a m )  - (a0 + 612)  
- Pn,z(aO, a1,. . . , a,) - a0 

~n,z(ao ia l , . . . , am)  = ~ n , z ( a o  + 8/2 ,a l , . . ' , a rn) -S /2  

- 

whence 

('434) 

(A351 

for all n and 1 5 z 5 n. Equation (A33) and (A34) imply 

pn,,(a0 + 612, al . .  . ' ,a,) < -6/2 < 0 

for all n and 1 5 z 5 n. This means that (ao  + S / 2 ,  a l , .  . . , a,) 
results in the temporal stability. On the other hand (A30) 
implies 

u + ( ~ o  +6/2 ,a l , . . . , a rn)  = ~ + ( a o , a l , . . ' , a m )  
+ s/2 = s/2 > 0. 

This contradicts (A35) because Proposition 4 says that the 
temporal stability is equivalent to U+ < 0. In order to show 



MATSUMOTO et al.: SPATIAL VERSUS TEMPORAL STABILITY ISSUES 561 

the general case one has 
a2Q(2)  when a2 > 0 

o+(ao,a1,an) = { a2Q(-2) when a2 < 0 
when a2 < 0 
when a2 > 0. 

a+(@, * . . , a,) = a* 

suppose that o* is not optimal. Then, there is a 6 > 0 such 
that o- - (ao ,a l ,a z )  = 

Pn,i(ao,al, . . . ,a,)  < c7* -6 (A36) Case 2: 
1 a1 

2 a2 
2 2  -- - for all n and 1 5 i 5 n. It follows from (A32) that 

p,u,,z(ao,a1,...,a,) -a0 = p,L,,i(ao -o*,a1,...,a,) 

for all n and 1 5 i 5 n. Equations (A36) and (A37) imply 

- (a0 - o*) (A37) 
max & ( U )  = Q ( - 2 ) ,  min & ( U )  = Q ( 2 )  

wE[-2,21 wE[-2,2]  

a2Q(-2) when a2 > 0 
when a2 < 0 

pn,i(ao - a * , a  l , . . . , a , )  < -6 (A38) 

o+(ao, a1, a2) = { azQ(2)  for all n and 1 5 i 5 n. It follows from (A30) that 

a+(ao - a*,  a1,. . ’ ,a,) = 0. 

It was shown earlier than when o+ = 0, it is the optimal upper 
bound. Therefore, (A38) contradicts the optimality. In order to 
show the optimality of the lower bound a- (ao ,  al, . . . , urn),  
note that 

a2Q(2)  when a2 > 0 { a2Q(-2) when a2 < 0. o-(ao, Ul, a2)  = 

case 3.. 
l a  
2 a2 - 

w:fl‘;,21 & ( U )  = Q ( - a i / 2 ~ 2 )  

-2 5 -- 2 < 0 

o+(-ao, -a1,. . . , -a,) = -(T-(no, (21,. . ’ , urn).  

Furthermore, if p, is an eigenvalue of A, then - p  is an 
eigenvalue of -A. Since -a-(ao, a l , .  . . , a,) is the optimal 
upper bound for -A, i.e., 

max & ( U )  = Q ( 2 ) ;  
w E 1-2,21 

and o- is optimal. 0 Case 4: 

APPENDIX 111 
1 a1 
2 a2 

o < - - - < 2  

PROOF OF PROPOSITION 7 

We will give all the details for the sake of completeness. max Q ( w )  = & ( - a ) ,  w~!i,zl & ( U )  = Q(-al /2a2)  
Since m = 2, F is 4 x 4 and is given by w E I- 2,2] 

0 1 0  

-1 -% - E L  
a2 a2 a2 

The characteristic polynomial is 

+ A-1) + ( A 2  + r2) 
and 

a1 a0 

a2 a2 
& ( U )  = w2 + -U+ - - 2 

Case I :  

-_  EL 5 - 2 .  
2 a2 

Since 

max Q(w) = Q ( 2 ) ,  min &(U) = Q ( - 2 )  
w E [ -2 ,2]  W E [ - 2 , 2 1  

Now note that 
a1 a0 Q ( 2 )  = 2 + 2 -  + -  
a2 a2 

(A401 
a1 a0 &(-a)  = 2 - 2- + - 
a2 a2 

In order to obtain the desired final form, we need to check 
the following cases: 

i) a2 > 0 and case I c) a1 2 4az > 0 
ii) a2 > 0 and case 2 H a1 5 -4a2 < 0 

iii) a2 > 0 and case 3 H 0 5 al < 4a2 
iv) a2 > 0 and case 4 H - 4 ~  < al < 0 
v) a2 < 0 and case 1 ++ a1 5 4a2 < 0 

I 
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vi) a2 < 0 and case 2 ts a1 2 -4a2 > 0 
vii) a2 < 0 and case 3 H 4a2 < a1 5 0 

viii) a2 < 0 and case 4 t-$ -4a2 > a1 > 0. 
It follows from (A39)-(A41) that 

a+(ao, all 4 = 
azQ(2) 
azQ(-2) 
azQ(-a1/2az) when (vii) or (viii) 

when (i) or (iii) or (vi) 
when (ii) or (iv) or (v) 

(A42) 

reasonable way of accomplishing this is to minimize 
n n 

2 
G(w)  = (xk - vk)' + 1 (2vk - vk-1 - ~ + l )  

k=l k=l 

('447) 

with respect to v = ( V I ,  ' ' . , vn). The first term is called the 
data term while the second term is called the penalty term and 
it represents the penalty on the "second-order derivative," i.e., 

a - ( ao , a l , az )  = and X > 0 is the weight on the penalty. Since this is a 
straightforward quadratic minimization problem, the solution 
is obtained by differentiating (A47) with respect to v k  and 

azQ(2) 
a2 Q( - 2) 
azQ(-al/2a2) when (iii) or (iv). setting it to zero: 

when (ii) or (v) or (vii) 
when (i) or (iv) or (viii) 

(A43) Xk - V k  f X [ - 6 ~ k  f 4('Uk-i + V h + l )  - (vk-2 -k 'Uk-2)] = 0 

and hence 

{ 
It follows from (3) that 

ao = -(go f 291 f 2g2), ai = 91, U2 = 92 -(1/X + 6)vk + 4(21k-1 + w ~ + I )  - 

-(go + 291 + 2gZ)vk + gl(wk-1 + .k+l) + ('444) 

92(wk-2 + v k + Z )  f uk = 0 

('445) which is exactly (8) with rn = 2, where Uk = ( l / X ) z k .  Thus, 
by varying go while g1 and g2 are fixed, one can control 
the weight X which corresponds to varying the width of the 
Gaussian-like kernel. It should be noticed, however, that the 

for the two-dimensional problem. 

total cocontent: 

architecture shown in Fig. 1 is a rather crude approximation 

Conversely, given a circuit, one can recover G(u) as the 

= -90 - 491 

1 1 (-2) = g2 [ -$ (2) - -(go 9 2  + 2g1 + 2g2) - 

= -90 - 291 - 4g2 - 9?/4gz. (A46) 

Substituting (A44)-(A46) into (A42) and (A43), one has the 
relations shown at the bottom of the page. It is easy to see that 

cl these are the ones given by (67). 

APPENDIX IV 
In [l], go,g1 > 0 while g2 < 0, and g1 = 4(g2(. We will 

give a simple explanation for the reader who is unfamiliar with 
the regularization theory [2], [3]. 

Let a set of noisy data 21, . . , x, be given. Suppose one 
wants to interpolate the data with appropriate smoothness. A 

1 
2 

G(v)  = --uTAu + uTu 

and the dynamics of the circuit minimizes -G(u) by 

Note, however, that if A were not symmetric, the total cocon- 
tent would be undefined even if the circuit were linear. 

APPENDIX V 
PROOF OF PROPOSITION 10 

Recall D defined by (75). 
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Case I :  D < 0. It follows from (72) and (74) that dd/dw 
has no real zero and hence Q is monotonically increasing. 
Therefore 

('449) 

(A501 

a3Q(2) when a3 > 0 
= { U,Q(-2) when a3 < 0 

a3Q(-2) when a3 > 0 
when a3 < 0. CT- = { U3Q(2) 

Case 2: D = 0. In this case dd/dw has a double zero. But 
since Q is cubic, it is monotonically increasing and (A49) and 
(A50) are true. 

Case 3: D > 0. This means that dd/dw has two distinct 
real zeroes and hence Q has a local maximum at (- and a 
local minimum at (+, (- < (+. 

a) (- < (+ 5 -2: It is clear that Q is monotonically 
increasing on [-2,2] and hence (A49) and (A50) still 
hold. 

b) 2 5 5- < (+: Q is monotonically increasing on [-2,2] 
and (A49) as well as ( M O )  is true. 

c) (- 5 -2,2 5 (+: Q is monotonically decreasing on 
[-2,2] and 

(MI) 
a3Q(-2) when a3 > 0 

CT+ = { a3Q(2) when a3 < 0 
a3Q(2) when a3 > 0 

CT- = { a3Q(-2) when a3 < 0. 

d) (- 5 -2 5 E+ 5 2: In this case, Q has a local minimum 
at (+ and hence 

a3 max[Q(-a), Q(2)] when a3 > 0 
ff+ = { a3Q(5+) when a3 < 0 

when a3 > 0 
o- = { :z:t:A(-2), Q(2)] when a3 < 0. 

e) -2 5 E- 5 2 5 E+ Since Q has a local maximum at 
E- 9 

when a3 > 0 
= { ::$$i(--2), Q(2)] when a3 < 0 

when a3 > 0 
= { a3Q(E-) when a3 < 0. 

a3 min[Q(-2), Q(2)] 

f )  -2 5 (- < (+ 5 2: Since Q has a local minimum as 
well as a local maximum within [-2,2], 

Combining all these cases, one obtains the relations given 
at the bottom of the page, where f* and hk are defined by 
(77)-(79). 0 

APPENDIX VI 
PROOF OF COROLLARY 1 

One can show that the right derivative, 

0- (go, 91, g2,93) = 

f +  

f -  

max[f+, f-] 

h+ 
h- 
max[ f + ,  h-] . max[ f - ,  h+] 

when g3 > 0 and (case 1 or case 2 or case 3-a or case 3-b) 
or g3 < 0 and case 3-c 
when g3 < 0 and (case 1 or case 2 or case 3-a or case 3-b) 
or g3 > 0 and case 3-c 
when g3 > 0 and case 3-d 
or g3 < 0 and case 3-e 
when g3 < 0 and case 3-d 
when g3 > 0 and case 3-e 
when g3 > 0 and case 3-f 
when g3 < 0 and case 3-f 

' f +  

f -  

min[f+, f-] 

h+ 
h- 
min[f+, h-] 
min[f-, h+] 

when g3 > 0 and case 3-c 
or g3 < 0 and (case 1 or case 2 or case 3-a or case 3-b) 
when 93 < 0 and case 3-c 
or g3 > 0 and (case 1 or case 2 or case 3-a or case 3-b) 
when g3 > 0 and case 3-d 
or g3 < 0 and case 3-e 
when g3 > 0 and case 3-d 
when 93 < 0 and case 3-e 
when g3 < 0 and case 3-f 
when g3 > 0 and case 3-f 
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I 

Vin Vin Vin 

f 7  

- 

vc,p 

I1 = K[(Vc - Vt) Vin -$Vin2] 

12 = K 1 (VC + Vin - Vt ) Vin - $ Vin * 1 
I = II + 12 = 2 K [vc - ~ t ]  Vin 

( in triode region 

One can easily show that the right-hand limit of the first term 
in (A53) also exists. Denoting this limit by 

one has the right differential inequality: 

D+ll4t)ll I m(B-1A)I14t)ll + IIB-1411 

I l 4 O ) I l  = 0. 

It is not difficult to show that a solution of a differential 
inequality is bounded by the solution of the corresponding 
differential equation: 

dw 
- = m ( B - l A ) w  + IJB-lulI, 
dt 

w(0) = 0. 

Therefore 

Similarly, the left derivative satisfies 

Fig. 14. Variable conductance go. (a) vc controls the value of go. (b) Actual which yields 
implementation. 

1 
Ilu(t)lI - m ( - B - l A )  exists despite the fact that Ilu(t)II it is not differentiable. Since 

. [exp(-m(-B-lA)t)  - 11 IIB-l~II. 
dvo = B-lAv(t )  + B-lu (A551 dt 

and since Finally, it is known [24] that 

m ( B - l A )  = max. eigenvalue of B - l A  (A561 Ilu(t) + hB-lAu(t) + hB-'ul( 

I 111 + hB-1Alll14t)ll + hllB-'u(l and hence 

one has -m( -B- lA)  = min. eigenvalue of B - l A .  (A57) 

It follows from (66), (84), and (A56) that 
(111 + hBi lAl l  - 1 

D+llf+)ll = pz 
g+ 

h=O 

+ IIB-lUII (A531 m ( B - l A )  5 -. rl+ 

where the matrix norm is induced by the Euclidian norm: similarly 
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1 

( b) 

Fig. 15. Equivalent circuit of the go circuit. (a) Equivalent circuit of an NMOS transistor; ids(.) indicates that the controlled 
current source is nonlinear, and css( .) and c g d (  .) stand for nonlinear capacitors. (b) Equivalent circuit of Fig. 14(b). 

Substituting (A58) and (A59) into (A54) and ( A S ) ,  one has 
the desired bounds. 0 

APPENDIX VI1 
This appendix tries to justify the model given by (1)-(4). 

There are two aspects that must be examined: 
i) resistive part go, 91, . . . , g m ;  

ii) capacitive part C O ,  c1, . . . , em. 
Although these parameters are implementation dependent, we 
can give a fairly reasonable account of them by checking the 
Gaussian-like convolver chip [l], where m = 2. Let us first 
look at Fig. 14, which implements go. Fig. 14(a) shows how 
go can be made variable by controlling wc, while Fig. 14(b) 
shows the actual implementation. In order to examine how 
this circuitry affects the resistive as well as the capacitive 
part of the model, one naturally has to have an equivalent 
circuit of each transistor. While a resistive part of an MOS 
transistor can be described by a simple nonlinear model, the 
capacitive part is known to be difficult to model [25]. In 
some cases it is described as a nonlinear distributed parameter 
element [26], and in some other cases it is described as 
a nonlinear, nonreciprocal multiterminal capacitor [27]. In 
many practical situations, parasitic capacitors are reciprocal 
and each is regarded as constant in each of the operating 
regions (cutoff, triode, and saturation) [25], [28], although they 
are still nonlinear, i.e., piecewise constant. (One has to be 
careful about the charge conservation because the incremental 
capacitance is discontinuous.) In many cases, a zero bulk 

charge is assumed. Fig. 15(a) gives such an equivalent circuit, 
where ids (.) indicates that the (controlled) current source 
is nonlinear, and cgs (.) (resp. cgd (.)) represents nonlinear 
gate-source (resp. gate-drain) capacitor. A similar circuit 
can be given for a PMOS. Fig. 15(b) shows an equivalent 
circuit of Fig. 14(b) using Fig. 15(a). In order to examine the 
resistive part of the circuit, open-circuit all the capacitors. 
Fig. 16(a) shows the SPICE-simulated w;, -2  characteristics 
while Fig. 16( b) gives measured characteristics which verify 
that the resistive part behaves in a sufficiently linear manner 
within the operating range. It should be noted that no small- 
signal argument is used. Namely, the linearity of the q n - Z  

characteristics does not mean that each transistor operates 
linearly. In fact, the four PMOS transistors are designed to 
operate in the saturation region. 

Next let us look at Fig. 17(a), which implements 92, where 
R2 > 0 is a p-well resistor and the remaining circuit realizes 
a negative impedance converter, where a triangle stands for 
a standard transconductance amplifier. Parts (b) and (c) of 
Fig. 17 give SPICE simulated and measured characteristics, 
respectively. In [l], g1 is realized by a p-well resistor. Fig. 18 
shows a SPICE simulation of a spatial impulse response at 
the transistor level. The reader is referred to [ l ]  for measured 
impulse responses. 

The capacitive part of the circuit needs more care to 
examine. In order to evaluate co, let us first check the go 
circuit. To this end, open-circuit the current sources and short- 
circuit the voltage sources of Fig. 15(b) and obtain Fig. 19(a). 

I 
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0.2 0.4 0.6 0.0 

\‘in (VI 

0 0 3  0 65 

Operating Range 
* * 

( b) 

Fig. 16. The q n - Z  characteristics of Fig. 14(b). (a) SPICE simulated. 
(b) Measured. 

That the resistive part behaves linearly does not guarantee 
that the capacitive part also behaves linearly. However, the 
pair of NMOS’s in the middle is designed to operate in the 
triode region while the rest is designed to operate in the 
saturation region. Since we are assuming that each capacitance 
is constant in each operating region, cgd7s and cgs’s can be 
regarded as constant so that one can compute the overall 

Vdd Vdd 

V+dV 

2‘ vss 

A -R2 B 
4 

- 
V 

I=dV/R2 

(a) 

V+dV 

Ac tua l  Nega t i ve  Res is to r  

- Ideal  Nega t l ve  R e s i s t o r  _ -  

I (A) 

5 

Operating Range 

( 4  

Fig. 17. Negative conductance 9 2 .  (a) Circuitry. (b) SPICE simulated. 
(c) Measured. 

equivalent capacitance, say C;, between the win terminal and 
the ground. Since Fig. 19(a) is reduced to Fig. 19(b), one 
has 
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Node 

Fig. 18. SPICE simulated spatial impulse response at the transistor level 
where l / g l  and l/gz are intended for 5 kR and -20 kQ, respectively. 

id 

Vin d 

Vin- 

Cil i  

Fig. 19. Capacitive part of Fig. 15(b). (a) Original circuit. (b) Equivalent 
circuit. 

Despite the fact that there are as many as nine capacitors 
contributing to cb, the actual cb value would be very small. 
This stems from the fact that in the triode region, cgs = 
Cgd M (1/2)WLc,,  while in the saturation region cgs M 
(2 /3)WLcox ,  Cgd NN 0 [25], [28], where W ,  L, and cox 
stand for the channel width, the channel length, and the 
capacitance (per unit area) of the oxide layer separating 
the gate from the channel. In this particular implementation, 
W / L  = 318 (pm) for MI and Ms, 413 for M2 and M4, 

and 712 for M2 and MG, and cox M 12 x pF/pm2 in 
the present process. Since g1 is a p-well resistor, its substrate 
is connected to U&. Thus there is a (distributed) diffusion 
capacitance between each node to U d d  (not between two 
nodes). In discussing the capacitive part of a circuit, one short- 
circuits voltage source as was done in the go circuit. Therefore, 
this diffusion capacitance, say cb/, contributes to CO. The value 
of cb/ would be larger than cb because (a) the area of the g1 
in this particular implementation is larger (36 x 20 pm2) and 
(b) diffusion capacitance is the sum of a term proportional 
to the area and a term proportional to the peripheral length 

As for the contribution to CO from the g2 circuit, there are 
two factors: (a) the parasitic capacitors of MOS transistors and 
(b) the p-well diffusion capacitance of R2 > 0 (see Fig. 17(a)). 
The former can be calculated by using the same argument as 
the one used to compute cb, while the latter can be estimated 
using the argument used to discuss the g1 diffusion capacitance 
c:. If we call the resulting composite capacitance c y ,  the 
total capacitance between each node and the ground would 
be CO = cb + c i  + c r .  

Since conductance g1 is implemented by a p-well, c1 
naturally represents associated parasitic capacitance between 
each node to its immediate neighbor. It should be noted, 
however, that e1 appears in off-diagonal elements of B. 

Finally, using the same argument, one can compute the 
composite capacitance c2 from each node to its second nearest 
neighbor. The parasitic capacitor c2 also appears in off- 
diagonal elements of B. 

It follows from (56) that B satisfies the diagonal dominance 
so that all eigenvalues are (strictly) positive. Naturally, in 
an actual implementation, B cannot be exactly symmetric. 
However, eigenvalues being strictly positive is an “open” 
condition, i.e., small variations of parameters do not destroy 
the property. We will leave quantitative estimates of those 
parasitic capacitances for a future paper. We will simply 
remark that CO = 0.1 pF used in Fig. 4 would not be too 
unrealistic. 

Fig. 20 shows a simulation result at the transistor level 
on SPICE where llgo, l/g1, and l/g2 are intended to be 
200 kR, 5 kR, and -20 kR, respectively. A subnetwork of 
8 x 8 is simulated (on a Cray) where a step current of duration 
5 ps is injected into the four nodes as indicated in Fig. 20(a). 
Fig. 20(b) shows the voltage responses of the eight nodes on 
the fourth row. Although the above arguments are far from 
being complete, we believe that our model is sufficient for the 
present purpose. 

P I .  
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Fig. 20. SPICE simulated temporal step responses at the transistor level. (a) 8 x 8 array is simulated where step current of 
duration 5 ps is injected to the four nodes as indicated. (b) Voltage responses at the eight nodes in the fourth row. 
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• 研究背景・目的
• R-r ラダーネットワーク

–合成抵抗の収束値
–貴金属数比のラダー , シミュレーション検証
– 2の比のラダー, シミュレーション検証

• 各段の抵抗値が異なるラダー
–合成抵抗と連分数展開との対応
–ネイピア数e,円周率𝜋

• まとめ



3/33
Outline

• 研究背景・目的
• R-r ラダーネットワーク

–合成抵抗の収束値
–貴金属数比のラダー , シミュレーション検証
– 2の比のラダー, シミュレーション検証

• 各段の抵抗値が異なるラダー
–合成抵抗と連分数展開との対応
–ネイピア数e,円周率𝜋

• まとめ



4/33

研究背景・目的

• IC内での抵抗値はばらつく
「比精度」はよい（0.1% 程度の誤差）

• 無理数は連分数展開で表せる

→整数比の抵抗でのネットワークで

無理数(近似)の比抵抗を構成
→無理数アナログ信号を生成
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R-rラダーの合成抵抗値

𝑟

𝑅

𝑟

𝑅

𝑟

𝑅

R-r 抵抗ラダー
:Rとrで構成される抵抗ラダー

R-r ラダーの単位

分解

接続

抵抗ラダーはRとrの単位に分割できる



7/33

R-rラダーの合成抵抗値

𝑍3 = 𝑅 +
𝑟𝑍2

𝑟 + 𝑍2

三段ラダー𝑍3

𝑍1𝑍2

𝑍3 𝑟

𝑅

𝑟

𝑅

𝑟

𝑅

𝑍2

𝑍1

𝑟

𝑅

𝑟

𝑅

𝑍2 = 𝑅 +
𝑟(𝑅 + 𝑟)

𝑟 + (𝑅 + 𝑟)

二段ラダー𝑍2

・接続する”単位”を増やす
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n段R-rラダーの合成抵抗

𝑍𝑛+1 𝑍𝑛

𝑍𝑛+1 = 𝑅 +
𝑟𝑍𝑛

𝑟 + 𝑍𝑛

=
𝑟 + 𝑅 𝑍𝑛 + 𝑟𝑅

𝑍𝑛 + 𝑟

→𝑍𝑛に関する漸化式 𝑅

𝑟



9/33

n段ラダーの合成抵抗

𝑍𝑛 =
𝛼𝑘𝑛 − 𝛽

𝑘𝑛 − 1

𝑍𝑛 𝑟

𝑅

𝑟

𝑅

ただし、

𝛼 =
1

2
𝑅 + 𝑅2 + 4𝑟𝑅 ,

𝛽 =
1

2
𝑅 − 𝑅2 + 4𝑟𝑅 ,

𝑘 =
𝑅 + 𝑟 − 𝛽

𝑅 + 𝑟 − 𝛼
, 1 < 𝑘
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合成抵抗の収束値

𝑍∞

𝑍∞ = lim
𝑛→∞

𝑍𝑛 = lim
𝑛→∞

𝛼 − 𝛽𝑘−𝑛

1 − 𝑘−𝑛

→ 𝛼 =
1

2
𝑅 + 𝑅2 + 4𝑟𝑅

𝑍∞ =
𝑅

2
+

𝑅 𝑅 + 4𝑟

2

𝑟

𝑅

𝑟

𝑅
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–貴金属数比のラダー , シミュレーション検証
– 2の比のラダー, シミュレーション検証

• 各段の抵抗値が異なるラダー
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貴金属数 𝜆

・𝑥2 − 𝑛𝑥 − 1 = 0の正の解

𝜆𝑛 =
𝑛

2
+

𝑛2 + 4

2
・𝑛について「第𝑛貴金属数」
・𝑛 = 1:黄金数𝜙

𝜙 =
1+ 5

2

・𝑛 = 2:白銀数𝜏

𝜏 = 1 + 2
・𝑛 = 3:青銅数𝜉

𝜉 =
3+ 13

2

・連分数形式

𝝀𝒏 = 𝒏 +
𝟏

𝒏 +
𝟏

𝒏 +
𝟏

𝒏 +
𝟏
⋱

・1 ∶ 𝜆𝑛 − 1 を「第𝑛貴金属比」

参考： 岩本誠一、江口将生、吉良知文、「黄金・白銀・青銅 : 数と比と形と率と」(2008) 
https://catalog.lib.kyushu-u.ac.jp/opac_download_md/15758/KJ00005471244.pdf
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R-rラダーと貴金属数

𝑍∞ =
𝑅

2
+

𝑅 𝑅 + 4𝑟

2
𝜆𝑛 =

𝑛

2
+

𝑛2 + 4

2

R-r ラダーの抵抗 貴金属数

R-r ラダーの合成抵抗 貴金属数(無理数)比になりうる

𝜆𝑛 = 𝑛 +
1

𝑛 +
1

𝑛 +
1

𝑛 +
1
⋱

𝑍𝑛+1 = 𝑅 +
𝑟𝑍𝑛

𝑟 + 𝑍𝑛

=
𝑅

𝑘
𝑘 +

1

𝑅
𝑘𝑟

+
𝑅
𝑘𝑍𝑛

=
𝑅

𝑘
𝑘 +

1

𝑅
𝑘𝑟

+
1

𝑘 +
1

𝑅
𝑘𝑟

+
1
⋱
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R-Rラダー

R

R R

R𝑍𝑅,𝑅

𝑍𝑅,𝑅 =
𝑅

2
+

𝑅 𝑅 + 4𝑟

2

=
𝑅

2
+

𝑅 𝑅 + 4𝑅

2

=
1 + 5

2
𝑅

黄金数𝜙ラダー
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2R-0.5Rラダー

0.5R

2R 2R

0.5R𝑍2𝑅,0.5𝑅

𝑍2𝑅,0.5𝑅 =
2𝑅

2
+

2𝑅 2𝑅 + 4 ∙ 0.5𝑅

2

= 𝑅 +
2 2𝑅2

2
= 1 + 2 𝑅

≈ 2.414𝑅
白銀数𝜏ラダー
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白銀数 1 + 2ラダー（3段）

• 条件
– 𝑅 は 1 kΩ
– 電流 1 mAを流して、

電圧𝑉(out)から抵抗を計算

• 結果
抵抗値 2.4142855 kΩ
1 + 2 = 2.414213562373095⋯



17/33

白銀数 1 + 2ラダー（5段）

• 条件
– 𝑅 は 1 kΩ
– 電流 1 mAを流して、

電圧𝑉(out)から抵抗を計算

• 結果
抵抗値 2.4142135 kΩ
1 + 2 = 2.414213562373095⋯

段数を増加→ 1 + 2に近づく
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• 研究背景・目的
• R-r ラダーネットワーク

–合成抵抗の収束値
–貴金属数比のラダー , シミュレーション検証
– 2の比のラダー, シミュレーション検証

• 各段の抵抗値が異なるラダー
–合成抵抗と連分数展開との対応
–ネイピア数e,円周率𝜋

• まとめ
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2ラダー

・合成抵抗の比を 2にしたい

2 = 1 + 2 − 1

= 1 +
1

2 +
1

2 +
1

2 +
1
⋱

2R-0.5Rラダーの先頭の2RをRにする！

𝑍2𝑅,0.5𝑅 = 1 + 2 𝑅

𝑍2𝑅,0.5𝑅 − 𝑅 = 2𝑅
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2ラダー（2段）シミュレーション

• 条件
– 𝑅 は 1 kΩ
– 電流 1 mAを流して、

電圧𝑉(out)から抵抗を計算

• 結果
抵抗値 1.41666666 kΩ
2 = 1.414213562373095⋯
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2ラダー（5段）シミュレーション

• 条件
– 𝑅 は 1 kΩ
– 電流 1 mAを流して、

電圧𝑉(out)から抵抗を計算

• 結果
抵抗値 1.4142136 kΩ
2 = 1.414213562373095⋯
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• 研究背景・目的
• R-r ラダーネットワーク

–合成抵抗の収束値
–貴金属数比のラダー , シミュレーション検証
– 2の比のラダー, シミュレーション検証

• 各段の抵抗値が異なるラダー
–合成抵抗と連分数展開との対応
–ネイピア数e,円周率𝜋

• まとめ
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各段の抵抗値が異なるラダー

𝑝𝑛𝑅

𝑞𝑛𝑅

𝑝1𝑅

𝑞1𝑅

𝑛段目の抵抗を
𝑝𝑛, 𝑞𝑛で重みづけ

𝑍𝑛−1

𝑝𝑛𝑅

𝑞𝑛𝑅

𝑍𝑛

𝑍𝑛 = 𝑝𝑛𝑅 +
𝑞𝑛𝑅 ∙ 𝑍𝑛−1
𝑞𝑛𝑅 + 𝑍𝑛−1
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各段の抵抗値が異なるラダー

𝑍𝑛 = 𝑝𝑛𝑅 +
𝑞𝑛𝑅 ∙ 𝑍𝑛−1
𝑞𝑛𝑅 + 𝑍𝑛−1

= 𝑅 𝑝𝑛 +
1

1
𝑞𝑛

+
𝑅

𝑍𝑛−1

= 𝑅 𝑝𝑛 +
1

1
𝑞𝑛

+
1

𝑝𝑛−1 +
1

1
𝑞𝑛−1

+
1
⋱

𝑝𝑛𝑅

𝑞𝑛𝑅

𝑝1𝑅

𝑞1𝑅

任意の数の連分数展開から𝑝𝑛と𝑞𝑛を決定
→抵抗の比は任意の数に
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• 研究背景・目的
• R-r ラダーネットワーク

–合成抵抗の収束値
–貴金属数比のラダー , シミュレーション検証
– 2の比のラダー, シミュレーション検証

• 各段の抵抗値が異なるラダー
–合成抵抗と連分数展開との対応
–ネイピア数e,円周率𝜋

• まとめ
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ネイピア数eの比を持つ抵抗ラダー

・無理数
・自然対数の底

・連分数展開が規則性を持つ

e = 2 +
1

1 +
1

2 +
1

1 +
1

1 +
1
⋱

= 2; 1, 2, 1, 1, 4, 1, 1, 6, 1, 1, 8, 1,⋯

𝑝𝑛 → 連分数展開整数部分の奇数番目
2, 2, 1, 1, 6, …

𝑞𝑛 → 連分数展開整数部分の偶数番目の逆数
1, 1, 1/4, 1, 1 , …
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ネイピア数eラダー（4段）

• 条件
– 𝑅 は 1 kΩ
– 電流 1 mAを流して、

電圧𝑉(out)から抵抗を計算

• 結果
抵抗値 2.7183098 kΩ
(e = 2.718281828459536⋯)

e ≈ 2; 1, 2, 1, 1, 4, 1, 1
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ネイピア数eラダー（8段）

• 条件
– 𝑅 は 1 kΩ
– 電流 1 mAを流して、

電圧𝑉(out)から抵抗を計算

• 結果
抵抗値 2.7182816kΩ
(e = 2.718281828459536⋯)

e ≈ 2; 1, 2, 1, 1, 4, 1, 1, 6, 1, 1, 8, 1, 1, 10, 1
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円周率 𝜋の比を持つ抵抗ラダー

・無理数
・円の周と直径との比

・規則性をもたない連分数表示
（少数第5位までで近似した連分数）

𝜋 ≈ 3.14159

= 3 +
1

7 +
1

15 +
1

1 +
1
⋱

= [3; 7, 15, 1, 25, 1, 7, 4]

𝑝𝑛 → 連分数展開整数部分の奇数番目
3, 15, 25, 7

𝑞𝑛 → 連分数展開整数部分の偶数番目の逆数
1/7, 1, 1, 1/4
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円周率𝜋のラダー （シミュレーション）

• 条件
– 𝑅 は 700 Ω
– 𝑅と抵抗ラダーに電流 1 

mAを流す
抵抗にかかる電圧の比から
抵抗比を計算

• 結果
𝑅に対して3.1415896 倍の値
（設計値：3.14159 倍）

𝜋 ≈ [3; 7, 15, 1, 25, 1, 7, 4]
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アナログ信号処理への応用

• ADCの冗長設計
–黄金比 1 ∶ 𝜙 − 1

→フィボナッチ重み付け SAR（逐次比較近似） ADC
–白銀比 1 ∶ 𝜏 − 1

→ 2（白銀比）重み付け SAR ADC

•
𝑓

2𝜋

𝜔 = 2𝜋𝑓

1

× 2

2 2 4 242 82

× 2 × 2 × 2 × 2 × 2
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Outline

• 研究背景・目的
• R-r ラダーネットワーク

–合成抵抗の収束値
–貴金属数比のラダー , シミュレーション検証
– 2の比のラダー, シミュレーション検証

• 各段の抵抗値が異なるラダー
–合成抵抗と連分数展開との対応
–ネイピア数e,円周率𝜋

• まとめ
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まとめ

＜まとめ＞

次を明らかにした。

• R-r ラダーの合成抵抗は「貴金属数」比を持つ
• 任意の数の連分数展開を用いて、
その数の比を持つ抵抗を作ることができる

• 近似精度は用いる抵抗の数を増やすことでよくなる
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数学によるアナログ信号処理の新機軸

Ludolph van Ceulen
円周率 π

関孝和

連分数展開

Leonhard Euler John Napier
ネイピア数 e

Georg Simon Ohm
オームの法則

Gustav Robert Kirchhoff
キリヒホッフの法則

Carver Mead
抵抗ネットワーク
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𝑍𝑛に関する漸化式

𝑥 =
𝑅 + 𝑟 𝑥 + 𝑟𝑅

𝑥 + 𝑟
↔ 𝑥2 − 𝑅𝑥 − 𝑟𝑅 = 0

↔ 𝑥 =
𝑅 ± −𝑅 2 + 4𝑟𝑅

2

特性方程式

𝑅 > 0 , 𝑟 > 0より重解なし

−𝑅 2 + 4𝑟𝑅 = 0
↔ 𝑅(𝑅 + 4𝑟) = 0

重解があるとき

二項間一般分数系漸化式で、重解のない場合

𝑎𝑛+1 =
𝑝𝑎𝑛 + 𝑞

𝑡𝑎𝑛 + 𝑠
, （特性方程式 𝑥 =

𝑝𝑥 + 𝑞

𝑡𝑥 + 𝑠
）

→特性方程式の二つの解を𝛼, 𝛽として、

𝑎𝑛 =
𝛼𝑏1𝑘

𝑛−1 − 𝛽

𝑏1𝑘
𝑛−1 − 1

, 𝑏𝑛 =
𝑎𝑛 − 𝛽

𝑎𝑛 − 𝛼
, 𝑘 =

𝑝 − 𝑡𝛽

𝑝 − 𝑡𝛼
.

𝑍𝑛の一般式は
𝑝 = 𝑅 + 𝑟, 𝑞 = 𝑟𝑅, 𝑡 = 1, 𝑠 = 𝑟,

𝛼 =
1

2
𝑅 + 𝑅2 + 4𝑟𝑅 ,

𝛽 =
1

2
𝑅 − 𝑅2 + 4𝑟𝑅 ,

𝑘 =
𝑅 + 𝑟 − 𝛽

𝑅 + 𝑟 − 𝛼
.
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質疑・コメント

Q. Rとrの比だけでいいのか？
Rには絶対値が必要ではないか？

A. Rには具体的な値が必要。その値Rに対し、
合成抵抗がスライド14・15のようにある比
（
1+ 5

2
や1 + 2）を持つ。

Q. 今回はシミュレーションで検証をしているが
実験もできそう。実際の誤差に対して、結果が
強いのか弱いのかは検証が必要だと思う。

A. 素子の誤差に関しては、検証が必要だと考えて
いる。ただ、図中左の抵抗ほど合成抵抗に与える
影響が大きいことは確認している。
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1. はじめに 

抵抗ラダーネットワークは，電流や電圧をある比で分割

するために使われ，アナログデジタル変換器/デジタルアナ

ログ変換器(ADC/DAC)の内部回路やアナログ空間フィルタ

として回路構成に組み込まれている[1, 2, 3]．例えば R-2R

ラダーは，多段に接続した抵抗が，各ノードから見て等価的

に一定の抵抗値を持つことを用いて，各ノードで電流を分

割する。この性質を用いた R-2R DA変換器は広く使われて

いる[1].  

R-R ラダーの各ノードから右側を見た合成抵抗は，フィ

ボナッチ数に基づいた抵抗値になる [2]．また，隣り合う二

つのフィボナッチ数の比は黄金数𝜙 = (1 + √5) 2⁄ に収束す

る [2, 4]．ここから，R-Rラダーの抵抗は黄金数に収束する

と考え，この性質を用いて，二種類の抵抗𝑅，𝑟からなる抵抗

ラダーの合成抵抗と，各段の抵抗値が異なる抵抗ラダーの

合成抵抗を求め，それらの合成抵抗が収束する値を求めた．

そして，それらの合成抵抗が連分数としてあらわせること

を示した．集積回路内では比精度が良く実現できるので，ラ

ダーを構成する抵抗値が整数比の場合には，設計値に対し

て精度のよい信号が発生できる． 

本論文は，抵抗ラダーと無理数の関係について明らかに

し，抵抗ラダーを用いて無理数近似アナログ信号を出力す

ることを検討した内容を報告する． 

 

2. R-r 抵抗ラダー 

図 1は，二種類の抵抗𝑅と𝑟からなる抵抗ラダーである． 

この抵抗ラダーは図 2のような単位に分解できる． 

 

図  2 抵抗ラダーの単位

Fig. 2 Resistor ladder unit 

 

抵抗ラダーを図 2に示すような回路に分割すると，端子

から見た抵抗値𝑍1は次式であらわされる． 

𝑍1 = 𝑅 + 𝑟 (1) 

図 2の抵抗の左に同じ抵抗を接続すると，図 3のよう

になる． 

 

図 3  2段抵抗ラダー 

Fig. 3  2-stage resistor ladder 

 

この抵抗値𝑍2は，次式であらわされる． 

𝑍2 = 𝑅 +
𝑟(𝑅 + 𝑟)

𝑟 + (𝑅 + 𝑟)
(2) 

以上のようにして，𝑅と𝑟の抵抗を多段に接続した場合，𝑛

段接続したときの抵抗𝑍𝑛と𝑛 + 1段接続した場合の抵抗𝑍𝑛+1

の間には次式のような関係が成り立つ． 

𝑍𝑛+1 = 𝑅 +
𝑟𝑍𝑛
𝑟 + 𝑍𝑛

 

=
(𝑟 + 𝑅)𝑍𝑛 + 𝑟𝑅

𝑍𝑛 + 𝑟
(3) 

これは𝑍𝑛に関する漸化式であり，これを解くことで二種類

の抵抗𝑅，𝑟とラダーの段数𝑛を定めた場合の合成抵抗値を求

めた．𝑍𝑛は次式で与えられる． 

図 1 R-r抵抗ラダー 

Fig. 1 R-r resistor ladder 



 

 

 

𝑍𝑛 =
𝛼𝑘𝑛 − 𝛽

𝑘𝑛 − 1

𝛼 =
1

2
(𝑅 + √𝑅2 + 4𝑟𝑅)

𝛽 =
1

2
(𝑅 − √𝑅2 + 4𝑟𝑅)

𝑘 =
𝑅 + 𝑟 − 𝛽

𝑅 + 𝑟 − 𝛼

(4) 

(4)式において，1 < 𝑘であるため，抵抗を接続する段数を増

やし𝑛の値が大きくなると，この抵抗値は次式の値𝑍∞に収束

する． 

𝑍∞ = lim
𝑛→∞

𝑍𝑛 = lim
𝑛→∞

𝛼 − 𝛽𝑘−𝑛

1 − 𝑘−𝑛

→ 𝛼 =
1

2
(𝑅 + √𝑅2 + 4𝑟𝑅)

(5) 

𝑍∞ =
𝑅

2
+
√𝑅(𝑅 + 4𝑟)

2
(6) 

また，(3)式から R-r ラダーの合成抵抗は，次式のように

連分数で表示することができる．𝑘は整数である． 

𝑍𝑛+1 =
𝑅

𝑘
(𝑘 +

1

𝑅
𝑘𝑟
+
𝑅
𝑘𝑍𝑛

) 

=
𝑅

𝑘

(

 
 
 
 

𝑘 +
1

 
𝑅
𝑘𝑟
+

1

 𝑘 +
1

 
𝑅
𝑘𝑟
+
1
 ⋱
 
 
 

)

 
 
 
 

  (7) 

図 4 のように，各段の抵抗の値が異なる抵抗ラダーを考

える．抵抗ラダーの𝑛段目の抵抗値は，ある抵抗値𝑅に対し

て，𝑝𝑛𝑅と𝑞𝑛𝑅として，𝑝𝑛と𝑞𝑛によって重みづけられている

とする． 

 

図 4 各段の抵抗値が異なる抵抗ラダー 

Fig. 4 Resistor ladder  

(different resistance value of each stage) 

 

この時の𝑛段抵抗ラダーの合成抵抗は次式のようになる． 

𝑍𝑛 = 𝑝𝑛𝑅 +
1

 
1
𝑞𝑛𝑅

+
1

 𝑍𝑛−1
 

 

= 𝑅(𝑝𝑛 +
1

 
1
𝑞𝑛
+

𝑅
𝑍𝑛−1

 
) 

= 𝑅

(

 
 
 
 
 

𝑝𝑛 +
1

 
1
𝑞𝑛
+

1

 𝑝𝑛−1 +
1

 
1
𝑞𝑛−1

+
1
⋱
 
 
 
 

)

 
 
 
 
 

(8) 

(8)式から，任意の数について，その連分数表示に従って

整数比の抵抗を接続することで，𝑅に対してその数の比を持

つ抵抗を作ることができる． 

 

3.  抵抗ラダーを用いた無理数（近似）信号の出力 

〈3･1〉貴金属数 
貴金属数は二次方程式𝑥2 − 𝑛𝑥 − 1 = 0の正の解であり，

正の整数𝑛の値に対して順に，第𝑛貴金属数と呼ばれる[5]．

二次方程式𝑥2 − 𝑛𝑥 − 1 = 0の正の解𝜆𝑛とその連分数表示は

次式のようにあらわすことができる． 

𝜆𝑛 =
 𝑛 + √𝑛2 + 4 

2
(9) 

𝜆𝑛 = 𝑛 +
1

 𝑛 +
1

 𝑛 +
1

 𝑛 +
1
 ⋱

(10)

 

しばしば，𝑛 = 1の場合を黄金数𝜙，𝑛 = 2の場合を白銀数𝜏，

𝑛 = 3の場合を青銅数𝜉と呼ぶ[5]．𝜙，𝜏，𝜉それぞれの数値は， 

𝜙 =
1 + √5

2
≈ 1.618 

𝜏 = 1 + √2 ≈ 2.414 

𝜉 =
3 + √13

2
≈ 3.303 

である． 

貴金属数が(10)式のように連分数展開できることから，

(7)式において𝑘と𝑅/(𝑘𝑟)をある整数値𝑛とすることで，抵抗

値が，無理数である貴金属数の比になることが予想される． 

(6)式から，R-R ラダーの合成抵抗の収束する値𝑍𝑅,𝑅は，

次式の黄金数になる． 

𝑍𝑅,𝑅 =
1 + √5

2
𝑅 (11) 

また，2R-0.5Rラダーの合成抵抗の収束する値𝑍2𝑅,0.5𝑅は，

(6)式と(7)式から次式の白銀数になる． 

𝑍2𝑅,0.5𝑅 = (1 + √2)𝑅

= 𝑅 ∙

(

 
 
 
 

2 +
1

 2 +
1

 2 +
1

 2 +
1
 ⋱)

 
 
 
 

(12) 

 

〈3･2〉√2の近似を出力するラダー 
√2は連分数として次式のようにもあらわすことができる



 

 

[3]. 

√2 = 1 +
1

 2 +
1

 2 +
1

 2 +
1
 ⋱

(13)

 

(13)式と(12)式の連分数部分を比較すると，(12)式の整数部

分を 1 にしたものが(13)式である．これは，白銀数𝜏から 1

を減じたものが√2であることによるものである． 

2R-0.5R ラダーの先頭の抵抗を 2R から R に変えた場合

を考える. この抵抗ラダーの合成抵抗の収束する値は次式

であらわされる． 

𝑍√2 = 𝑅 +
1

 2 +
1

 2 +
1

 2 +
1
 ⋱

∙ 𝑅

= √2𝑅

(14) 

 

〈3･2〉ネイピア数e，円周率πの近似を出力するラダー 
ネイピア数eは連分数として次式のようにあらわすこと

ができる[6]. 

e =  2 +
1

 1 +
1

 2 +
1

 1 +
1
 ⋱

(15)

 

(15)式では省略したが，分数部分の分子をすべて 1 とした

場合の整数部分を並べて表示すると，以下のように規則性

を持つ[6]． 

e = 2.71828⋯
= [2, 1, 2, 1, 1, 4, 1, 1, 6, 1, 1, 8, 1, 1, 10,⋯ ] (16)

 

図 4の，各段の抵抗値が異なる抵抗ラダーにおいて，(8)

式の𝑝𝑛を連分数展開整数部分の奇数番目，𝑞𝑛を偶数番目の

逆数とすると，抵抗ラダーの合成抵抗の𝑅に対する比は，近

似的にネイピア数eになる． 

円周率πを連分数展開すると，その整数部分は規則性を持

たない[6]．円周率πを次式のように近似すると，連分数とし

て次式のようにあらわされる[6]． 

π ≈ 3.14159
= [3, 7, 15, 1, 25, 1, 7, 4] (17)

 

これを用いて，ネイピア数の場合と同様に抵抗を接続して

抵抗ラダーの合成抵抗の𝑅に対する比は，近似的に円周率π

になる． 

 

4.  回路シミュレータによる検証 

〈4･1〉貴金属数 
(12)式を用いて，𝑅を 1 kΩとし，2R-0.5Rラダーに 1 mA

の電流を流し，その時の出力電圧から，抵抗ラダーの合成抵

抗を求めた． 

段数を 3段・5段にしてシミュレーションを行った．シミ

ュレーションに用いた抵抗ラダーを図 5 (a)に，この時のシ

ミュレーション結果を図 5(b)に示す．3 段の場合の合成抵

抗の値は，2.4142855 kΩであり，5段の場合の合成抵抗の

値は，2.4142135  kΩであった． 

段数の増加に伴い，合成抵抗の値は𝜏 = 1 + √2に近づい

た． 

 

〈4･2〉√2の近似を出力するラダー 
(14)式を用いて，𝑅を 1 kΩ とし，先頭の抵抗を 2R から

R に変えた 2R-0.5R ラダーに 1 mA の電流を流し，その時

の出力電圧から，抵抗ラダーの合成抵抗を求めた． 

段数を 2段・5段にしてシミュレーションを行った．シミ

ュレーションに用いた抵抗ラダーを図 6 (a)に，この時のシ

ミュレーション結果を図 6 (b)に示す． 

 

(a)回路図 (b)シミュレーション結果 

図 5  2R-0.5Rラダー 

(a) Circuit diagram.  (b) Simulation result 

Fig. 5  2R-0.5R ladder 

 



 

 

 

 

 (a)回路図 (b)シミュレーション結果 

図 6 √2ラダー 

(a) Circuit diagram. (b) Simulation result 

Fig. 6  √2 resistor ladder 

2 段の場合の合成抵抗の値は，1.4166666 kΩ であり，5

段の場合の合成抵抗の値は，1.4142136 kΩであった． 

段数を増やすほど，合成抵抗の値は(14)式の値に近づくこ

とが確認できた． 

 

〈4･3〉ネイピア数eと円周率πの近似を出力するラダー 
(16)式を用いて，ネイピア数eを，次式のように近似した． 

e ≈ [2, 1, 2, 1, 1, 4, 1, 1] (18) 

(18)式と(8)式から，(8)式の𝑅を 1 kΩ，𝑝𝑛を𝑝4から順に

(18)式の奇数番目，𝑞𝑛を𝑞4から順に(18)式の偶数番目の逆数

として，合成抵抗がネイピア数になる 4 段の抵抗ラダーを

作り，シミュレーションで確認した．シミュレーションに用

いた回路図を図 7(a)に示す． 

次にネイピア数eを次式のように近似し，ラダーの段数を

増やした． 

e ≈ [2, 1, 2, 1, 1, 4, 1, 1, 6, 1, 1, 8, 1, 1, 10, 1] (19) 

(19)式で近似した値を用いて，合成抵抗がネイピア数にな

る 8段の抵抗ラダーを作り，シミュレーションで確認した．

シミュレーションに用いた回路図を図 7 (a)に示す． 

4段と 8段のシミュレーション結果を図 7(b)に示す．4段

のラダーでの合成抵抗𝑍eは，2.7183098 kΩになり，8段の

ラダーでの合成抵抗は 2.7182816 kΩになった． 

段数を増やすほど，合成抵抗の値がネイピア数eに近づく

ことが確認できた． 

 

 

(a)回路図 (b)シミュレーション結果 

図 7 ネイピア数 e近似出力ラダー 

(a) Circuit diagram. (b) Simulation result 

Fig. 7 Napier’s constant approximation resistor ladder 

 

 

(8)式と(17)式から，(8)式において𝑅を 700 Ω，𝑝𝑛を𝑝4か

ら順に(17)式整数部分の奇数番目，𝑞𝑛を𝑞4から偶数番目の

逆数として，抵抗𝑅に対して円周率πの比を持つ抵抗ラダー

を作り，シミュレーションで確認した．シミュレーションに

用いた回路図を図 8 (a)に，シミュレーション結果を図 8 

(b)に示す． 

図 8 (b)の出力電圧の比から，後段の抵抗ラダーと 700 Ω

の抵抗 R9の比は，(17)式で近似した円周率πに一致した． 

 

(a)回路図 (b)シミュレーション結果 

図 8 円周率π 近似出力ラダー 

(a) Circuit diagram. (b) Simulation result 



 

 

Fig. 8 π approximation resistor ladder 

 

5. まとめ 

抵抗ラダーを用いて無理数比の電圧を生成する回路を検

討した. 対象無理数を連分解することでその抵抗ラダーの

構成することができる. 例として黄金比，貴金属数，√2，ネ

イピア数 e，円周率πの場合の構成を示し，いくつかをSPICE

シミュレーションで動作を検証した. 
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連分数展開を用いる近似無理数の抵抗回路 

― 零約術の電気回路への応用 ― 

 

Resistance Circuit of Irrational Number Approximation 

Based on Continued Fractions 

 

平 井 愛 統 , 桑 名 杏 奈 , 小 林 春 夫 (群馬大学) 

Manato Hirai , Anna Kuwana , Haruo Kobayashi (Gunma University) 

Abstract  

 This paper describes the method to generate irrational number ratio signals by using a resistor 

ladder and the relation between resistor ladders and irrational numbers. Irrational numbers are 

expressed as simple continued fractions configured by integers. The combined resistance of resistor 

ladders is expressed as continued fractions, too. We have designed resistor ladder networks whose 

overall equivalent resistance values are irrational number approximation ratios to a certain 

resistance value. Our Circuit simulation has verified this method. 

 

１．はじめに 

連分数は分数の分母にさらに分数が連なったものであり、桁数の多い少数や無理数の近似値を連分数

としてあらわすことができる。零約術は関孝和が考案し、建部賢弘とその兄の建部賢明が発展させたとい

われている。賢明が考案した零約術は、長い小数を分数に近似する方法で、互除法を駆使するが、その結

果は、今日では連分数展開とも呼ばれている[1]。 

本稿は、この連分数展開を用いて、電子回路中で、整数比の抵抗値を持つ抵抗から無理数近似値の比を

持つ等価的な抵抗を作り出す方法を調査し回路シミュレーション検証した結果を報告するものである。 

 

２．連分数展開を用いた抵抗ラダーの構成  

電子回路中の素子の一つである抵抗は、ある電圧を印加したときにその電圧の大きさに比例した電流

が流れる、という性質を持つ。この時の電流 𝐼 (単位は A、アンペア)と電圧 𝑉(単位は V、ボルト)の比を、

電気抵抗𝑅(単位は Ω、オーム)といい、𝑅 = 𝑉/𝐼 である。 
いま、二種類の抵抗𝑅と𝑟があるとする。この二種類の抵抗を図 1(a)と図 1(b)のようにそれぞれ直列接

続、並列接続すると、これらは等価的に 
 𝑅S = 𝑅 + 𝑟 (1) 

1

𝑅𝑃
=
1

𝑅
+
1

𝑟
↔ 𝑅𝑃 =

𝑅 ∙ 𝑟

𝑅 + 𝑟
 (2) 

という抵抗になる。つまり、二つの抵抗を直列に接続した場合の合成抵抗は「それぞれの抵抗の和」に

なり、並列に接続した場合の合成抵抗の逆数は「それぞれ抵抗の逆数の和」になる。 

この二種類の抵抗𝑅と𝑟で、図 2(a)に示すような“抵抗ラダー”、つまり抵抗のはしごを構成した場合の
図 1 抵抗の接続 
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合成抵抗を考え、これを R-r ラダーと呼ぶことにする。ラダーが一段の場合の合成抵抗𝑍1は、上記の直列

接続の場合の合成抵抗から、𝑍1 = 𝑅 + 𝑟である。ラダーが二段の場合の合成抵抗𝑍2は、𝑍2 = 𝑅 +
𝑟(𝑅+𝑟)

𝑟+(𝑅+𝑟)
で

ある。 
この作業を繰り返すと、𝑘段接続した場合の合成抵抗𝑍𝑘と𝑘 + 1段接続した場合の合成抵抗𝑍𝑘+1の関係

から、次のような漸化式がたつ。 

𝑍𝑘+1 = 𝑅 +
𝑟𝑍𝑘
𝑟 + 𝑍𝑘

=
(𝑟 + 𝑅)𝑍𝑘 + 𝑟𝑅

𝑍𝑘 + 𝑟
 (3) 

この漸化式から、図のような𝑅と𝑟からなる𝑘段の抵抗ラダーの合成抵抗は、以下の式で表される。 

𝑍𝑘 =
𝛼𝛾𝑘 − 𝛽

𝛾𝑛 − 1

𝛼 =
1

2
(𝑅 +√𝑅2 + 4𝑟𝑅)

𝛽 =
1

2
(𝑅 −√𝑅2 + 4𝑟𝑅)

𝛾 =
𝑅 + 𝑟 − 𝛽

𝑅 + 𝑟 − 𝛼

 (4) 

 (4)式において、1 < 𝛾であるため、接続する段数を増やし𝑘が大きくなると、この抵抗値は次式の値𝑍∞に
収束する。 

𝑍∞ = lim
𝑘→∞

𝑍𝑘 & = lim
𝑘→∞

𝛼 − 𝛽𝛾−𝑘

1 − 𝛾−𝑘
→ 𝛼 =

1

2
(𝑅 + √𝑅2 + 4𝑟𝑅) (5) 

また，式(3)から𝑘 + 1段の R-r ラダーの合成抵抗は，次式のように連分数で表示することができる。𝑚は

整数である。 

𝑍𝑘+1 =
𝑅

𝑚
(𝑘 +

1

𝑅
𝑚𝑟 +

𝑅
𝑚𝑍𝑛

) =
𝑅

𝑚

(

 
 
 
 

𝑚+
1

 
𝑅
𝑚𝑟 +

1

 𝑚 +
1

 
𝑅
𝑚𝑟 +

1
 ⋱ 

 
 

)

 
 
 
 

 (6) 

 

次に図 3のように、各段の抵抗の値が異なる抵抗ラダーを考える。抵抗ラダーの𝑘段目の抵抗値は，ある

抵抗値𝑅に対して，𝑝𝑘𝑅と𝑞𝑘𝑅として，𝑝𝑘と𝑞𝑘によって重みづけられているとする。 

図 2 R-r 抵抗ラダー 

図 3 各段の抵抗の値が異なる抵抗ラダー 
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この時の𝑘段抵抗ラダーの合成抵抗は、次式であらわされ、𝑝𝑘と𝑞𝑘を用いた連分数としてもあらわすこ

とができる。 

𝑍𝑘 = 𝑝𝑘𝑅 +
1

 
1
𝑞𝑘𝑅

+
1

 𝑍𝑘−1
 
= 𝑅(𝑝𝑘 +

1

 
1
𝑞𝑘
+

𝑅
𝑍𝑘−1

 
) = 𝑅

(

 
 
 
 
 

𝑝𝑘 +
1

 
1
𝑞𝑘
+

1

 𝑝𝑘−1 +
1

 
1
𝑞𝑘−1

+
1
⋱ 
 
 
 

)

 
 
 
 
 

 (7) 

この(7)式から、任意の数について、その連分数表示に従って𝑘段目の抵抗の重み𝑝𝑘と𝑞𝑘を決定し、抵抗ラ

ダーを構成することで、𝑅に対してその数の比を持つ抵抗を作ることができる． 

 

３．抵抗ラダーを用いた無理数（近似）信号の出力 

連分数としてあらわされる無理数の例として、貴金属数と呼ばれる数字がある。貴金属数は二次方程式

𝑥2 − 𝑛𝑥 − 1 = 0の正の解であり、正の整数𝑛の値に対して順に、第𝑛貴金属数と呼ばれる[2]．二次方程式
𝑥2 − 𝑛𝑥 − 1 = 0の正の解𝜆𝑛とその連分数表示は次式のようにあらわすことができる。 

𝜆𝑛 =
 𝑛 + √𝑛2 + 4 

2
= 𝑛 +

1

 𝑛 +
1

 𝑛 +
1

 𝑛 +
1
 ⋱

 
(8) 

しばしば、𝑛 = 1の場合を黄金数𝜙、𝑛 = 2の場合を白銀数𝜏、𝑛 = 3の場合を青銅数𝜉と呼ぶ[5]。𝜙、𝜏、𝜉そ
れぞれの数値は、 

𝜙 =
1 + √5

2
≈ 1.618

𝜏 = 1 + √2 ≈ 2.414

𝜉 =
3 + √13

2
≈ 3.303

 (9) 

である。 
貴金属数が(8)式のように連分数展開できることから、(6)式において𝑚と𝑅/(𝑚𝑟)を正の整数𝑛とするこ

とで、ラダーの合成抵抗が𝑅に対して貴金属数の比になることが予想された。 
例として、R-Rラダーの合成抵抗の収束する値𝑍𝑅,𝑅は、次式のように𝑅に対して黄金数𝜙の比になる。 

𝑍𝑅,𝑅 =
1 + √5

2
𝑅 (10) 

また，2R-0.5Rラダーの合成抵抗の収束する値𝑍2𝑅,0.5𝑅は、次式のように𝑅に対して白銀数τ = 1 + √2の比

になる。 

𝑍2𝑅,0.5𝑅 = (1 + √2)𝑅 = 𝑅 ∙

(

 
 
 
 

2+
1

 2 +
1

 2 +
1

 2 +
1
 ⋱)

 
 
 
 

 (11) 

√2は連分数として次式のようにもあらわすことができる。 
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√2 = 1 +
1

 2 +
1

 2 +
1

 2 +
1
 ⋱

 

(12) 

これは、白銀数𝜏から 1を減じたものが√2であることによるものである。 

このことを用いて、2R-0.5R ラダーの先頭の抵抗を 2Rから Rに変えた場合を考える. この抵抗ラダー

の合成抵抗の収束する値は次式であらわされる． 

𝑍√2 = 𝑅 +
1

 2 +
1

 2 +
1

 2 +
1
 ⋱

∙ 𝑅 = √2𝑅 

(13) 

ネイピア数eは、自然対数の対数の底であり、無理数である。ネイピア数eは連分数として次式のようにあ

らわすことができる[3]。 

e =  2 +
1

 1 +
1

 2 +
1

 1 +
1
 ⋱

 

(14) 

 (14)式では省略したが、この連分数展開で分数部分の分子をすべて 1 とした場合の整数部分を並べて表

示すると、以下のように規則性を持つ[3]。 

e = 2.71828⋯ = [2, 1, 2, 1, 1, 4, 1, 1, 6, 1, 1, 8, 1, 1, 10,⋯ ] (15) 

この連分数展開を用いて、図 3 に示した各段の抵抗値が異なる抵抗ラダーにおいて、(7)式の𝑝𝑘を連分数

展開整数部分の奇数番目、𝑞𝑘を偶数番目の逆数とすることで、抵抗ラダーの合成抵抗の𝑅に対する比は近

似的にネイピア数eになる。 

円周率πは、円の円周と直径の比であり、無理数である。円周率𝜋を連分数展開すると、その整数部分

は規則性を持たない[3]。円周率πを次式のように小数第五位までで近似すると、連分数として次式のよう

にあらわされる[3]。 

π ≈ 3.14159 = [3, 7, 15, 1, 25, 1, 7, 4] (16) 

これを用いて、ネイピア数の場合と同様に抵抗を接続して抵抗ラダーの合成抵抗の𝑅に対する比は、近似

的に円周率πになる。 

4段のネイピア数近似ラダーと円周率近似ラダーの構成を、図 4(a)と図 4(b)にそれぞれ示す。 

以上のようにして抵抗ラダーを構成し、その合成抵抗が設計した通りの値を持つことが回路シミュレ

ータ LTspiceを用いたシミュレーションからも確認できた。 

謝辞： 有意義なコメントをいただきました田部井勝稲先生に感謝します。 
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背景

• 電流モード R-2R DAC
–電流源による比較的高速な動作
– R-2R 抵抗ラダー ・・・ デコーダが不要

𝐼5

𝑅

𝐼4

2𝑅

𝑅

𝐼3

𝑅

2𝑅

𝐼2

2𝑅

𝑅

𝐼1

𝑉𝑂𝑈𝑇

𝑅2𝑅

𝐷4 𝐷3 𝐷2 𝐷1 𝐷0

5-bit R-2R current-steering DAC



5/40

背景・目的

• 電流モード R-2R DACの問題点
– 分解能の増加⇒線形性の劣化
– 原因
回路中の電流源と抵抗のミスマッチ

• これまでの検討内容
– 「N進抵抗ラダー」を用いたDAC構成
⇒電流を非2進に分流する抵抗ラダーを用いる

• 目的
1. N進抵抗ラダーDACにおける線形性劣化傾向を明らか

にし、

2. 自己校正や量産テストの手法開発に役立てる
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N進抵抗ラダー

• N進抵抗ラダー

– 電流をR-2Rラダーとは異なる比に分流
– ラダーの抵抗比は 𝑁 ∶ 𝑁 − 1 2

終端の抵抗 𝑁 − 1 𝑅

– N = 2の場合、R-2R ラダー

𝐼𝑘

𝑁𝑅

𝐼𝑘−1

𝑁𝑅

𝐼2

𝑁 − 1 2𝑅

𝑁𝑅

𝐼1

𝑁 − 1 𝑅

𝑁 − 1 2𝑅

(4) M. Hirai, S. Yamamoto, H. Arai, A. Kuwana, H. Tanimoto, Y. 
Gendai, H. Kobayashi, "Systematic Construction of Resistor 
Ladder Network for N-ary DACs", IEEE ASICON (Oct. 2019)
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N進抵抗ラダーDACの構成

• N = 2の場合⇒ 𝐾-bit R-2R DAC

𝐼𝐾

𝑉𝑂𝑈𝑇

𝑁𝑅

𝐼𝐾,𝑁−1

𝐼𝐾−1

𝑁𝑅

𝐼𝐾,1 𝐼𝐾−1,𝑁−1 𝐼𝐾−1,1

s𝐾,𝑁−1 s𝐾,1 s𝐾−1,𝑁−1 s𝐾−1,1

𝐼2

𝑁 − 1 2𝑅

𝑁𝑅

𝐼2,𝑁−1

𝐼1

𝑁 − 1 𝑅

𝐼2,1 𝐼1,𝑁−1 𝐼1,1

s2,𝑁−1 s2,1 s1,𝑁−1 s1,1

𝑁 − 1 2𝑅

𝑁 : 電流分割比 𝐾 : ラダー段数
𝐼𝑗 : 𝑗番目ノードに流し込まれる電流
𝑅 : 単位抵抗 𝐼 :単位電流
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出力電圧と出力ステップ数

• 出力電圧

𝑉OUT 𝐼1, ⋯ , 𝐼𝐾 , 𝑅, 𝑁, 𝐾 = 𝑁 − 1 𝑅෍

𝑗=1

𝐾
𝐼𝑗

𝑁𝐾−𝑗

• 出力電圧最大値

𝑉MAX 𝐼, 𝑅, 𝑁, 𝐾 = 𝑅𝐼 ∙ 𝑁 𝑁 − 1 ∙ 1 −
1

𝑁𝐾

• 出力電圧最小ステップ

𝑉MIN 𝐼, 𝑅, 𝑁, 𝐾 = 𝑁 − 1 𝑅𝐼 ∙
1

𝑁𝐾−1

• 出力電圧数 𝑁𝐾 − 1

𝑁 : 電流分割比 𝐾 :ラダー段数
𝐼𝑗 : 𝑗番目ノードに流し込まれる電流
𝑅 : 単位抵抗 𝐼 :単位電流
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構成例 N = 3, 3進ラダーDAC

• ラダー抵抗比
4𝑅 ∶ 3𝑅 ∶ 2𝑅

• 出力電圧ステップ数
𝑁𝐾 − 1
= 33 − 1 = 26段階

• 出力電圧
𝑉𝑂𝑈𝑇 𝐼1, 𝐼2, 𝐼3, 𝑅 = 2𝑅 𝐼3 +

1

31
𝐼2 +

1

32
𝐼1

𝐼3

3𝑅

4𝑅

𝐼2

3𝑅

𝑉𝑂𝑈𝑇

𝐼3,1𝐼3,2
𝑠3,2 𝑠3,1

𝐼2,1𝐼2,2
𝑠2,2 𝑠2,1

𝐼1

2𝑅

𝐼1,1𝐼1,2
𝑠1,2 𝑠1,1

4𝑅

各段の𝐼𝑗 →出力に対して3倍ずつの重みをもつ

3段3進ラダーDAC
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構成例 N = 4, 4進ラダーDAC

• ラダー抵抗比
9𝑅 ∶ 4𝑅 ∶ 3𝑅

• 出力電圧ステップ数
𝑁𝐾 − 1
= 43 − 1 = 63段階

• 出力電圧

𝑉𝑂𝑈𝑇 𝐼1, 𝐼2, 𝐼3, 𝑅 = 3𝑅 𝐼3 +
1

41
𝐼2 +

1

42
𝐼1

𝐼3

9𝑅𝑉𝑂𝑈𝑇

4𝑅

𝐼3,3 𝐼3,2

𝐼2

9𝑅

4𝑅

𝐼1

3𝑅

𝐼3,1 𝐼2,3 𝐼2,2 𝐼2,1 𝐼1,3 𝐼1,2 𝐼1,1

s3,3 𝑠3,2 𝑠3,1 s2,3 𝑠2,2 𝑠2,1 s1,3 𝑠1,2 𝑠1,1

各段の𝐼𝑗 →出力に対して4倍ずつの重みをもつ

3段4進ラダーDAC
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アウトライン

• 背景と目的
• N進抵抗ラダーDAC

–構成と例
• 素子ばらつきによるDNL劣化の解析

–数式による出力電圧誤差の見積もり
– Ｎ進DACへの適用

• シミュレーションによる検討
• まとめ
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R-2R DACのDNL解析 先行研究

[先行研究]電流モード R-2R DACのDNL解析
1. 単位抵抗と電流源にばらつきを仮定

2. 出力電圧の誤差を、抵抗ばらつき起因と
電流ばらつき起因に分割
（両方のばらつきがかかわる項を無視して近似）

3. それぞれの素子誤差を考慮して𝑗ビット目𝐷𝑗 = 1の時の

出力電圧を表し、誤差を含む各コード出力を得る

4. MSB切り替わり時の出力電圧誤差を求め、
DNL≦0.5 LSBになるためのマッチングを求める

5. シミュレーション結果と比較

[3]  C. Chen, N. Lu, “Nonlinearity analysis of R-2R Ladder-Based 
Current-Steering Digital to Analog Converter,” 
IEEE International Symposium on Circuits and Systems (May 2013)
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R-2R DACのDNL解析 先行研究

[先行研究]電流モード R-2R DACのDNL解析
1. 単位抵抗と電流源にばらつきを仮定

2. 出力電圧の誤差を、抵抗ばらつき起因と
電流ばらつき起因に分割
（両方のばらつきがかかわる項を無視して近似）

3. それぞれの素子誤差を考慮して𝑗ビット目𝐷𝑗 = 1の時の

出力電圧を表し、誤差を含む各コード出力を得る

4. MSB切り替わり時の出力電圧誤差を求め、
DNL≦0.5 LSBになるためのマッチングを求める

5. シミュレーション結果と比較

[3]  C. Chen, N. Lu, “Nonlinearity analysis of R-2R Ladder-Based 
Current-Steering Digital to Analog Converter,” 
IEEE International Symposium on Circuits and Systems (May 2013)
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素子ばらつきを仮定

• 単位抵抗と電流源にばらつきを仮定した回路図

𝐼𝐾

𝑉𝑂𝑈𝑇

𝑁
𝑅
+
Δ
𝑅
V
𝐾

𝐼 𝐾
,𝑁
−
1
+
Δ
𝐼 𝐾
,𝑁
−
1

s𝐾,𝑁−1 s𝐾,1

𝐼2 𝐼1

s2,𝑁−1 s2,1 s1,𝑁−1 s1,1

𝑁 − 1 2 𝑅 + Δ𝑅H 𝐾−1

𝐼 𝐾
,1
+
Δ
𝐼 𝐾
,1

𝐼 2
,𝑁

−
1
+
Δ
𝐼 2
,𝑁

−
1

𝐼 2
,1
+
Δ
𝐼 2
,1

𝐼 1
,𝑁

−
1
+
Δ
𝐼 1
,𝑁

−
1

𝐼 1
,1
+
Δ
𝐼 1
,1

𝑁
𝑅
+
Δ
𝑅
V
2

𝑁
−
1

𝑅
+
Δ
𝑅
V
1

𝑁 − 1 2 𝑅 + Δ𝑅H 1

𝑅T 𝐾 𝑅𝑇 2 𝑅𝑇 1
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出力電圧誤差の見積もり

• ある入力コードにおける出力電圧
⇒ s𝑗,𝑖 導通時の出力電圧を入力コードに応じて加算

• 𝑗番目ノードにのみ電流が流されている場合

𝑉𝑂𝑈𝑇|s𝑗.𝑖=1 = 𝐼 + Δ𝐼𝑗,𝑖 ∙
𝑅 𝑁 − 1

𝑁𝐾−𝑖
+ 𝑓 Δ𝑅s𝑗,𝑖

≅
𝑁 − 1

𝑁𝐾−𝑖
𝑅𝐼 +

𝑁 − 1 𝑅

𝑁𝐾−𝑖
∙ Δ𝐼𝑗,𝑖 + 𝑓 Δ𝑉𝑅

1. 素子のばらつきがない場合の出力電圧

2. 電流のばらつきに起因する出力電圧誤差

3. 抵抗のばらつきに起因する出力電圧誤差

※第4項 Δ𝐼𝑗,𝑖 ∙ 𝑓 Δ𝑅s𝑗,𝑖 は

出力への寄与が小さいものとして無視

この項を詳しく
求める必要あり

Δ𝐼𝑗,𝑖は𝑁𝐾−𝑖で効く
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誤差を考慮した𝑅T 𝐾

• 𝑅T 𝐾 を 𝑁, 𝑅 , Δ𝑅V 𝐾 , Δ𝑅H 𝐾−1 , Δ𝑅T 𝐾−1 で表示

𝑉𝑂𝑈𝑇
𝑁 𝑅 + Δ𝑅V 𝐾

𝑁 − 1 2 𝑅 + Δ𝑅H 𝐾−1

𝑅T 𝐾 𝑅T 𝐾−1

𝑅T 𝐾 = 𝑁 𝑅 + Δ𝑅V 𝐾 //{ 𝑁 − 1 2 𝑅 + Δ𝑅H 𝐾−1 ൟ+ 𝑁 − 1 𝑅 + Δ𝑅T 𝐾−1

=
ൟ𝑁 𝑅 + Δ𝑅V 𝐾 { 𝑁 − 1 2 𝑅 + Δ𝑅H 𝐾−1 + 𝑁 − 1 𝑅 + Δ𝑅T 𝐾−1

𝑁2𝑅 + 𝑁Δ𝑅V 𝐾 + 𝑁 − 1 2Δ𝑅H 𝐾−1 + Δ𝑅T 𝐾−1

≅
ൟ𝑁𝑅{𝑁 𝑁 − 1 𝑅 + 𝑁 𝑁 − 1 Δ𝑅V 𝐾 + 𝑁 − 1 2Δ𝑅H 𝐾−1 + Δ𝑅T 𝐾−1

𝑁2𝑅 + 𝑁Δ𝑅V 𝐾 + 𝑁 − 1 2Δ𝑅H 𝐾−1 + Δ𝑅T 𝐾−1

誤差どうしの積を無視
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誤差を考慮した𝑅T 𝐾

• 𝑥 ≪ 1の時のテイラー展開1次項までの近似式
Τ1 (1 + 𝑥) ≅ 1 − 𝑥 を用いて近似

𝑅T 𝐾 =
𝑁 − 1 𝑅 + 𝑁 − 1 Δ𝑅V 𝐾 +

𝑁 − 1 2

𝑁
Δ𝑅H 𝐾−1 +

Δ𝑅T 𝐾−1

𝑁

1 +
𝑁Δ𝑅V 𝐾

𝑁2𝑅
+

𝑁 − 1 2Δ𝑅H 𝐾−1

𝑁2𝑅
+
Δ𝑅T 𝐾−1

𝑁2𝑅

≅ 𝑁 − 1 𝑅 + 𝑁 − 1 Δ𝑅V 𝐾 +
𝑁 − 1 2

𝑁
Δ𝑅H 𝐾−1 +

Δ𝑅T 𝐾−1

𝑁

× 1 −
Δ𝑅V 𝐾

𝑁𝑅
−

𝑁 − 1 2Δ𝑅H 𝐾−1

𝑁2𝑅
−

𝑁 − 1 Δ𝑅T 𝐾−1

𝑁2𝑅

≅ 𝑁 − 1 𝑅 +
𝑁 − 1 2

𝑁
∙ Δ𝑅𝑉 𝐾 +

𝑁 − 1 2

𝑁2
∙ Δ𝑅𝐻 𝐾−1 +

1

𝑁2
∙ Δ𝑅𝑇 𝐾−1

この部分を𝑥として、テイラー展開で近似
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抵抗誤差を考慮した𝑉𝑂𝑈𝑇|s𝐾,𝑖=1

• 同様の手順で、 𝑗番目のノードから見込んだ抵抗𝑅T 𝑗 を近似

• 𝐾番目のノードに電流𝐼𝐾,𝑖を流し込んだ時の出力電圧

• 𝑅T 𝑗 を用いて𝑅T 𝐾 を展開

すべてのΔ𝑅V 𝑗 とΔ𝑅H 𝑗 を用いて、誤差を含む出力を表せる

𝑅T 𝑗 ≅ 𝑁 − 1 𝑅 +
𝑁 − 1 2

𝑁
∙ Δ𝑅𝑉 𝑗 +

𝑁 − 1 2

𝑁2
∙ Δ𝑅𝐻 𝑗−1 +

1

𝑁2
∙ Δ𝑅𝑇 𝑗−1

𝑁 𝑅 + Δ𝑅V 𝑗

𝑁 − 1 2 𝑅 + Δ𝑅H 𝑗−1

𝑅T 𝑗 𝑅T 𝑗−1

𝑉𝑂𝑈𝑇|s𝐾,𝑖=1 = 𝐼𝐾,𝑖 ∙ 𝑅T 𝐾
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s𝐾−1,𝑗 = 1での出力電圧

• 𝐾 − 1番目ノードに電流を流し込んだ時の出力電圧

𝑉𝑂𝑈𝑇|s𝐾−1,𝑖=1

𝑁 𝑅 + Δ𝑅V 𝐾

𝑁 − 1 2 𝑅 + Δ𝑅H 𝐾−1

𝑅T 𝐾

𝑅T 𝐾−1

s𝐾−1,𝑗

𝐼𝐾−1,𝑗

= 𝐼𝐾−1,𝑖 ∙
𝑅T 𝐾−1 ∙ 𝑅V 𝐾

𝑅V 𝐾 + 𝑅H 𝐾−1 + 𝑅T 𝐾−1

=
𝐼𝐾−1,𝑖 ∙ 𝑁 − 1 𝑅 + Δ𝑅T 𝐾−1 ∙ 𝑁 𝑅 + Δ𝑅V 𝐾

𝑁 − 1 𝑅 + Δ𝑅T 𝐾−1 + 𝑁 𝑅 + Δ𝑅V 𝐾 + 𝑁 − 1 2 𝑅 + Δ𝑅H 𝐾−1

𝑉𝑂𝑈𝑇|s𝐾−1,𝑖=1
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𝑉𝑂𝑈𝑇|s𝐾−1,𝑖=1の近似

誤差どうしの積を無視

𝑉𝑂𝑈𝑇|s𝐾−1,𝑖=1 ≅
𝐼𝐾−1,𝑖 𝑁 𝑁 − 1 𝑅 + 𝑁𝑅Δ𝑅T 𝐾−1 + 𝑁 𝑁 − 1 𝑅Δ𝑅V 𝐾

𝑁2𝑅 + Δ𝑅T 𝐾−1 + 𝑁Δ𝑅V 𝐾 + 𝑁 − 1 2Δ𝑅H 𝐾−1

=

𝐼𝐾−1,𝑖
𝑁 − 1 𝑅

𝑁
+
Δ𝑅T 𝐾−1

𝑁
+

𝑁 − 1 Δ𝑅V 𝐾

𝑁

1 +
Δ𝑅T 𝐾−1

𝑁2𝑅
+
𝑁Δ𝑅V 𝐾

𝑁2𝑅
+

𝑁 − 1 2Δ𝑅H 𝐾−1

𝑁2𝑅

≅ 𝐼𝐾−1,𝑖 ∙
𝑁 − 1 𝑅

𝑁
+
Δ𝑅T 𝐾−1

𝑁
+

𝑁 − 1 Δ𝑅V 𝐾

𝑁

× 1 −
Δ𝑅T 𝐾−1

𝑁2𝑅
−
𝑁Δ𝑅V 𝐾

𝑁2𝑅
−

𝑁 − 1 2Δ𝑅H 𝐾−1

𝑁2𝑅

テイラー展開を用いて近似
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抵抗誤差を含んだ𝑉𝑂𝑈𝑇|s𝐾−1,𝑖=1

• 抵抗の誤差を考慮して近似した𝑉𝑂𝑈𝑇|s𝐾−1,𝑖=1

∙
𝑁 − 1

𝑁
𝑅 +

𝑁 − 1 2

𝑁2 Δ𝑅V 𝐾 +
𝑁2 − 𝑁 + 1

𝛮3 Δ𝑅T 𝐾−1 −
𝑁 − 1 3

𝑁3 Δ𝑅H 𝐾−1

𝑉𝑂𝑈𝑇|s𝐾−1,𝑖=1 ≅ 𝐼𝐾−1,𝑗

𝑉𝑂𝑈𝑇|s𝐾−1,𝑖=1

𝑁 𝑅 + Δ𝑅V 𝐾

𝑁 − 1 2 𝑅 + Δ𝑅H 𝐾−1

𝑅T 𝐾

𝑅T 𝐾−1

s𝐾−1,𝑗

𝐼𝐾−1,𝑗

コードごとの誤差を含む出力電圧あるs𝑗,𝑖導通時の電圧
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3段3進ラダーDAC, s3,𝑖 = 1

𝑉𝑂𝑈𝑇|s3,𝑖=1 ≅ 𝐼3,𝑖 ∙ 2𝑅 +
4Δ𝑅𝑉 3

3
+
4Δ𝑅𝐻 2

9
+
Δ𝑅𝑇 2

9

≅ 𝐼3,𝑖 ∙ 2𝑅 +
4Δ𝑅𝑉 3

3
+
4Δ𝑅𝐻 2

9
+
4Δ𝑅𝑉 2

27
+
4Δ𝑅𝐻 2

81
+
2Δ𝑅𝑉 1

81

𝐼3

3𝑅

4𝑅

𝐼2

3𝑅

𝑉𝑂𝑈𝑇

𝐼3,1𝐼3,2

𝑠3,2 𝑠3,1

𝐼2,1𝐼2,2

𝑠2,2 𝑠2,1

𝐼1

2𝑅

𝐼1,1𝐼1,2

𝑠1,2 𝑠1,1

4𝑅



24/403段3進ラダーDAC, s2,𝑖 = 1

𝑉𝑂𝑈𝑇|s2,𝑖=1 ≅ 𝐼2,𝑖 ∙
2𝑅

3
+
4Δ𝑅𝑉 3

9
−
8Δ𝑅𝐻 2

27
+
7Δ𝑅𝑇 2

27

≅ 𝐼2,𝑖 ∙
2𝑅

3
+
4Δ𝑅𝑉 3

9
−
8Δ𝑅𝐻 2

27
+
28Δ𝑅𝑉 2

81
+
28Δ𝑅𝐻 1

243
+
14Δ𝑅𝑉 1

243

𝐼3

3𝑅

4𝑅

𝐼2

3𝑅

𝑉𝑂𝑈𝑇

𝐼3,1𝐼3,2

𝑠3,2 𝑠3,1

𝐼2,1𝐼2,2

𝑠2,2 𝑠2,1

𝐼1

2𝑅

𝐼1,1𝐼1,2

𝑠1,2 𝑠1,1

4𝑅
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𝑉𝑂𝑈𝑇|s1,𝑖=1 ≅

𝐼1,𝑗 ∙
2𝑅

9
+
4Δ𝑅𝑉 3

27
−
8Δ𝑅𝐻 2

81
+
28Δ𝑅𝑉 2

243
−
80Δ𝑅𝐻 1

729
+
122Δ𝑅𝑉 1

729

𝐼3

3𝑅

4𝑅

𝐼2

3𝑅

𝑉𝑂𝑈𝑇

𝐼3,1𝐼3,2

𝑠3,2 𝑠3,1

𝐼2,1𝐼2,2

𝑠2,2 𝑠2,1

𝐼1

2𝑅

𝐼1,1𝐼1,2

𝑠1,2 𝑠1,1

4𝑅
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3段4進ラダーDAC, s3,𝑖 = 1

𝑉𝑂𝑈𝑇|s3,𝑖=1 ≅ 𝐼3,𝑖 ∙ 3𝑅 +
9Δ𝑅𝑉 3

4
+
9Δ𝑅𝐻 2

16
+
Δ𝑅𝑇 2

16

≅ 𝐼3,𝑖 ∙ 3𝑅 +
9Δ𝑅𝑉 3

4
+
9Δ𝑅𝐻 2

16
+
9Δ𝑅𝑉 2

64
+
9Δ𝑅𝐻 2

256
+
3Δ𝑅𝑉 1

256

𝐼3

9𝑅𝑉𝑂𝑈𝑇

4𝑅

𝐼3,3 𝐼3,2

𝐼2

9𝑅

4𝑅

𝐼1

3𝑅

𝐼3,1 𝐼2,3 𝐼2,2 𝐼2,1 𝐼1,3 𝐼1,2 𝐼1,1

s3,3 𝑠3,2 𝑠3,1 s2,3 𝑠2,2 𝑠2,1 s1,3 𝑠1,2 𝑠1,1
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3段4進ラダーDAC, s2,𝑖 = 1

𝑉𝑂𝑈𝑇|s2,𝑖=1 ≅ 𝐼2,𝑖 ∙
3𝑅

4
+
3Δ𝑅V 3

9
−
27Δ𝑅H 2

64
+
13Δ𝑅T 2

64

≅ 𝐼2,𝑖 ∙
3𝑅

4
+
3Δ𝑅V 3

9
−
27Δ𝑅H 2

64
+
17Δ𝑅𝑉 2

256
+
117Δ𝑅𝐻 1

1024
+
39Δ𝑅𝑉 1

1024

𝐼3

9𝑅𝑉𝑂𝑈𝑇

4𝑅

𝐼3,3 𝐼3,2

𝐼2

9𝑅

4𝑅

𝐼1

3𝑅

𝐼3,1 𝐼2,3 𝐼2,2 𝐼2,1 𝐼1,3 𝐼1,2 𝐼1,1

s3,3 𝑠3,2 𝑠3,1 s2,3 𝑠2,2 𝑠2,1 s1,3 𝑠1,2 𝑠1,1
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3段4進ラダーDAC,s1,𝑖 = 1

𝑉𝑂𝑈𝑇|s1,𝑖=1

≅ 𝐼1,𝑗 ∙
3𝑅

16
+
9Δ𝑅𝑉 3

64
−
27Δ𝑅𝐻 2

256
+
117Δ𝑅𝑉 2

1024
−
459Δ𝑅𝐻 1

4096
+
615Δ𝑅𝑉 1

4096

𝐼3

9𝑅𝑉𝑂𝑈𝑇

4𝑅

𝐼3,3 𝐼3,2

𝐼2

9𝑅

4𝑅

𝐼1

3𝑅

𝐼3,1 𝐼2,3 𝐼2,2 𝐼2,1 𝐼1,3 𝐼1,2 𝐼1,1

s3,3 𝑠3,2 𝑠3,1 s2,3 𝑠2,2 𝑠2,1 s1,3 𝑠1,2 𝑠1,1
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アウトライン

• 背景と目的
• N進抵抗ラダーDAC

–構成と例
• 素子ばらつきによるDNL劣化の解析

–数式による出力電圧誤差の見積もり
– Ｎ進DACへの適用

• シミュレーションによる検討
• まとめ
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DNLの計算
• DNLの定義

• DNL標準偏差 𝜎𝐷𝑁𝐿
– スライド16における近似

𝑉𝑂𝑈𝑇|s𝑗.𝑖=1 ≅
𝑁 − 1

𝑁𝐾−𝑖
𝑅𝐼 +

𝑁 − 1 𝑅

𝑁𝐾−𝑖
∙ Δ𝐼𝑗,𝑖 + 𝑓 Δ𝑉𝑅

– 抵抗誤差起因のDNL標準偏差 𝜎𝐷𝑁𝐿_𝑅
電流誤差起因のDNL標準偏差 𝜎𝐷𝑁𝐿_𝐼を用いて、

𝐷𝑁𝐿 𝑛 =
𝑉OUT 𝑛 − 𝑉OUT 𝑛 − 1

𝑉LSB
− 1

𝑉LSB : 最小の出力電圧の理想値

𝜎𝐷𝑁𝐿
2 = 𝜎𝐷𝑁𝐿_𝑅

2 + 𝜎𝐷𝑁𝐿_𝐼
2
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3段3進ラダーDACのDNL
• 3段3進ラダーDACについて

• 単位抵抗と単位電流のばらつき

– 正規分布
– 標準偏差 1%

𝐷𝑁𝐿 9 =
𝑉𝑂𝑈𝑇|s3,1=1 − σ𝑖=1

2 𝑉𝑂𝑈𝑇|s2,𝑖=1 + 𝑉𝑂𝑈𝑇|s1,𝑖=1

𝑉𝐿𝑆𝐵
− 1

𝐷𝑁𝐿 3 =
𝑉𝑂𝑈𝑇|s2,1=1 − 𝑉𝑂𝑈𝑇|s1,1=1 + 𝑉𝑂𝑈𝑇|s1,2=1

𝑉𝐿𝑆𝐵
− 1

𝐷𝑁𝐿 1 =
𝑉𝑂𝑈𝑇|s1,1=1 − 0

𝑉𝐿𝑆𝐵
− 1
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3段3進ラダーDAC 𝜎𝐷𝑁𝐿計算結果

• コード9 と 18でσDNLが最大

• 最大σDNLは2番目に大きいσDNLのおよそ3倍
• 最小σDNLは2入力について連続で現れる

0 5 10 15 20 25

0.02

0.04

0.06

0.08

0.10

0.12

入力コード

σ D
N

L 
[L

SB
]
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3段4進ラダーDACのDNL
• 3段4進ラダーDACについて

• 単位抵抗と単位電流のばらつき

– 正規分布
– 標準偏差 1%

𝐷𝑁𝐿 16 =
𝑉𝑂𝑈𝑇|s3,1=1 − σ𝑖=1

3 𝑉𝑂𝑈𝑇|s2,𝑖=1 + 𝑉𝑂𝑈𝑇|s1,𝑖=1

𝑉𝐿𝑆𝐵
− 1

𝐷𝑁𝐿 4 =
𝑉𝑂𝑈𝑇|s2,1=1 −σ𝑖=1

3 𝑉𝑂𝑈𝑇|s1,𝑖=1

𝑉𝐿𝑆𝐵
− 1

𝐷𝑁𝐿 1 =
𝑉𝑂𝑈𝑇|s1,1=1 − 0

𝑉𝐿𝑆𝐵
− 1
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3段4進ラダーDAC 𝜎𝐷𝑁𝐿計算結果

• コード16, 32, 48でσDNLが最大

• 最大σDNLは2番目に大きいσDNLのおよそ4倍
• 最小σDNLは3入力について連続で現れる

10 20 30 40 50 60

0.05

0.10

0.15

0.20

入力コード

σ D
N

L 
[L

SB
]
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アウトライン

• 背景と目的
• N進抵抗ラダーDAC

–構成と例
• 素子ばらつきによるDNL劣化の解析

–数式による出力電圧誤差の見積もり
– Ｎ進DACへの適用

• シミュレーションによる検討
• まとめ
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シミュレーション条件

• シミュレーションの条件
– シミュレーションセット数 3000回
– 単位抵抗𝑅と単位電流𝐼に
正規分布のばらつきを仮定

– 標準偏差𝜎は平均値の1%

• シミュレーションした回路

PD

C
ou

nt

例. 𝑅のヒストグラム

𝐼3

9𝑅𝑉𝑂𝑈𝑇

4𝑅

𝐼 𝐼

𝐼2

9𝑅

4𝑅

𝐼1

3𝑅

𝐼 𝐼 𝐼 𝐼 𝐼 𝐼 𝐼

𝐼3

3𝑅
4𝑅

𝐼2

3𝑅

𝑉𝑂𝑈𝑇

𝐼𝐼 𝐼𝐼

𝐼1

2𝑅

𝐼𝐼

4𝑅

3段3進ラダーDAC 3段4進ラダーDAC
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3段3進ラダーDAC シミュレーション
• コード9 と 18でσDNLが最大

• 最大σDNLは2番目に大きいσDNLのおよそ3倍
• 最小σDNLは2入力について連続で現れる

0 5 10 15 20 25

0.02
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入力コード
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3段4進ラダーDAC シミュレーション
• コード16, 32, 48でσDNLが最大

• 最大σDNLは2番目に大きいσDNLのおよそ4倍
• 最小σDNLは3入力について連続で現れる

10 20 30 40 50 60

0.05

0.10

0.15

0.20

入力コード

σ D
N

L 
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]



39/40

アウトライン

• 背景と目的
• N進抵抗ラダーDAC

–構成と例
• 素子ばらつきによるDNL劣化の解析

–数式による出力電圧誤差の見積もり
– Ｎ進DACへの適用

• シミュレーションによる検討
• まとめ
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まとめ

• 電流非2進比に分流する抵抗ラダーを用いた
電流モード DACのDNLの特性について、
近似した数式を用いた結果と
モンテカルロシミュレーションの結果を示した

– 抵抗と電流のばらつきを仮定した
3進ラダーDACと4進ラダーDAC

– 3進ラダー: DNLは約1/3ずつ小さくなっていく
4進ラダー: DNLは約1/4ずつ小さくなっていく

• DNLの標準偏差σDNLはラダーDACの構成に
依存した特定のコードで劣化する

– DNLが劣化する特定コードについて着目し、
歩留まりの推定、効果的な自己校正、量産試験アルゴリ
ズムの開発に役立てる
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コメント ・ Q&A

• ラダーの構成を変えて、その構成に応じた境界で
DNLが劣化していることを示しているのか。
– そうです。
– このままつかうことはあまり現実的ではないとは考えてい
る。（R-2R のデコーダ不要->要デコーダになるなどなど）
部分的に構成を変化させて、DNL/コストがよくなるような
構成を考えられないかを検討している。

• 「近くの素子のばらつきが小さい」や「素子値が勾配
を持つ場合」などを考慮して計算を行うことはできる
か？

– 今の段階ではできない。
（計算はランダムばらつきのみを仮定している）
今後の検討課題とします。
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以降 資料
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3段3進 比較

• 数式による検討とシミュレーションとの比較

入力コード

σ D
N

L 
[L

SB
]
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3段4進 比較

• 数式による検討とシミュレーションとの比較

入力コード

σ D
N

L 
[L

SB
]
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参考文献における図・表

[3]  C. Chen, N. Lu, “Nonlinearity analysis of R-2R Ladder-Based 
Current-Steering Digital to Analog Converter,” 
IEEE International Symposium on Circuits and Systems (May 2013)

Figure 2. Elliptic curves to 
demonstrate the theoretical 
current/resistor matching derived

TABLE I. MONTE-CARLO 
SIMULATION RESULTS FOR 
VARIOUS DEVICE MATCHING 
CALCULATED FROM (17)

“Additionally, the slight discrepancy between simulated σDNL and 
theoretical 0.5 LSB is owing to neglect of ΔI · f(ΔRDi) term in (1).”
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３段３進 DNL標準偏差
• 「電流・抵抗のばらつきを同時に考慮した場合」と、
「独立にばらつかせた場合の分散の和から求めた場合」

入力コード

σ D
N

L 
[L
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３段４進 DNL標準偏差
• 「電流・抵抗のばらつきを同時に考慮した場合」と、
「独立にばらつかせた場合の分散の和から求めた場合」

入力コード

σ D
N

L 
[L

SB
]
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抵抗ラダー型デジタルアナログ変換器の微分非直線性の解析 
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Differential Nonlineality Analysis for Resistive Ladder-Based Digital-to-Analog Converters 

 

Manato Hirai＊(Gunma University) ,Hiroshi Tanimoto, (Kitami Institute of Technology) 

 Yuji Gendai, Shuhei Yamamoto, Anna Kuwana, Haruo Kobayashi (Gunma University)  

 

This paper presents the differential nonlinearity analysis for several types of resistive ladder-based current-

steering digital-to-analog converters by both mathematical technique and Monte-Carlo simulation. We have 

clarified the trends of DNL for the DAC where a resistor ladder divides the current into the non-binary ratio is 

used, and shown the difference from those of the R-2R ladder DAC. These results would be useful to estimate 

their yields and develop their efficient calibration and production testing methods. 

 

キーワード：デジタルアナログ変換器，微分非線形性，抵抗ラダー，モンテカルロ法，非２進重みづけ， 
(Digital-to-Analog Converter, Differential Nonlinearity, Resistor Ladder, Monte- Carlo Simulation, Non-binary 

weighting) 

 

1. はじめに 

デジタル/アナログ信号処理において、様々な種類のデジ

タルアナログ変換器（DAC）が、その特性を生かした用途で

用いられている[1, 2]。その中で R-2R 電流モード DAC は、

R-2R 抵抗ラダーを用いたシンプルな回路構成と電流モー

ド DACの特徴である比較的高速な動作という特徴を持つ。

しかし、分解能が増加すると、その変換の直線性は抵抗のミ

スマッチや電流のミスマッチによって劣化する[3]。 

本稿では、電流を R-2R ラダーとは異なる比（非 2 進比）

に分流する抵抗ラダーを用いて電流モード DAC を構成し

た場合の DNL の特性について解析する。用いる抵抗ラダー

の特性を変化させることで統計的に DNL が劣化するコー

ドの特性が変化することを示す。これらの結果は DAC の歩

留まり推定やキャリブレーション、量産時テストの効率的

手法の開発の際に役立てることができる。 

2. N 進抵抗ラダーDAC 

〈2･1〉 N 進抵抗ラダーDACの構成   

これまでに、抵抗ラダーの特性を変化させて抵抗ラダー

型電流モード DAC を構成する方法を検討してきた[4-8]。検

討の結果として、図 1 に𝑁進抵抗ラダーDAC の回路図を示

す。𝑁は任意に決めることのできる基数、𝐾はラダー段数、

𝑗は抵抗ラダーのノード番号、𝑅は規格化抵抗値、𝐼は単位電

流である。抵抗ラダーを構成する抵抗比は𝑁 ∶ (𝑁 − 1)2であ

り、出力と反対の終端は𝑁 − 1の抵抗で終端する。例として、

𝐾 = 5、𝑁 = 2の場合、5-bit R-2R ラダー型 電流モード DAC

である。𝐼𝑗はラダーの𝑗番目のノードに流れ込む電流とする

と、出力電圧𝑉OUTは(1)式であらわされる。 

𝑉OUT(𝐼1, ⋯ , 𝐼𝐾 , 𝑅, 𝑁, 𝐾) = (𝑁 − 1)𝑅∑ (
𝐼𝑗

𝑁𝐾−𝑗
)𝐾

𝑗=1  ...... (1) 

(1)式で示されるように、ラダーの各段に流れ込む電流𝐼𝑗

は、出力端子に近づくにしたがって出力電圧に対して𝑁倍ず

つの重みをもつようになっている。図 1 のように、抵抗ラ

ダーの各段には𝑁 − 1個の電流源が接続されているため、出

力電圧範囲を等間隔に分割した𝑁𝐾 − 1段階の電圧を得るこ

 

 

𝐼𝐾

𝑉   

𝑁𝑅

𝐼𝐾,𝑁 1

𝐼𝐾 1

𝑁𝑅

𝐼𝐾,1 𝐼𝐾 1,𝑁 1 𝐼𝐾 1,1

 𝐾,𝑁 1  𝐾,1  𝐾 1,𝑁 1  𝐾 1,1

𝐼2

𝑁 − 1 2𝑅

𝑁𝑅

𝐼2,𝑁 1

𝐼1

𝑁 − 1 𝑅

𝐼2,1 𝐼1,𝑁 1 𝐼1,1

 2,𝑁 1  2,1  1,𝑁 1  1,1

𝑁 − 1 2𝑅

図 1  N 進抵抗ラダー型電流モード DAC 

Fig.1 N–ary ladder-based current-steering DAC 
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とができる。 

出力端子電圧の最大値𝑉MAXは、(1)式のすべての𝐼𝑘につい

て(𝑁 − 1) ∙ 𝐼を代入して求められ、(2)式であらわされる。 

𝑉MAX(𝐼, 𝑅,𝑁, 𝐾) = 𝑅𝐼 ∙ (𝑁 − 1)
2 ∙ ∑ (

1

𝑁𝐾−𝑗
)𝐾

𝑗=1

= 𝑅𝐼 ∙ 𝑁(𝑁 − 1) ∙ (1 −
1

𝑁𝐾
)

 .......... (2) 

また、出力電圧の最小ステップは、(1)式において𝐼1に𝐼を

代入し、それ以外の𝐼𝑘に 0 を代入することで求められ、 (3)

式で表される。 

𝑉MIN(𝐼, 𝑅, 𝑁, 𝐾) = (𝑁 − 1)𝑅𝐼 ∙
1

𝑁𝐾−1
 .......................... (3) 

この回路を DAC として動作させるためにはバイナリコ

ードを N 進コードに変換して各段の電流を操作するデコー

ダ回路が必要である。また、2 進数と N 進数の桁上がり/桁

下がりが起こる値は一般には一致しないため、出力電圧の

最大値は DACとして出力電圧の最大値とは限らない。 

(1)式を𝐾 = 5、𝑁 = 2とした場合の例として、図 2 の 5-bit 

R-2R 電流モード DAC の出力電圧は(4)式で表される。ラダ

ーのそれぞれの段に流し込まれる電流は、出力に対して 2倍

ずつの重みをもつ。 

𝑉OUT(𝐼1, 𝐼2, 𝐼3, 𝐼4, 𝐼5, 𝑅) 

= 𝑅 (𝐼5 +
1

2
𝐼4 +

1

4
𝐼3 +

1

8
𝐼2 +

1

16
𝐼1) ........................... (4) 

 

〈2･2〉 N=3, 3 進 DAC   

(1)式において𝑁 = 3とした場合、電流𝐼𝑗が流し込まれる抵

抗ラダーのノードが出力端子に近づくにしたがって、各段

に流し込まれる電流の出力電圧に対する重みは、3 倍ずつ大

きくなる。各段には 2 つの単位電流源が接続されているた

め、𝐼𝑗は𝐼と2𝐼の 2 値をとることができ、出力端子では3𝐾 − 1

段階の電圧を得られる。図 3 に𝐾 = 3、𝑁 = 3とした場合の

3 段 3 進 DACを示す。(1)式から、このときの出力端子電圧

を(5)式で表す。 

𝑉OUT(𝐼1, 𝐼2, 𝐼3𝑅) = 2𝑅 (𝐼3 +
1

3
𝐼2 +

1

32
𝐼1) ................... (5) 

 

〈2･3〉 N=4, 4 進 DAC   

(1)式において𝑁 = 4とした場合、ラダーの各段に流し込ま

れる電流𝐼𝑗は、出力端子に近づくにしたがって出力電圧に対

して 4 倍ずつの重みをもつ。各段には 3 つの単位電流源が

接続されているため、𝐼𝑗は𝐼、2𝐼、3𝐼の 2 値をとることがで

き、出力端子では4𝐾 − 1段階の電圧を得られ、6 ビットの

DAC に相当する。 

図 4 に𝐾 = 3、𝑁 = 4とした場合の 3 段 4 進 DAC を示す。

(1)式から、このときの出力端子電圧を(6)式で表す。 

𝑉OUT(𝐼1, 𝐼2, 𝐼3𝑅) = 3𝑅 (𝐼3 +
1

4
𝐼2 +

1

42
𝐼1) ................... (6) 

 

 

3.  素子ばらつきによる DNL 悪化の解析 

〈3･1〉 数式による出力電圧誤差の見積もり   
R-2R 電流モードDACを単位電流源と単位抵抗からなる

回路モデルで表した場合の、素子ミスマッチを考慮した

DNL 特性について詳細な検討がなされており、DNL の標

準偏差を 0.5LSB より小さくするために必要とされる電流

源と抵抗のマッチングが明らかになっている[3]。この手法

を本稿で示した抵抗ラダー型電流モード DAC について適

用した結果について述べる。 

図 5 に抵抗と電流のばらつき含んだ𝐾段𝑁進抵抗ラダー

DAC の回路図を示す。𝐼𝑗,𝑖とΔ𝐼𝑗,𝑖は𝑗番目のノードに接続され

た𝑖個目の電流源とその誤差、𝑅V(𝑗)とΔ𝑅V(𝑗)は𝑗番目のノード

と接地との間の抵抗とその誤差、𝑅H(𝑗)とΔ𝑅H(𝑗)は𝑗番目のノ

ードと𝑗 + 1番目のノードの間の抵抗とその誤差である。ま

た、𝑅T(𝑗)とΔ𝑅T(𝑗)は、𝑗番目のノードから右側を見込んだ合成

抵抗とそのばらつきであり、抵抗にばらつきがない場合は
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図 2  5 ビット R-2R 電流モード DAC. 

Fig.2  5-bit R-2R current-steering DAC. 

図 3  3 段 3 進抵抗ラダー 電流モード DAC. 

Fig.3  3-stage ternary-ladder current-steering DAC. 

図 4  3 段 4 進抵抗ラダー 電流モード DAC. 

Fig.4 3-stage quaternary-ladder current-steering DAC. 
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𝑅T(𝑗) = (𝑁 − 1)𝑅である。図 5 から、𝑅T(1)は𝑅V(1)である。 

𝑗 番目のノードに流れる電流𝐼𝑗の状態を示すために、図 5

中のスイッチの状態を 𝑗,𝑖であらわすと、 𝑗,𝑖のみが導通して

いる場合の抵抗と電流の誤差を含んだ出力電圧は、(7)式で

表される。 

𝑉   |s𝑗.𝑖=1 = (𝐼 + Δ𝐼𝑗,𝑖) ∙ {
𝑅(𝑁 1)

𝑁𝐾−𝑖
+ 𝑓 (Δ𝑅s𝑗,𝑖)}

≅
𝑁 1

𝑁𝐾−𝑖
𝑅𝐼 +

(𝑁 1)𝑅

𝑁𝐾−𝑖
∙ Δ𝐼𝑗,𝑖 + 𝑓(Δ𝑉𝑅)

 .......... (7) 

(7)式で𝑗は 1 から𝐾までの値をとり、𝑖は 1 から𝑁 − 1をとる。

第 1 項は、抵抗と電流にばらつきがない時の出力電圧を示

す。第 2 項は、電流のばらつきΔ𝐼𝑗,𝑖による出力電圧のばらつ

きを示す。第 3 項は、すべての抵抗の誤差に起因する出力

電圧のばらつきを示す。第 4 項であるΔ𝐼𝑗,𝑖 ∙ 𝑓(Δ𝑅s𝑗,𝑖)は出力

電圧への寄与が小さいとして、無視できるものしている。 

図 5 から、𝑅T(𝐾)は、𝑁、𝑅、Δ𝑅V(𝐾)、Δ𝑅H(𝐾 1)、𝑅T(𝐾 1)を

用いて(8)式で表すことができる。 

𝑅T(𝐾) = {𝑁(𝑅 + Δ𝑅V(𝐾))}//{(𝑁 − 1)
2(𝑅 + Δ𝑅H(𝐾 1))

  +(𝑁 − 1)𝑅 + Δ𝑅T(𝐾 1)}

=
𝑁(𝑅+Δ𝑅V(𝐾)){(𝑁 1)

2(𝑅+Δ𝑅H(𝐾−1))+(𝑁 1)𝑅+Δ𝑅T(𝐾−1)}

𝑁2𝑅+𝑁Δ𝑅V(𝐾)+(𝑁 1)
2Δ𝑅H(𝐾−1)+Δ𝑅T(𝐾−1)

≅
𝑁𝑅{𝑁(𝑁 1)𝑅+𝑁(𝑁 1)Δ𝑅V(𝐾)+(𝑁 1)

2Δ𝑅H(𝐾−1)+Δ𝑅T(𝐾−1)}

𝑁2𝑅+𝑁Δ𝑅V(𝐾)+(𝑁 1)
2Δ𝑅H(𝐾−1)+Δ𝑅T(𝐾−1)

(8) 

(8)式 3 行目では、微小な値である誤差どうしの積を無視し

ている。 

次に、(8)式を𝑥 ≪ 1の時のテイラー展開 1 次項までの近似

式1 (1 + 𝑥)⁄ ≅ 1 − 𝑥を用いて近似し、𝑅T(𝐾)を(9)式であらわ

す。 

𝑅T(𝐾)

≅
(𝑁 − 1)𝑅 + (𝑁 − 1)Δ𝑅V(𝐾) +

(𝑁 − 1)2

𝑁
Δ𝑅H(𝐾 1) +

Δ𝑅T(𝐾 1)
𝑁

1 +
𝑁Δ𝑅V(𝐾)
𝑁2𝑅

+
(𝑁 − 1)2Δ𝑅H(𝐾 1)

𝑁2𝑅
+
Δ𝑅T(𝐾 1)
𝑁2𝑅

 

≅ {(𝑁 − 1)𝑅 + (𝑁 − 1)Δ𝑅V(𝐾) +
(𝑁 − 1)2

𝑁
Δ𝑅H(𝐾 1) +

Δ𝑅T(𝐾 1)

𝑁
} 

  × {1 −
Δ𝑅V(𝐾)

𝑁𝑅
−
(𝑁 − 1)2Δ𝑅H(𝐾 1)

𝑁2𝑅
−
(𝑁 − 1)Δ𝑅T(𝐾 1)

𝑁2𝑅
} 

≅ (𝑁 − 1) {𝑅 + Δ𝑅V(𝐾) +
(𝑁 − 1)

𝑁
∙ Δ𝑅H(𝐾 1) +

Δ𝑅T(𝐾 1)

𝑁
} 

≅ (𝑁 − 1)𝑅 +
(𝑁 1)2

𝑁
∙ 𝛥𝑅𝑉(𝐾)

  +
(𝑁 1)2

𝑁2
∙ 𝛥𝑅𝐻(𝐾 1) +

1

𝑁2
∙ 𝛥𝑅 (𝐾 1)

 ...................... (9) 

(9)式の手順で、𝑗番目のノードから見込んだ抵抗𝑅T(𝑗)は

(10)式で表すことができる。 

𝑅 (𝑗) ≅ (𝑁 − 1)𝑅 +
(𝑁 1)2

𝑁
∙ 𝛥𝑅𝑉(𝑗)

  +
(𝑁 1)2

𝑁2
∙ 𝛥𝑅𝐻(𝑗 1) +

1

𝑁2
∙ 𝛥𝑅 (𝑗 1)

 ............ (10) 

(9)式を用いて、𝐾番目のノードに電流を流し込んだ時の

出力電圧𝑉   |s𝐾.𝑖=1を(11)式であらわすことができる。この

とき、𝑅T(𝐾)は(10)式を用いて、再帰的に展開することがで

き、出力電圧は𝐼𝐾,𝑖、𝑅、𝑗 = 1から𝐾までのΔ𝑅V(𝑗)、𝑗 = 1から

𝐾 − 1までのΔ𝑅H(𝑗)を用いて表される。 

𝑉   |s𝐾.𝑖=1 = 𝐼𝐾,𝑖 ∙ 𝑅T(𝐾) ......................................... (11) 

同様の近似手法を用いて、電流の誤差を考慮しない場合

に、𝐼𝐾 1,𝑗から𝐾 − 1番目のノードに電流を流し込んだ時の出

力電圧𝑉   |s𝐾−1.𝑖=1を求める。 

𝑉   |s𝐾−1.𝑖=1 = 𝐼𝐾 1,𝑖 ∙
𝑅T(𝐾 1) ∙ 𝑅V(𝐾)

𝑅V(𝐾) + 𝑅H(𝐾 1) + 𝑅T(𝐾 1)
 

=
𝐼𝐾 1,𝑖 ∙ {(𝑁 − 1)𝑅 + Δ𝑅T(𝐾 1)} ∙ {𝑁(𝑅 + Δ𝑅V(𝐾))}

(𝑁 − 1)𝑅 + Δ𝑅T(𝐾 1) +𝑁(𝑅 + Δ𝑅V(𝐾)) + (𝑁 − 1)
2(𝑅 + Δ𝑅H(𝐾 1))

 

≅
𝐼𝐾 1,𝑖{𝑁(𝑁 − 1)𝑅 + 𝑁𝑅Δ𝑅T(𝐾 1) + 𝑁(𝑁 − 1)𝑅Δ𝑅V(𝐾)}

𝑁2𝑅 + Δ𝑅T(𝐾 1) + 𝑁Δ𝑅V(𝐾) + (𝑁 − 1)
2Δ𝑅H(𝐾 1)

 

=
𝐼𝐾 1,𝑖 {

(𝑁 − 1)𝑅
𝑁

+
Δ𝑅T(𝐾 1)

𝑁
+
(𝑁 − 1)Δ𝑅V(𝐾)

𝑁
}

1 +
Δ𝑅T(𝐾 1)
𝑁2𝑅

+
𝑁Δ𝑅V(𝐾)
𝑁2𝑅

+
(𝑁 − 1)2Δ𝑅H(𝐾 1)

𝑁2𝑅

 

≅ 𝐼𝐾 1,𝑖 ∙ {
(𝑁 − 1)𝑅

𝑁
+
Δ𝑅T(𝐾 1)

𝑁
+
(𝑁 − 1)Δ𝑅V(𝐾)

𝑁
} 

  × {1 −
Δ𝑅T(𝐾 1)

𝑁2𝑅
−
𝑁Δ𝑅V(𝐾)

𝑁2𝑅
−
(𝑁 − 1)2Δ𝑅H(𝐾 1)

𝑁2𝑅
} 

≅ 𝐼𝐾 1,𝑗 ∙ {
𝑁 1

𝑁
𝑅 +

(𝑁 1)2

𝑁2
Δ𝑅V(𝐾) +

𝑁2 𝑁+1

𝛮3
Δ𝑅T(𝐾 1) −

(𝑁 1)3

𝑁3
Δ𝑅H(𝐾 1)} ................................................... (12) 

ある 𝑗,𝑖が導通しているときの抵抗の誤差のみを考慮した

出力電圧は、同じ手法で近似して求めることができる。 

ある入力コードにおける抵抗の誤差を考慮した出力電圧

は、こうして求めた一つの 𝑗,𝑖が導通しているときの出力電

圧を入力コードに応じて足し合わせて求められる。 

〈3･2〉 3 段 3 進 DACの場合の DNL 見積もり   

DAC の DNL は隣接コードの出力電圧差から計算され、

(13)式で定義される[9]。ここで、𝑉OUT(𝑛)はコード𝑛での出力

電圧、𝑉LSBは最小の出力電圧の理想値である。 

 𝑁𝐿(𝑛) =
𝑉OUT(𝑛) 𝑉OUT(𝑛 1)

𝑉LSB
− 1 ............................ (13) 

抵抗と電流のばらつきを考慮した 3 段 3 進 DAC の場合、

3 段目の 3.𝑖、2 段目の 2.𝑖、1 段目の 1,𝑖がそれぞれ導通して

𝐼𝐾

𝑉   

𝑁
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+
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図 5  ばらつき含んだ K段 N 進抵抗ラダーDAC. 

Fig.5  K–stage N–ary ladder-based DAC with current 

and resistor mismatches. 



 

 

4／6 

いるときの出力電圧は、(10)式や(11)式の近似手法を用いた

場合、(14)式、(15)式、(16)式で表される。これらを各入力

コードでの 𝑗,𝑖の状態に応じて足し合わせることで、素子の

のばらつきを考慮した任意の入力コードでの出力電圧を表

すことができる。 

𝑉   |s3,𝑖=1 ≅ (𝐼3,𝑖 + Δ𝐼3,𝑖)

∙ {2𝑅 +
4Δ𝑅𝑉(3)

3
+
4Δ𝑅𝐻(2)

 
+
Δ𝑅 (2)

 
} 

= (𝐼3,𝑖 + Δ𝐼3,𝑖) ∙ [2𝑅 +
4Δ𝑅𝑉(3)

3
+
4Δ𝑅𝐻(2)

 

+
1

 
{
(3 − 1)2

3
Δ𝑅𝑉(2)

+
(3 − 1)2

32
Δ𝑅𝐻(2) +

3 − 1

32
Δ𝑅𝑉(1)}] 

= (𝐼3,𝑖 + Δ𝐼3,𝑖) ∙ {2𝑅 +
4

3
Δ𝑅𝑉(3) +

4

9
Δ𝑅𝐻(2) +

4

27
Δ𝑅𝑉(2) +

4

81
Δ𝑅𝐻(2) +

2

81
Δ𝑅𝑉(1)} ........................................... (14) 

𝑉   |s2,𝑖=1 = (𝐼2,𝑖 + Δ𝐼2,𝑖)

∙ (
2𝑅

3
+
4Δ𝑅𝑉(3)

 
−
8Δ𝑅𝐻(2)

27
+
7Δ𝑅 (2)

27
) 

= (𝐼2,𝑖 + Δ𝐼2,𝑖) ∙ (
2𝑅

3
+
4Δ𝑅𝑉(3)

9
−
8Δ𝑅𝐻(2)

27
+
28Δ𝑅𝑉(2)

81
+

28Δ𝑅𝐻(1)

243
+
14Δ𝑅𝑉(1)

243
)................................................. (15) 

𝑉   |s1,𝑖=1 = (𝐼1,𝑗 + Δ𝐼2,𝑗) ∙ (
2𝑅

9
+
4Δ𝑅𝑉(3)

27
−
8Δ𝑅𝐻(2)

81
+

28Δ𝑅𝑉(2)

243
−
8 Δ𝑅𝐻(1)

729
+
122Δ𝑅𝑉(1)

729
) ................................ (16) 

(13)式での定義と(14)式、(15)式、(16)式から、3 段 3 進ラ

ダーを用いたときの 𝑁𝐿( )を、(17)式で表す。その他のコー

ドにおける DNL についても、前後の 𝑗,𝑖の状態に応じて(14)

式、(15)式、(16)式を加減算することで(17)式と同様に表す

ことができる。 

 𝑁𝐿( ) =
𝑉𝑂𝑈𝑇|s3,1=1   ∑ (𝑉𝑂𝑈𝑇|s2,𝑖=1+𝑉𝑂𝑈𝑇|s1,𝑖=1)

2
𝑖=1

𝑉𝐿𝑆𝐵
− 1 (17) 

(7)式での仮定から、抵抗ラダーを用いた電流モード DAC

において、コードごとの出力電圧の誤差は、単位電流の誤差

Δ𝐼𝑗,𝑖に起因する成分と、抵抗の誤差に起因する成分𝑓(Δ𝑉𝑅)と

に分けることができる。抵抗のばらつき起因の電圧誤差を

含んだ DNL は、(17)式においてすべてのΔ𝐼𝑗,𝑖をゼロにする

ことで得られる。同様に、電流のばらつき起因の電圧誤差が

ある場合の DNL は、(17)式においてすべてのΔ𝑅𝑉(𝑗)、Δ𝑅𝐻(𝑗)

をゼロにすることで求められる。 

電流のばらつきに起因する DNL の標準偏差𝜎𝐷𝑁𝐿_𝐼と抵抗

ばらつきに起因する DNL 標準偏差𝜎𝐷𝑁𝐿_𝑅を用いて、電流と

抵抗がともにばらついた場合のDNL標準偏差𝜎𝐷𝑁𝐿を(18)式

で表す。 

𝜎𝐷𝑁𝐿
2 = 𝜎𝐷𝑁𝐿 𝑅

2 + 𝜎𝐷𝑁𝐿 𝐼
2  ....................................... (18) 

これまでの結果を用いて、単位抵抗と単位電流がばらつ

き、その標準偏差が平均値の 1%であるとした場合のコード

ごとの DNL 標準偏差、図 6 に示す。 

 

 

DNL が最も悪化するコード 9 とコード 18 は、最も出力

端子に近い、つまり出力電圧に対する重みの大きい電流が

切り替わるコードである。 

また、出力から最も離れたノードに流し込まれる電流が

切り替わるコードでは DNL が小さくなっている。 

〈3･3〉 3 段 4 進 DACの場合の DNL 見積もり   

〈3･2〉における 3 段 3 進 DAC の場合と同様にして、3

段 4 進 DAC で抵抗と電流のばらつきを考慮し、 3,𝑖、 2,𝑖、

 1,𝑖のそれぞれが導通しているときの出力電圧は、 (19)式、

(20)式、(21)式で表される。 

𝑉   |s3,𝑖=1 ≅ (𝐼3,𝑖 + Δ𝐼3,𝑖)

∙ {3𝑅 +
 Δ𝑅𝑉(3)

4
+
 Δ𝑅𝐻(2)

16
+
Δ𝑅 (2)

16
} 

= (𝐼3,𝑖 + Δ𝐼3,𝑖) ∙ [3𝑅 +
 Δ𝑅𝑉(3)

4
+
 Δ𝑅𝐻(2)

16

+
1

16
{
(4 − 1)2

4
Δ𝑅𝑉(2)

+
(4 − 1)2

42
Δ𝑅𝐻(2) +

4 − 1

42
Δ𝑅𝑉(1)}] 

= (𝐼3,𝑖 + Δ𝐼3,𝑖) ∙ {3𝑅 +
9Δ𝑅𝑉(3)

4
+
9Δ𝑅𝐻(2)

16
+

9

64
Δ𝑅𝑉(2) +

9

256
Δ𝑅𝐻(2) +

3

256
Δ𝑅𝑉(1)} ........................................ (19) 

𝑉   |s2,𝑖=1 = (𝐼2,𝑖 + Δ𝐼2,𝑖)

∙ (
3𝑅

4
+
3Δ𝑅V(3)

 
−
27Δ𝑅H(2)

64

+
13Δ𝑅T(2)

64
) 

= (𝐼2,𝑖 + Δ𝐼2,𝑖) ∙ (
3𝑅

4
+
3Δ𝑅V(3)

9
−
27Δ𝑅H(2)

64
+
17Δ𝑅𝑉(2)

256
+

117Δ𝑅𝐻(1)

1 24
+
39Δ𝑅𝑉(1)

1 24
) .............................................. (20) 

𝑉   |s1,𝑖=1 = (𝐼1,𝑗 + Δ𝐼1,𝑗) ∙ (
3𝑅

16
+
9Δ𝑅𝑉(3)

64
−
27Δ𝑅𝐻(2)

256
+

D
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Lの
標
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図 6  近似した数式を用いた計算による 

DNL 標準偏差（3 段 3 進 DAC）.  

Fig.6  3-stage ternary DAC, standard deviation of DNL 

from approximate calculation results. 
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117Δ𝑅𝑉(2)

1 24
−
459Δ𝑅𝐻(1)

4 96
+
615Δ𝑅𝑉(1)

4 96
) ............................. (21) 

3 段 3 進ラダーの場合と同じ方法で、(13)式での定義と

(19)式、(20)式、(21)式を用いて、3 段 4 進ラダーを用いた

ときの 𝑁𝐿(16)を(22)式に表す。 

 𝑁𝐿(16) =
𝑉𝑂𝑈𝑇|s3,1=1   ∑ (𝑉𝑂𝑈𝑇|s2,𝑖=1+𝑉𝑂𝑈𝑇|s1,𝑖=1)

3
𝑖=1

𝑉𝐿𝑆𝐵
− 1(22) 

(7)式での仮定と(18)式を用いて、3 段 4 進ラダーDAC に

おいて単位抵抗と単位電流がばらつき、その標準偏差が平

均値の 1%であるとした場合の、コードごとの DNL 標準偏

差を、図 7 に示す。 

 

 

DNL が最も悪化するコード 16、コード 32、コード 48 は、

最も出力端子に近い、つまり出力電圧に対する重みが最も

大きい電流が切り替わるコードである。 

また、出力から最も離れたノードに流し込まれる電流が

切り替わるコードでは DNL が小さくなっていて、最も小さ

い DNL は 3 つの連続した入力について続いて現れる。 

4.  モンテカルロシミュレーションによる検討 

〈4･1〉 シミュレーション条件   

図 3 と図 4 の回路について、モンテカルロシミュレーシ

ョンによって誤差を持った素子のセットについて出力電圧

を求め、DNL の標準偏差を求めた。シミュレーションの条

件は以下である。 

 単位抵抗と単位電流は、標準偏差が平均値の 1%であ

る正規分布をする。 

 平均値が定数𝑎倍の抵抗は、標準偏差が√𝑎倍された

正規分布をする。 

 シミュレーションセット数は 3000 

 それぞれのセットについて(13)式から DNL を求め

る。 

〈4･2〉 3 段 3 進 DAC シミュレーション結果   
図 3 の回路について行ったモンテカルロシミュレーショ

ンの結果から、コードごとの DNL の標準偏差を求めた。結

果を図 8 に示す。 

 

図 8 の DNL 標準偏差の傾向は、近似を用いた数式から求

めた DNL 標準偏差である図 6 と似た傾向を示している。3

進ラダーを用いた DAC において、入力レンジの 1/3 と 2/3

での DNL 標準偏差が最大になっており、これは出力端子に

最も近い電流が変化するコードである。また、入力レンジを

1/3 に分割した領域においても、同様にその 1/3、2/3 のコー

ドで DNL 標準偏差が大きくなる傾向がみられる。 

〈4･3〉 3 段 4 進 DAC シミュレーション結果   
図 4 の回路について行ったモンテカルロシミュレーショ

ンの結果から、コードごとの DNL の標準偏差を求めた。結

果を図 9 に示す。 

 

図 9 から、4 進ラダーを用いた DAC においては、入力レ

ンジの 1/4 と 2/4 と 3/4 での DNL 標準偏差が最大になって

いる。この傾向は R-2R DAC において上位 2 ビットを温度

計コードによる駆動にした場合と同じである。また、入力レ

ンジを 1/4 にずつに分割した領域においても、同様にその

1/4 と 2/4 と 3/4 のコードで DNL 標準偏差が大きくなる傾

向がみられる。 
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図 7  近似した数式を用いた計算による 

DNL 標準偏差（3 段 4 進 DAC）. 

Fig.7  3-stage quaternary DAC, standard deviation of 

DNL from approximate calculation results. 

図 8  モンテカルロシミュレーションによる 

DNL 標準偏差（3 段 3 進 DAC）. 

Fig.8  3-stage ternary DAC, standard deviation of DNL 

from Monte-Carlo simulation results. 

図 9  モンテカルロシミュレーションによる 

DNL 標準偏差（3 段 4 進 DAC）.  

Fig.9  3-stage quaternary DAC, standard deviation of 

DNL from Monte-Carlo simulation results. 



 

 

6／6 

5.  まとめ 

電流を R-2R ラダーとは異なる非 2 進比に分流する抵抗

ラダーを用いて、電流モード DAC を構成した場合の DNL

の特性について、数式を用いた近似とモンテカルロシミュ

レーションを用いて解析した。特に 3 進および 4 進抵抗ラ

ダーを用いた電流モード DAC で、構成する抵抗間および電

流源間に相対ミスマッチがある場合に、統計的に DNL が劣

化するコードの特性を示した。この結果はこれらの DAC の

歩留まりの推定、効果的なキャリブレーションおよび量産

試験アルゴリズムの開発に役立てることが期待できる。 
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研究の背景

• デジタルアナログ変換器（DAC）の用途
–デジタル信号処理結果の出力

–アナログデジタル変換器（ADC）の内部回路

変換

デジタル信号 アナログ信号
（電圧・音・光など）

目的：抵抗ラダーによる非一定の電流分割を用いた
DA変換器回路構成の検討と性能向上
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R-２R 電流源 DAC

• R-2R 抵抗ラダーによる2進重みづけを利用
– 電流𝐼1,…, 𝐼5は２進重みづけされる

𝐼1

𝑅u

𝐼2

2𝑅u

𝑅u

𝐼3

𝑅u

2𝑅u

𝐼4

2𝑅u

𝑅u

𝐼5

𝑉𝑂𝑈𝑇

2𝑅u𝑅u

5-bit R-2R Current-steering DAC （線形回路モデル）

• 利点
– デコーダ不要

– 電流源による
比較的高速な動作

• 欠点

– 素子誤差でDNLが劣化
– 上位ビット変化タイミングで
グリッチが発生
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R-2R DACの動作原理

• ノートンの定理を用いて出力から離れた側から
等価回路に変換
– 内部の電流が出力に対して2倍ずつの重みをもつ

𝑉𝑂𝑈𝑇𝑅

2𝑅

𝑅

2𝑅𝑅

𝐼3𝐼2𝐼1

𝑉𝑂𝑈𝑇

2𝑅

𝑅

2𝑅2𝑅

𝐼3𝐼2
𝐼1
2

3-bit R-2R DAC 等価回路への変換
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セグメント化 R-2R DAC
• 素子ばらつきに起因する線形性劣化・グリッチを軽減

– Unary部駆動のための温度計デコーダが必要

𝐼

𝑉𝑂𝑈𝑇

𝐼

𝑅u

2𝑅u

𝑅u 𝑅u

2𝑅u 2𝑅u

𝑅u

2𝑅u

𝐼𝐼𝐼𝐼

𝑅u

𝑅u

𝐼

D1
T1 T7

2𝑅u

Binary Section
(R-2R)

Unary Section
(Thermometric)

8-bit Segmented R-2R DAC （3-bit Unaryコード駆動）

D2 D3 D4 D5
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抵抗ラダーを用いた等比電流分割

• 無限に続く抵抗ラダーの合成抵抗𝑍

𝑍 =
𝑅

2
+

𝑅 𝑅 + 4𝑟

2
• 整数𝑁について電流分割比 𝑁 − 1 ∶ 1にしたい場合

𝐼𝑟 ∶ 𝐼𝑅 = 𝑍 ∶ 𝑟 = 𝑁 − 1 ∶ 1
↔ 𝑅 ∶ 𝑟 = 𝑁 − 1 2 ∶ 𝑁

𝑍

𝐼𝑟𝑟

𝑅

𝑟

𝑅

𝑟

𝑅

𝑟

𝑍
𝐼𝑅

𝐼𝑟：𝑟を通ってGNDへ
𝐼𝑅：𝑅を通って右へ

電流分割比
𝐼𝑟 ∶ 𝐼𝑅 = 𝑍 ∶ 𝑟
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無限抵抗ラダーの有限打ち切り

• 電流分割比𝑁 − 1 ∶ 1を変えない終端抵抗値 𝑅𝑇

𝑅𝑇 = 𝑍 − 𝑅 =
𝑅

𝑁 − 1

𝑍𝑅𝑇

𝑅

𝑟

𝑅

𝑟

𝑅

𝑟

𝑍

𝑅𝑇

𝑍

各ノードから左右
を見込んだ抵抗が
𝑍になるよう、
終端抵抗𝑅𝑇で終端

電流を𝑁 − 1 ∶ 1に分割する有限抵抗ラダーの 𝑅 , 𝑟 , 𝑅𝑇 の抵抗比

𝑅: 𝑟: 𝑅𝑇 = 𝑁 − 1 2: 𝑁:𝑁 − 1



12/30

N進抵抗ラダーDACの構成

• N = 2の場合⇒ 𝐾-bit R-2R DAC

𝑁 : 電流分割比 𝐾 : ラダー段数
𝐼𝑗 : 𝑗番目ノードに流し込まれる電流
𝑅u：基準抵抗 𝐼 :単位電流

𝐼1

𝑁 − 1 2𝑅u

𝑁 − 1 𝑅u

𝐼𝐼

𝑁 − 1

𝐼𝐼

𝑁 − 1

𝐼𝐼

𝑁 − 1

𝐼𝐼

𝑁 − 1

𝑉𝑂𝑈𝑇

𝑁𝑅u 𝑁𝑅u 𝑁 − 1 𝑅u

𝑁 − 1 2𝑅u

𝐼2 𝐼𝐾−1 𝐼𝐾
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出力電圧と出力ステップ数

• 出力電圧

𝑉OUT 𝐼1, ⋯ , 𝐼𝐾 , 𝑅u, 𝑁, 𝐾 = 𝑁 − 1 𝑅u෍

𝑗=1

𝐾
𝐼𝑗

𝑁𝐾−𝑗

• 出力電圧最大値

𝑉MAX 𝐼, 𝑅u, 𝑁, 𝐾 = 𝑅u𝐼 ∙ 𝑁 𝑁 − 1 ∙ 1 −
1

𝑁𝐾

• 出力電圧最小ステップ

𝑉MIN 𝐼, 𝑅u, 𝑁, 𝐾 = 𝑁 − 1 𝑅u𝐼 ∙
1

𝑁𝐾−1

• 出力電圧数 𝑁𝐾 − 1

𝑁 : 電流分割比 𝐾 :ラダー段数
𝐼𝑗 : 𝑗番目ノードに流し込まれる電流
𝑅u: 基準抵抗 𝐼 :単位電流
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構成例 N = 4, 4進ラダーDAC

• ラダー抵抗比
9𝑅 ∶ 4𝑅 ∶ 3𝑅

• 電圧ステップ数
𝑁𝐾 − 1
= 43 − 1
= 63段階

• 出力電圧

𝑉𝑂𝑈𝑇 𝐼1, 𝐼2, 𝐼3, 𝑅u = 3𝑅u 𝐼3 +
1

41
𝐼2 +

1

42
𝐼1

各段の𝐼𝑗 →出力に対して4倍ずつの重みをもつ

3段4進ラダーDAC

𝐼1

9𝑅 𝑉𝑂𝑈𝑇

3𝑅

𝐼3,3𝐼3,2

𝐼2

9𝑅

4𝑅

𝐼3

4𝑅

𝐼3,1𝐼2,3𝐼2,2𝐼2,1𝐼1,3𝐼1,2𝐼1,1
s3,3𝑠3,2𝑠3,1s2,3𝑠2,2𝑠2,1s1,3𝑠1,2𝑠1,1
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異なる分流比の抵抗ラダーの接続

• 接続する抵抗 𝑅𝑥
• 下位側

– 分流比定数 𝑁L
– 基準抵抗 𝑅L
– P点から見た抵抗 𝑍L

• 上位側
– 分流比定数 𝑁H
– 基準抵抗 𝑅H
– Q点から見た抵抗 𝑍H

𝑁H − 1 2𝑅H

𝑁H𝑅H

𝑅𝑥

𝑍L = 𝑁L − 1 𝑅L 𝑍H = 𝑁H − 1 𝑅H

𝑁H − 1 2𝑅H

𝑁H𝑅H𝑁L𝑅L 𝑁H𝑅H𝑁L𝑅L

𝑁L − 1 2𝑅L𝑁L − 1 2𝑅𝐿
P Q
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接続の条件

• 接続の条件
1. P点から右を見込んだ場合、𝑁H進抵抗ラダーの特性。
2. Q点から左を見込んだ場合、上位側𝑁H進特性が崩れない。

• ቊ
𝑅𝑥 + 𝑍H = 𝑁H𝑍L
𝑅𝑥 + 𝑍L = 𝑁H𝑍H

𝑅H =
𝑁L − 1

𝑁H − 1
𝑅𝐿, 𝑅𝑥 = 𝑁H − 1 𝑁L − 1 𝑅L

𝑁H − 1 2𝑅H

𝑁H𝑅H

𝑅𝑥

𝑍L = 𝑁L − 1 𝑅L 𝑍H = 𝑁H − 1 𝑅H

𝑁H − 1 2𝑅H

𝑁H𝑅H𝑁L𝑅L 𝑁H𝑅H𝑁L𝑅L

𝑁L − 1 2𝑅L𝑁L − 1 2𝑅𝐿
P Q
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構成例

• 8-bit相当 2進-4進混成抵抗ラダーDAC
 𝑅L = 3𝑅u, 𝑅H = 𝑅u, 𝑅𝑥 = 9𝑅u

𝑉𝑂𝑈𝑇

3𝑅u 9𝑅u

4𝑅u6𝑅u

𝐼

3𝑅u

3𝑅u

𝐼

D1 D2

𝐼 𝐼

Q4 Q6

𝐼

Q5

9𝑅u

𝛼𝑅u

𝐼 𝐼

T1 T3

𝐼

T2

𝐼 𝐼

Q1 Q3

𝐼

Q2

6𝑅u

Binary Section
(R-2R)

Quaternary Section



21/30

構成例

• 8-bit相当 2進-4進混成抵抗ラダーDAC
 𝑅L = 3𝑅u, 𝑅H = 𝑅u, 𝑅𝑥 = 9𝑅u

𝑉𝑂𝑈𝑇

3𝑅u 9𝑅u

4𝑅u6𝑅u

𝐼

3𝑅u

3𝑅u

𝐼

D1 D2

𝐼 𝐼

Q4 Q6

𝐼

Q5

9𝑅u

𝛼𝑅u

𝐼 𝐼

T1 T3

𝐼

T2

𝐼 𝐼

Q1 Q3

𝐼

Q2

6𝑅u

Binary Section
(R-2R)

Quaternary Section
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2進-4進-Unaryコード混成 DAC

• 下位側はR-2R のまま、上位と4進部分の間を3𝑅u
– 回路の面積はセグメント化 R-2R と同等
– 要: D4, D5の2 bit 分の追加の温度計デコーダ

𝐼

𝑉𝑂𝑈𝑇

𝐼

7

𝑅u

2𝑅u

𝑅u

2𝑅u

3𝑅u

2𝑅u

𝐼𝐼

𝑅u

𝑅u

𝐼

D1 D2 D3
T1 T7

𝐼 𝐼

Q1 Q3

𝐼

Q2
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3-bit セグメント化 R-2R DACとの比較

𝑉R−2R,3seg. =
1

16
𝑅u𝐼 ∙ σp=1

4 Dp ∙ 2
p−1 +32 ∙ σr=1

7 Tr

𝑉2−4−8mixed =
1

8
𝑅u𝐼 ∙ σp=1

3 Dp ∙ 2
p−1 + σq=1

3 Qq + 32 ∙ σr=1
7 Tr

𝐼

𝑉2−4−8mixed

𝐼

7

𝑅u
2𝑅u

3𝑅u

T1 T7

𝐼 𝐼

Q1 Q3

𝐼

Q2

7

𝐼

𝑉R−2R,3seg

𝐼

𝑅u 𝑅u

2𝑅u 2𝑅u

𝑅u

𝐼𝐼

D4 D5
T1 T7

同等の回路面積でゲインが2倍

2進-4進-Unaryコード混成セグメント化R-2R DAC
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DNLの計算

• DNLの定義

• シミュレーションの条件
– 抵抗と電流源のみからなる線形回路モデルを仮定した
モンテカルロシミュレーション

– シミュレーションセット数 3000回
– 単位抵抗𝑅uと単位電流𝐼に
正規分布のばらつきを仮定

– 標準偏差𝜎は平均値の1%

𝐷𝑁𝐿 𝑛 =
𝑉OUT 𝑛 − 𝑉OUT 𝑛 − 1

𝑉LSB
− 1

𝑉LSB : 最小桁の変化に相当する電圧

[LSB]
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シミュレーションによるDNL標準偏差
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2進-4進混成構成セグメント化R-2R
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シミュレーションによるDNL標準偏差
• 最大DNLについて
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入力コード

2進-4進混成構成セグメント化R-2R

• 温度計コード駆動のビットにおけるDNLは
ほぼ同等（わずかに改善）
• 出力電圧誤差にかかわる素子が
減ったためと考えられる
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シミュレーションによるDNL標準偏差
• 4進部分を駆動するコードでのDNL

50 100 150 200 250

0.1

0.2

0.3

0.4

D
N

Lの
標
準
偏
差

, σ
D

N
L

[L
SB

]

入力コード

2進-4進混成構成セグメント化R-2R
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シミュレーションによるDNL標準偏差
• 4進部分を駆動するコードでのDNL
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入力コード

2進-4進混成構成セグメント化R-2R

• 一段分の4進部分相当
コードでのDNLが改善

• 中間ビットの
セグメント化に相当
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OUTLINE

• 研究背景・目的
• DA変換器の構成

– R-2R 電流源 DAC
• Ｎ進抵抗ラダーDACの構成

–抵抗ラダーを用いた電流分割
– N進抵抗ラダーを用いた構成

• 異なる分流比を持つ抵抗ラダーの接続
–接続の条件・手順
– DAC構成案と非線形性シミュレーション

• 結論
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結論

• まとめ
– 抵抗ラダーの分流特性をR-2Rラダーから変化させ、
分流の比が一定でない抵抗ラダーを用いた場合でも
DACが構成できる

– 抵抗ラダーを用いたＤＡＣにおいても
上位ビットと下位ビットの中間にセグメント化が可能

– 2進-4進-温度計コードの混成構成は、
従来のセグメント化 R-2R DACとほぼ同等面積・DNLで
ゲインを大きくできる

• モンテカルロシミュレーションによって、DNL標準偏差を確認し、
比較を行った

• 今後の検討課題
– 周辺の回路を含めた設計を行い、その動的な特性を評価
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質疑応答

• 回路規模というのは、抵抗・電流源の数という意味か。
– A. そうです。
抵抗ラダー部については、上位側・下位側のすべて単位抵抗で構成
すると仮定して、チップ内の面積について述べました。

• 実際の電流源はどのように構成するのか。
– MOSのカレントミラーで構成します。
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以降 資料
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two-step segmentation

F. Maloberti, Data Converters, 3.5.5 P127, Springer (2007).



34/30
DEM with Nested-Segment Structure

Wei Mao, “High Dynamic Performance Current-Steering DAC Design 
WithNested-Segment Structure”, January 2018IEEE Transactions on 
Very Large Scale Integration (VLSI) Systems PP(99):1-5.
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無限抵抗ラダーの合成抵抗の収束

𝑍𝑘 =
𝛼𝛾𝑘 − 𝛽

𝛾𝑘 − 1

𝛼 =
1

2
𝑅 + 𝑅2 + 4𝑟𝑅 ,

𝛽 =
1

2
𝑅 − 𝑅2 + 4𝑟𝑅 ,

𝛾 =
𝑅 + 𝑟 − 𝛽

𝑅 + 𝑟 − 𝛼
, 1 < 𝛾

合成抵抗の収束値:

𝑍 =
𝑅

2
+

𝑅 𝑅 + 4𝑟

2

𝑟

𝑅

𝑟

𝑅

𝑘段 𝑅-𝑟抵抗ラダー

𝑘段

段数𝑘の増加で収束

1段
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R-2R DAC と Unary DACの比較

• 利点

– 回路構成が単純
1段の増加＝1bit の増加

– デコーダが不要

• 欠点

– 素子誤差でDNLが劣化
– 上位ビット変化タイミングにより
グリッチが発生

𝐼1

𝑅u

𝐼2

2𝑅u

𝑅u

𝐼3

𝑅u

2𝑅u

𝐼4

2𝑅u

𝑅u

𝐼5

𝑉𝑂𝑈𝑇

𝑅u𝑅u

𝐼𝐼

𝑉𝑂𝑈𝑇

𝑅

𝐼𝑅

𝐼𝐼

2𝑀 − 1

R-2R DAC Unary DAC

• 利点

– 1LSB変化＝電流源１つの変化
→グリッチが出にくい・単調性良

• 欠点

– 要 温度計コードへの変換

– M-bit DACに2M-1個電流源
→デコーダ・回路規模の増大



 

電流非一定分割抵抗ラダーを用いた DA 変換器構成と微分非線形性の解析 
 

平井愛統＊（群馬大学）, 谷本 洋（北見工業大学）, 源代裕治（群馬大学）, 

山本修平, 桑名杏奈, 小林春夫（群馬大学） 

 

Digital-to-Analog Converter Configuration based on  

Non-uniform Current Division Resistive-Ladder and its Nonlinearity Analysis 

Manato Hirai＊(Gunma University), Hiroshi Tanimoto (Kitami Institute of Technology), Yuji Gendai,  

Shuhei Yamamoto, Anna Kuwana, Haruo Kobayashi  (Gunma University) 

 

キーワード： デジタルアナログ変換器, 微分非線形性、抵抗ラダー、モンテカルロ法、非２進重みづけ 

Keywords: Digital-to-Analog Converter, Differential Nonlinearity, Resistive Ladder, Monte- Carlo Simulation, 

Non-binary weighting 

 

1. はじめに 

近年の社会において、コンピュータの普及によって信号

をデジタルで処理するデジタル信号処理が広く普及してい

る。信号処理を行った出力を人間が知覚したり物理的な実

体を伴わせて伝送したりするためには、デジタル信号をア

ナログ信号に変換する必要があり、デジタル信号とアナロ

グ信号のインターフェースとしてのデジタルアナログ変換

器（Digital-to-Analog Converters, DACs）の高性能化は重

要である。 

ところで、抵抗ラダー回路は、デジタルアナログ変換器、

アナログデジタル変換器、アナログ空間フィルタなどの内

部回路として用いられる[1]-[4]。その中で、R-2R 抵抗ラダ

ーは主に DAC の内部回路として用いられ、そのシンプルな

構成から R-2R DAC は広く普及している。 

本稿では、抵抗ラダーの電流分割特性に着目し、R-2R 抵

抗ラダーから電流分割特性を変化させた抵抗ラダーで DAC

を構成することを提案する。 

 

2.  R-2R DAC の構成 

〈2･1〉R-2R DAC の概要 
R-2R ラダーは、𝑅と2𝑅 の 2 値の抵抗を梯子状に接続し

た回路で、ラダーの各ノードから見た合成抵抗が一定であ

る性質を持つ。この性質によって、各スイッチの状態を入力

コードに応じて変化させ、2 進に重みづけられた出力を得る

ことができる。R-2R 抵抗ラダーを用いて電流源から流れる

電流を重みづけし、出力を得る構成を図 1 に示す[2]。 

図 1 において、回路中の電流は出力に対して 2 進に重み

づけられる。この回路の原理は、図 2 のようにノートンの

定理を用いて、最下位ビット（Least Significant Bit, 

LSB）側から順に電流源と抵抗を等価回路に置き換えるこ

とで説明できる。この説明から、出力端子と接地電位との

間に抵抗を接続した場合にも、単にフルスケールを変化さ

せるだけであり、回路内の電流を 2 進に重みづけする性質

が変わることはない。出力のノードに接続される抵抗の抵

抗は DAC としての動作を変えることはないため、出力終

端の抵抗を除いて回路の動作を考察することもできるとい

える。 

 

図 1  5-bit R-2R 電流源 DAC 

Fig. 1  5-bit R-2R current-steering DAC 

 

 

図 2  3-bit R-2R 電流源 DACの等価回路 

Fig. 2  Equivalent circuits of 3-bit current-steering DAC 

 with an R-2R ladder 

〈2･2〉R-2R DAC の利点と欠点 
R-2R ラダーと電流源を用いた DAC 構成の利点は、他の

方式に対して比較的高速である点、R-2R ラダーを用いて電

流の 2進重みづけを行いバイナリコードで動作させるため、

デコーダ回路が不要である点が挙げられる[2]。 

R-2R DAC の欠点としては、素子のマッチングが悪い場

合に、入力コードの中央において微分非線形性（Differential 

Nonlinearity, DNL）が大きくなることや大きなグリッチが

発生する点がある。 
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〈2･3〉セグメント化 R-2R DAC 
単純な 2 進重みづけ（R-2R）構成の場合、DNL を小さく

して単調性を保証し、発生するグリッチを小さくするため

には、素子マッチングへの要求が厳しくなる。そこで、分解

能が高い場合には、上位ビット側を温度計コード（ユナリコ

ード）による駆動、下位ビット側をバイナリコードによる駆

動に分けるセグメント化構成（Segmented Architecture）

が用いられる。例として、図 3 に上位 3 bit を温度計コード

による駆動のユナリ型、下位 5 bit を R-2R ラダーを用いた

電流重みづけで構成した 8 bit セグメント化 DAC を示す。

この構成では、温度計コードによって操作されるビット数

が増えるほど、バイナリコードを温度計コードに変換する

デコーダ回路の規模が増大する。 

 

図 3   8-bit セグメント化 R-2R DAC 

Fig. 3  8-bit partially segmented R-2R current-steering DAC 

 

3.  分流比が一定でない抵抗ラダーを用いた 
DAC 構成 

〈3･1〉非 2 進電流分割抵抗ラダーを用いた DAC構成 
抵抗ラダーを用いた DA 変換器の構成のために、DA 変換

器等に用いられる有限の素子からなる抵抗ラダーを無限抵

抗ラダーからの切り出しとみなして、抵抗ラダーの分流比

に着目して検討を行った。 

図 4 に抵抗𝑅と𝑟からなる無限抵抗ラダーを示す。図 4 に

おける𝑍のように、あるノードから右もしくは左を見込んだ

時の合成抵抗は次式であらわされる。 

𝑍 =
𝑅 + √𝑅2 + 4𝑟𝑅

2
(1) 

 

図 4  無限抵抗ラダーによる電流等比分割 

Fig. 4  Current division with an infinite resistive ladder 

図 4 の無限抵抗ラダーで、あるノードからその隣のノー

ドに流れる電流𝐼は、抵抗𝑅からさらに隣のノードに流れる

電流𝐼𝑅と、抵抗𝑟を通り接地電位に流れる電流𝐼𝑟に分割され

る。この時の電流の比は𝑟と𝑍の比によって決まる。𝑁を 2 以

上の整数とし、電流を比𝐼𝑟 ∶ 𝐼𝑅 = (𝑁 − 1) ∶ 1 に分割する場

合は、𝑅と𝑟の比は以下になる。 

𝑅

𝑟
=
(𝑁 − 1)2

𝑁
(2) 

現実の回路でこの分流比を変えずに有限の長さの抵抗ラ

ダーを実現するためには、終端に抵抗を接続する必要があ

る。図 4 の無限抵抗ラダーと分流比が変わらない有限抵抗

ラダーを図 5 に示す。また、この時の終端抵抗𝑅Tは次式で

あらわされる。 

𝑅T = 𝑍 − 𝑅 =
𝑅

𝑁 − 1
(3) 

 

図 5  抵抗ラダーの終端 

Fig. 5  The termination of the resistor ladder 

(2)式と(3)式から、比𝐼𝑟 ∶ 𝐼𝑅 = (𝑁 − 1) ∶ 1に電流を分割す

る有限抵抗ラダーの抵抗比は次式であらわされる。 

𝑅 ∶ 𝑟 ∶ 𝑅T = (𝑁 − 1)2 ∶ 𝑁 ∶  𝑁 − 1 (4) 

この有限抵抗ラダーは整数比の抵抗によって実現できる。 

電流等比分割の性質を用いると、ラダーの各段に𝑁 − 1個

ずつの単位電流源を接続することで、出力電圧範囲を等間

隔に分割した出力を得ることができる。これを N 進抵抗ラ

ダーDAC と呼ぶことにし、図 6 にその回路図を示す。 

 

図 6  𝐾段𝑁進抵抗ラダー型 DAC 

Fig. 6  K-stage, N-ary resistive ladder DAC 

抵抗の比が(4)式を満たしている場合、図 6 における𝑉OUT

は次式であらわされる。ここで、𝐼1から𝐼𝐾はラダーの各段に

流し込む電流値、𝑅uは基準抵抗値、𝑁は電流分割比を決める

定数、𝐾はラダーの段数である。 

𝑉𝑂𝑈𝑇(𝐼1, ⋯ , 𝐼𝐾 , 𝑅u, 𝑁, 𝐾) = 𝑅u
𝑁(𝑁 − 1)

𝑁 + 1
∑(

𝐼𝑘
𝑁𝐾−𝑘)

𝐾

𝑘=1

(5) 

(5)式では、ラダーの各段に入力される電流が、出力側に近

づくにしたがって𝑁倍ずつの重みをもつようになっている。

ラダーの各段に流し込む電流𝐼𝑘を変化させることで、𝑁𝐾 −

𝑉𝑂𝑈𝑇𝑅u

2𝑅u

𝑅u 𝑅u

2𝑅u 2𝑅u

𝑅u
2𝑅u

𝑅u

𝑅u

𝐼𝑅𝐼

𝐼𝑟𝑟

𝑅

𝑟

𝑅

𝑟𝑟

𝑅𝑅

𝑍𝑍
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1段の等間隔な出力電圧を得ることができるため、DAC と

して動作させることができる。 

例として、𝑁を 4 とし電流が𝐼𝑟 ∶ 𝐼𝑅 = 3 ∶ 1の比に分割され

るようにした場合、ラダーの各段に 3 個の単位電流源とス

イッチを接続することで、DAC としての動作が可能である。

図 7 にこの方法による 4 段の 4 進構成の抵抗ラダーDAC

を示す。各段に流し込まれる電流𝐼𝑘は、出力に対して 4 倍ず

つ重みづけられる。スイッチの制御により、255 (= 44 − 1)

の等間隔な出力電圧を得ることができる。 

 

 

図 7  4段 4進抵抗ラダーDAC 

Fig. 7  4-stage quaternary resistor ladder DAC 

〈3･2〉非 2 進電流分割抵抗ラダーの接続 
3.1 で示した N 進抵抗ラダーDAC において、分流比を定

めている定数𝑁が 2 の冪の場合、出力電圧のステップ数が

R-2R ラダーを用いた場合と一致する。そこで、𝑁が 2 の冪

である抵抗ラダーどうしを、各部における分流比が変化し

ないよう接続した抵抗ラダーを用いた DA 変換器構成の検

討を行った。 

図 8 のように、上位側の抵抗ラダーの分流比定数𝑁を𝑁H、

基準抵抗を𝑅Hとし、下位側の抵抗ラダーについては同様に

𝑁L、𝑅Lとし、抵抗𝑅𝑥で接続するものとする。また、ノード

P から左を見込んだ抵抗を𝑍L、ノード Q から右を見込んだ

抵抗を𝑍Hとおく。 

 

図 8  異なる分流比を持つ抵抗ラダーの接続 

Fig. 8  Connection of resistive ladder 

この時、接続後の𝑁L進部分と𝑁H進部分それぞれでの分流

特性が変わらないために、以下の二つの条件を満たすよう

に抵抗𝑅𝑥、𝑅L、𝑅Hの関係を定める。 

1. P 点から右を見込んだ場合、ラダーの接続部分は𝑁H

進抵抗ラダーの特性を持つ。 

2. Q 点から左を見込んだ場合、上位側の抵抗ラダーの

𝑁H進特性が崩れない。つまり、ノード Q の左右にの

びる抵抗ラダーの抵抗が同じである。 

これらから、𝑅𝑥、𝑅L、𝑅Hの関係は、次式で表すことがで

きる。 

{
 𝑅𝑥 + 𝑍H = 𝑁H𝑍L 
𝑅𝑥 + 𝑍L = 𝑁H𝑍H 

(6) 

↔ 𝑅H =
𝑁L − 1

𝑁H − 1
𝑅𝐿, 𝑅𝑥 = (𝑁H − 1)(𝑁L − 1)𝑅L (7) 

この結果を 2 進ラダー（R-2R ラダー）と 4 進ラダーの合

成に適用した場合、𝑅𝑥、𝑅L、𝑅Hは以下の比である。 

𝑅L = 3𝑅u, 𝑅H =
1

3
𝑅L = 𝑅u, 𝑅𝑥 = 3𝑅L = 9𝑅u (8) 

このようにして求めた抵抗ラダーを用いて構成した 2 進-

4 進混成 抵抗ラダーDAC を図 9 に示す。ここで、出力側

終端の抵抗𝛼𝑅uは抵抗ラダー部分の電流分割にはかかわら

ないため、任意の値としてよい。 

 

図 9  8-bit相当 2進-4進混成 抵抗ラダーDAC 

Fig. 9  8-bit R-2R and 9R-4R connected resistive ladder DAC 

 

〈3･3〉2 進-4 進-温度計コード混成 抵抗ラダーDAC 
図 9 に示した 2 進- 4 進混成 抵抗ラダーDAC は抵抗の

比が複雑化している。2.3 にて述べた R-2R セグメント化電

流源 DAC の上位側と下位側の間に 4 進部分を一段だけ挟

む場合、図 9 における 4 進部分の 4𝑅uを除くことができる

ため、抵抗の比を単純化できる。この場合の例として、2 進

4 進混成セグメント化 DAC を図 10 に示す。上位 3bit を温

度計コードによる駆動にした 8-bit R-2R 電流源 DAC につ

いて、R-2R 部分と温度計コード駆動部分との間に、4 進抵

抗ラダーの特性を持つ部分を挿入している。また、2.1 から、

抵抗ラダー出力側終端の抵抗を除いている。挿入された 4進

部は下位から 4 bit 目、5 bit 目の入力を温度計コードに変

換して駆動する必要がある。そのため、4 進部分を駆動する

ための追加の温度計コードデコーダが必要である。 

図 3 に示した上位 3 bit を温度計コードによる駆動にし

た 8-bit R-2R DAC から出力終端の抵抗を除いた回路（図 

11）の出力電圧𝑉R−2R,3seg.と、図 10 に示した 4 進部混成構

成 8-bit DAC の出力電圧𝑉2−4−8 mixedは、次式で表せる。 

𝑉R−2R,3seg.(D1, … , D4, T1, … , T7, 𝑅u, 𝐼) 

=
1

16
𝑅u𝐼 ∙ {∑(Dp ∙ 2

p−1) +

4

p=1

32 ∙∑Tr

7

r=1

} (9) 

𝑉2−4−8 mixed(D1, D2, D3, Q1 , Q2, Q3, T1, … , T7, 𝑅u, 𝐼) 

=
1

8
𝑅u𝐼 ∙ {∑(Dp ∙ 2

p−1)

3

p=1

+∑Qq

3

q=1

+ 32 ∙∑Tr

7

r=1

} (10) 

Dp、Tr、Qqはそれぞれ、下位ビットによる駆動、温度計コー
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ドによる駆動、挿入した 4 進部の温度計コードによる駆動

で切り替わるスイッチを表し、0 または 1 である。4 進部混

成構成 8-bit DAC は、セグメント化 R-2R DAC とほぼ同等

のアナログ部面積であり、ゲインは 2 倍になっている。 

 

図 10  8-bit 2進-4進-温度計コード駆動混成 DAC 

Fig. 10  8-bit binary-quaternary-unary connected  

resistor ladder DAC 

 

図 11  終端抵抗を除いた 8-bitセグメント化 R-2R DAC 

Fig. 11  8-bit segmented R-2R current-steering DAC without 

output termination 

4.  シミュレーションによる微分非線形性評価 

〈4･1〉微分非線形性 
DAC の DNL は隣接コード入力時の出力電圧差から計算

され、(10)式で定義される[1]。ここで、𝑉OUT(𝑛)はコード𝑛で

の出力電圧、𝑉LSBは最小の出力電圧の理想値としている。 

𝐷𝑁𝐿(𝑛) =
𝑉OUT(𝑛) − 𝑉OUT(𝑛 − 1)

𝑉LSB
− 1 (11) 

〈4･2〉シミュレーション条件 
図 10 に示した 8-bit 2 進-4 進-温度計コード駆動混成 抵

抗ラダーDAC について、モンテカルロシミュレーションに

よって電流と抵抗に誤差がある場合の出力電圧を求め、

DNL の標準偏差を求めた。比較として、図 3 に示した 8-

bit セグメント化 R-2R 電流源 DAC から出力終端の抵抗

をのぞいた回路（図 11）についても同様の条件でシミュレ

ーションを行った。 

シミュレーションの条件は以下である。 

 単位抵抗と単位電流は、標準偏差が平均値の 1%で

ある正規分布をする。 

 平均値が定数𝑎倍の抵抗は、標準偏差が√𝑎倍された

正規分布をする。 

 シミュレーションセット数は 3000 

 各セットについて(10)式から DNL を求める。 
 

〈4･3〉シミュレーション結果による DNL 標準偏差 
4.2 の条件で行ったシミュレーションから、DNL の標準

偏差を計算した結果を、図 12 に示す。 

 

図 12  シミュレーションから計算した DNL標準偏差 

Fig. 12  standard deviation of DNL from simulation results 

上位 3 bitにあたる温度計コード駆動部分が変化するコー

ドでの DNL は、DNL 標準偏差がほぼ同等である。2 進-4

進-温度計コード駆動混成 8-bit 電流源 DAC（以下、混成構

成）での DNL 標準偏差がわずかに小さくなっているが、こ

れは抵抗ラダーの段数が一段減り、出力の誤差にかかわる

要素が減少したためと考えられる。 

また、𝜎DNL(16)など、混成構成における 4 進化部分のコー

ドが変化したときの DNL 標準偏差については、4 進抵抗ラ

ダーDAC の DNL 劣化特性が表れており、セグメント化 R-

2R DAC の𝜎DNL(16)より小さくなっている。 

5. まとめ 

本稿では、R-2R 抵抗ラダーとは異なり分流特性が一定で

ない抵抗ラダーを用いた DAC 構成を示した。R-2R 抵抗ラ

ダーによるバイナリコード駆動部分と温度計コードで駆動

されるユナリ部分との間にさらにセグメント化を行うこと

で、ほぼ同一の面積で 2 倍のゲインを得られる構成を提案

した。また、線形回路モデルを仮定したモンテカルロシミュ

レーションでは、提案構成を用いた場合の素子のランダム

ばらつきによる微分非線形性劣化の度合いは、従来構成の

セグメント化 R-2R DAC からわずかに改善した。今後の追

加検討事項として、周辺回路を含めた DAC 全体を設計し、

動的な特性を含めた従来構成との比較評価を行っていく。 
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