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Spatial Versus Temporal Stability Issues
in Image Processing Neuro Chips

Takashi Matsumoto, Fellow, IEEE, Haruo Kobayashi, Member, IEEE, and Yoshio Togawa

Abstract—A typical image processing neuro chip consists of a
regular array of very simple cell circuits. When it is implemented
by a CMOS process, two stability issues naturally arise:

i) Parasitic capacitors of MOS transistors induce the temporal
dynamics. Since a processed image is given as the stable
limit point of the temporal dynamics, a temporally unstable
chip is unusable.

ii) Because of the array structure, the node voltage distribu-
tion induces the spatial dynamics, and it could behave in a
wild manner, e.g., oscillatory, which is highly undesirable
for image processing purposes, even if the trajectory of the
temporal dynamics converges to a stable limit point.

The main contributions of this paper are (i) a clarification of the
spatial stability issue; (ii) explicit if and only if conditions for the
temporal and the spatial stability in terms of circuit parameters;
(i) a rigorous explanation of the fact that even though the
spatial stability is stronger than the temporal stability, the set
of parameter values for which the two stability issues disagree is
of (Lebesgue) measure zero; and (iv) theoretical estimates on the
processing speed.

I. INTRODUCTION

A. Motivation

HIS study has been motivated by the temporal versus

spatial stability issues of an image smoothing neuro chip
[1]. The function of the chip is to smooth a two-dimensional
image in an extremely fast manner. It consists of the 45 x 40
hexagonal array of very simple “cell” circuits, described by
Fig. 1. An image is projected onto the chip through a lens
(Fig. 2) and the photo sensor represented by the current source
in Fig. 1 inputs the signal to the processing circuit. The
output (smoothed) image is represented as the node voltage
distribution of the array. With an appropriate choice of gy > 0,
g1 > 0, and g2 < 0, the chip performs a regularization with
second-order smoothness constraint and closely approximates
the Gaussian convolver, which is known to have an op-
timal S/N as a preprocessor for edge detection [2], [3].
(APPENDIX IV explains why a regularization with second-
order smoothness constraint demands negative conductance.)
Conductance g is designed to be variable in order to control
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the width of the Gaussian-like kernel. In engineering terms,
this is a noncausal infinite impulse response (IIR) realization of
a Gaussian-like convolver instead of a finite impulse response
(FIR) realization, and this structure accomplishes high-speed
processing while maintaining simplicity. The reader is referred
to [1] for responses actually measured from the chip.

Since the negative conductance g, < 0 is involved, two
stability issues naturally arise:

(i) Because the chip is fabricated by a CMOS process,
parasitic capacitors induce the dynamics with respect to
time. This raises the temporal stability issue of whether
the network converges to a stable equilibrium point.

(ii) Because a processed (smoothed) image is given as
the node voltage distribution of the array, the spatial
stability issue also arises even if the temporal dynamics
does converge to a stable equilibrium point. In other
words, the node voltage distribution may behave in a
wild manner, e.g., oscillatory.

In discussing relationships between the temporal and the
spatial stability issues, several precautions need to be taken.
In particular, it is important to realize that while the tem-
poral dynamics is causal, i.e., t > 0, the spatial “dynam-
ics” (a precise definition will be given later) is noncausal.
Namely the spatial dynamics can go into the negative di-
rection as well as the positive direction. Furthermore, the
spatial dynamics is not an initial value problem but rather
a boundary value problem which gives rise to several delicate
issues.

Our earlier numerical experiments on these issues were
rather intriguing. The results suggested that the network is tem-
porally stable “if and only if” it is spatially stable. Fig. 3 shows
spatial impulse responses at different sets of parameter values.
For the sake of simplicity, the network is of a linear array
instead of a two-dimensional array. The network has 61 nodes
and the impulse is injected at the center node. Fig. 3(a)
suggests that the network can be used for image smoothing
because the response to an impulse is “bell-shaped.” In fact,
the Gaussian-like convolver chip [1] corresponds to Fig. 3(a)
where go is variable. Fig. 3(b) indicates that it can enhance
contrast of an input image after smoothing because it inhibits
the “surround” responses in addition to smoothing. Fig. 4
shows the corresponding temporal step responses of the center
node. For simplicity, the only parasitic capacitors taken into
account are those from each node to the ground. The responses
shown in parts (a) and (b) of Fig. 4 are temporally stable
while part (c) is not. Fig. 3(c) is spatially unstable because the
response does not decay, which is highly undesirable for image
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Fig. 1.

processing purposes. (A precise definition of spatial stability
will be given later.) All of our earlier numerical experiments,
including those shown in Fig. 3 and Fig. 4, suggested the
equivalence of the two stability conditions. However there are
no a priori reasons for them to be equivalent. As will be shown
rigorously, the two stability conditions are not equivalent. The
spatial stability condition is stronger than the temporal stability
condition. Nevertheless, the set of parameter values (go, g1, g2)
for which the two stability conditions disagree turns out to
be a (Lebesgue) measure zero subset, which explains why
our numerical experiments suggested equivalence between the
two conditions. (A measure zero subset is difficult to “hit”).
We will prove, in a very general setting, that the network
is temporally stable if and only if it is spatially regular, a
new concept which is weaker than the spatial stability, and
it amounts to a decomposability of eigenvalues of a matrix
describing the spatial dynamics. Explicit analytic conditions
will be given for the temporal as well as the spatial stabilities
in a general setting. Also given is an estimate on the speed of
temporal responses of the networks.

Since our results are proved in a general setting, they can
be applied to other neural networks of a similar nature, e.g.
oriented receptive field filters [4] and Gabor filters [S], which
we intend to pursue in our future projects. The results in this
paper, however, are only for linear array cases. Extensions to
two-dimensional array cases are nontrivial and are left for a
future paper.
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The image smoothing neurochip. Only one “unit” is shown.

Fig. 2. A schematic diagram.

B. Related Works

A serious stability analysis is performed in [6] for lateral

inhibition networks that are present, at least partly, in most
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Fig. 3. Spatial impulse responses with n = 61, m = 2, 1/go = 200 kS,
1/g1 = 5KkQ, uz; = 10 pA, ug = 0 for k # 31. (a) 1/g2 = —20 k;
stable, (b) 1/g2 = —18 k(2; stable. (c) 1/g2 = —17 k{; unstable.

of the early vision chips, e.g., [7]-[14] and the networks
considered in the present paper. Each node has conductance
connections only with immediate neighbors. However, the
MOS capacitors, nonlinearities of MOS conductances, and
amplifiers in the input circuit could cause, depending on
the design, oscillations. On the one hand, the problem in
[6] is more difficult than the one discussed in this paper
because nonlinearities must be taken into account. On the
other hand, it is simpler in the sense that each node has
connections only with its immediate neighbors. In [6] sev-
eral sufficient conditions are given for temporal stability
using a rather interesting argument. We close this section
by noting that the observation was made in [15] that ac-
tive conductances can cause instability in early vision neural
networks.
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Fig. 4. Temporal step responses of the center node v3;(¢) with n = 61,
m=2,1/g0 = 200k, 1/g: = 5k, coc = 0.1 pF,
_ t < 50 ps
ug1(t) = {10 uA > 50 us
uk(t) = 0 for k # 31. (8) 1/go = —20 k; stable. (b) 1/g2 = —18 k2;
stable. (c) 1/g2 = —17 kQQ; unstable.

II. STABILITY-REGULARITY

Subsection A explains how the temporal and the spatial
dynamics are described. It is pointed out that the boundary
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conditions should be carefully examined for the spatial dynam-
ics. Subsection B characterizes the spatial dynamics in terms
of the eigenspaces of the matrix describing the dynamics. The
first main result, Theorem 1, clarifies conditions under which
spatial responses behave properly. In particular, it states that
in addition to a condition on the eigenvalues of the matrix
describing the dynamics, another condition on the boundary is
necessary. In subsection C the second main result, Theorem 2,
reveals a fundamental relationship between the temporal and
the spatial dynamics by showing that a network is temporally
stable if and only if it is spatially regular, a new concept to be
defined. Propositions 2 and 3 give the stability as well as the
regularity criteria in terms of the characteristic polynomial of
the matrix describing the spatial dynamics.

A. Formulation

Consider a neural network consisting of a linear array of
n nodes where each node is connected with its pth nearest
neighborhoods, p = 1,---,m < n via a (possibly negative)
conductance g, and a capacitance c,. Fig. 5 shows the case
where m = 3. The network is described by

Z bp = Z ApVi—p + Uy,

pEM PEM

-r
t

t=1---,n,

d’v-;
; M

where v; and u; are the voltage and the input current at the
ith node, and

M = {p integer ||p| < m} )
aO:—(go+Zng) ?3)
p=1
Qtp = Gp, 1<p<m
m
bo:CO—{-zZC‘D )
p=1
bip=~c, 1<p<m.

Equation (1) is obtained simply by writing down the
Kirchhoff’s current law (KCL) at each node. Letting v =
(v1,-- ~,vn)T and u = (v, --,u,)" (T denoting transpose),
one can recast (1) as

Bd—v =Av+u

7 Q)

0
[0
F:
0
-1 —2==2 -
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Note that A as well as B is symmetric and has a uniform band
structure, which, as will be seen, yields interesting properties.
If B is nonsingular, an equilibrium point of (5) satisfies

- E ApVi—p = Uy

pEM

®

which is a difference equation instead of a differential equa-
tion. Assuming that a,, # 0, one has

1
Vitm = = Yo vt ©)
pEM ~{m}
Therefore, letting
.0 1
. (10)
0
1
— % _ 9 am—lJ
Am Am am
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Fig. 5. Network described by (1) when m = 3.

with
— T 2m
T = ('Uk—myvk—m—{—lv oty Ukt vvk+m—1) eR
T 2
Yp = (0, 0,~ux/an)” € R

one can rewrite (9) as
an

Observe that subscript &£ in (11) is not time. Equation (11)
represents the spatial dynamics induced by the temporal dy-
namics (5). Note also that dimv = n, the number of nodes,
while dimz; = 2m, the size of the neighborhood, which is
independent of n.

In image processing, input is 4 while output is v(0o), the
stable equilibrium point of (5). Equation (11) describes how
the coordinates of w(oo) are distributed with respect to k.
There are several issues that need care.

First, the temporal dynamics given by (5) constitute an
initial value problem while (8) or (11) is a boundary value
problem. Namely, arbitrary v(0) and =(.) completely deter-
mine the solution to (5) while for (8) or (11), one cannot
specify (for a given {y,}) an arbitrary z, because a solution
z, must be consistent with the KCL’s at the end points.
Furthermore, the temporal dynamics given by (5) are causal;
i.e., a solution at time ¢ does not depend on the future. The
spatial dynamics given by (11), however, are noncausal; i.e.,
a solution at node k depends on both the right-hand-side and
left-hand-side neighbors. In order to be more specific, let us
look at Fig. 6(a), where the right end point is shown with
m =2, —K <k < K,n=2K + 1. Capacitors are omitted
for the sake of simplicity. KCL’s at the K'th and (K — 1)th
nodes are, respectively,

Try1 = Fxp +y,

— (g0 + g1+ 92)vK + 1vk—1+ g2vk—2 =0 (12a)
— (90 +291 + 92)vk_1 +
g1(vk +vi—2) + gavr 3 = 0. (12b)
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Fig. 6. Boundary conditions with m = 2 (a) The circuitry at the right end.
(b) A modification of the boundary conditions establishes consistency.

The right-hand sides are nonzero when independent current
sources are present. These equations define a two-dimensional
linear subspace to which the boundary state £x must belong.
Another two-dimensional constraint is imposed at the left end.
If these constraints are independent (generically they are), then
a four-dimensional trajectory z; € R* is uniquely defined.

For a general m, there are mn boundary conditions at the
right end and there are another m conditions at the left end.
An impulse response of (11), for instance, is determined in the
following way. Let y, # 0 whereas y, = 0 for £ # 0 and
consider xq, which is to be determined. Let R*™ DO T, (resp.
T_) be an m-dimensional linear subspace to which zx (resp.
£ _g) must belong. Then

g = Fley+ FE 1y, e T, (13a)

and
z_g=FXgycT_. (13b)

determine z provided that 7'y and 7 are independent. Other
x;’s are determined by

_ [ Frz+ FF1y,,
Ty = {F_WIO,

kE>1
k< -1
Moving to the second issue, observe that the boundary

conditions (12) are not consistent with the temporal dynamics
(5) because the last two equations of an equilibrium are

— (90 + 291 + 292)vn + 910n_1 + g2Vn_2 =0 (14a)
— (90 + 201 +292)vn1 +
91(Vn + Vn_2) + govn_3 = 0. (14b)
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Here, we are slightly abusing our notations of K and n.
There will be no confusion, however. The difference between
(12) and (14) lies in the coefficients of the first terms. By a
slight modification of circuit parameters, onc can make (11)
consistent with (5). That is, if one replaces the last two gg’s
in Fig. 6(a) with go + g1 + g2 and go + go, respectively, as in
Fig. 6(b), then it is consistent with (5). For a general m, one
can maintain the consistency of (11) with (5) by replacing the
last m go’s by

G+ g G+ G Gotgm  (15)
p=1 p=2

respectively. We will assume, throughout, that this type of
modification is always done.

The third issue is that the stability of the spatial dynamics
(11) must be carefully defined. That “(11) is stable iff all the
eigenvalues of F' lie inside the unit circle” does not work
because F' has a special structure (see (42) below):

if A is an eigenvalue, so is 1/\.

Therefore “|A\| < 1 for all X\” is never satisfied. Since
n = 2K + 1 is finite, another standard definition of stability:

Z llyell® < oo implies Z llzk|® < o0 (16)
k k

does not work either, because (16) is always satisfied. As was
shown in Fig. 3(c), z; can behave in a wild manner even if
n = 2K + 1 is finite, which is highly undesirable for image
processing purposes.

Finally, there is another problem concerning the finiteness
of the network size n. Since A and B are symmetric, all
eigenvalues are real. Thus, given a fixed n, while it is
easy to say that (5) is asymptotically stable iff B™*A is
negative definite, it is very hard to derive analytical (a priori)
iff conditions for negative definiteness even with m = 2.
One can derive, however, an interesting analytical condi-
tion if one looks for negative definiteness of B~1A for all
n. Section III gives extremely simple analytical conditions
for the temporal stability. With these conditions, a designer
is guaranteed to have a stable network independent of the
number of nodes. Without these conditions, a designer must
compute all the eigenvalues of B~'A. If one or more of
the eigenvalues turn out to be nonnegative, one has to re-
compute the eigenvalues with a new trial set of parameter
values. One also has to recompute eigenvalues when the
network size is changed in response to certain design con-
siderations.

Definition 1: A neural network described by (5) is said to
be temporally stable if B~'A is negative definite for all n.

B. Spatial Dynamics

As was explained in subsection A, care needs to be exer-
cised in studying the spatial dynamics (11). Let A;,, A.,, and
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Fig. 7. A network with m = 1. (a) Original network. (b) Modified bound-
ary condition, where the rightmost gg is replaced by g;.

Ay, be the eigenvalues of F' satisfying

As.] <1, |Ae|=1 and [A,|>1

respectively, and let E°, E°, and E* be the (generalized)
eigenspaces corresponding to As;, A, and A, respectively.
They are called stable, center, and unstable eigenspaces, re-
spectively. Let E = R?™, Then [16]

E=E®FE°@E" an
where @ denotes a direct sum decomposition, and
F(E®) = E°, a=8,c,U, 18)

ie., E°, E¢, and E* are invariant under F'.

Our task here is to give an appropriate definition of spatial
stability while maintaining consistency with (16) when K 1
+00.

Definition 2: A neural network described by (11) is said
to be spatially stable if F is hyperbolic, i.e., if the center
eigenspace E° in (17) is empty.

Remark 1: Another way of saying this is that all the eigen-
values of F' are off the unit circle. Of course, eigenvalues can
be outside the unit circle. Note that this definition does not
depend on the network size n = 2K + 1.

It is known that a noncausal linear system is stable in
the sense of (16) iff its transfer function (in the frequency
domain) has no poles on the unit circle. This, however, is
when K T 400 and when there are no boundary conditions.
One perhaps wants to argue (as, in fact, the authors did when
they initiated the present study) that if the network size is
sufficiently large, the behavior would be similar to that of the
infinite case. This is simply wrong, as will be indicated by the
following examples.
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Fig. 8. Significance of boundary conditions. (a) Impulse response for Fig. 7(a) with go = g, g1 = 2g, 1/g = 50 kQ,
uzy = 0.1 pA. (b) Impulse response for Fig. 7(b) with the same data except for g1 = —g, uz; = 0.1 pA.

Example 1: Consider the simplest case, m = 1 in (11) with
g0 = g, 91 = 2g, g > 0 (Fig. 7(a)). Then

|

and F is hyperbolic because eigenvalues are A; 1/2
and Ay = 2. Fig. 8(a) shows the impulse response when
1/g = 50 k2, where the impulse is injected at the center
node. Let us now replace the rightmost go and the leftmost go
with g = —g as in Fig. 7(b). The impulse response is then
given by Fig. 8(b), which “explodes” in the negative direction
as |k| increases. Note the difference of the voltage units. In
both cases, the input current injected to the center node is the
same and very small: 0.1 pA. It should be emphasized that the
only difference is in the two g;’s, and the explosion happens
in whichever way the network size is large. In fact, in our
simulation with n = 61, an overflow occurred.

If the reader says that changing g: = g > 0to —g < O is
unnatural, the following example shows the case in point.

5

2

F= {_1

Example 2: Consider Fig. 7(a) again with go = g > 0 and
g1 = —g/8. Since eigenvalues of F are —3 + 2v/2, F is
hyperbolic, and Fig. 9(a) shows the impulse response with
1/g = 100 kS2. Next replace the rightmost and the leftmost gg
with g, = go— (92 + 49091) " = 9(1 = 1/v2) > 0 (1/gs ~
341 k). The impulse response is given by Fig. 9(b), which
again explodes. In both cases the input at the center node
is 1 pA. Observe that since g1 < 0 the stability issues
are already nontrivial with m = 1. The stability issues for
this example will be checked theoretically in Section III (see
Example 5).

There is another story about spatial responses. Our simu-
lation results indicate that spatial responses behave quite
properly even if the g, value is varied by a large amount.
Namely, parts (a) and (b) of Fig. 3, Fig. 8(a), and Fig. 9(a)
are very robust against variations of g, from go.

Thus, two fundamental questions concerning the spatial
dynamics must be answered:
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1/g = 100 k€2, uz1 = 1 pA. (b) Impulse response for Fig. 7(b) with the same data except for g+ = g(1 — 1/V?2).

1) Why does a particular g, value give rise to explosion
of impulse responses even if the eigenvalues are off the
unit circle?

2) Why do impulse responses behave properly over a wide
range of g, values?

One can answer the first question easily. Recall (13) and
observe that a spatial response zx depends not only on the
input y, but also on the boundary conditions 7'y and T_.
Therefore, if

Ty = E* (resp. T- = E°) (19)
then zx (resp. Z_x) is forced to lie in E* (resp. E®).
Since E“ (resp. E®) is invariant under F, one has z, €

E* (resp. zx € E*) for all k > 0 (resp. k < 0); hence

k>0
k <0).

e € FY,
e € Es’

|/\2| > 1,
I)\]_' <1,

k
T = /\262,

(resp. zx = Aey,

This means that ;. explodes as |k| increases. For the network
of Example 1 one can easily show that

E* = {(1’1,1'2)[2:81 — T2 = 0}
E° = {(1:1,.’[2)[(131 - 21:2 = 0}

When g; = —g in Fig. 7(b), KCL at the Kth (resp. —Kth)
node reads 2gvy _1 — gug = 0 (resp. gv_x — 2gv_g4+1 = 0),
which implies (19). The situation is the same for Exampie 2.
Another way of looking at Fig. 8(b) is to consider Fig. 10,
where Fig. 10(a) is the original network and Fig. 10(b) shows
that an equivalent conductance, geq(K), as seen from node
K~-1is

(20a)
(20b)

gea(K) = (1/29 — 1/9)"" = —2g.

Since g + geq(K) = —g, one seces that Fig. 10(b) is equiva-
lent to Fig. 10(c); hence goq(K — 1) = —2g. It is clear that
the equivalent conductance at any node k is —2g. This implies
that KCL at every node (k > 0) is 2gvx_1 — gui, = 0 so that
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Fig. 10. An equivalent circuit of Fig. 7(b). (a) Original network. (b) The
equivalent conductance geq(K') seen from node K — 1. (c) A circuit equiv-
alent to Fig. 10(a).

Uk = 2vk—1. Thus v explodes as k > O increases. A similar
argument shows that v, & < 0, also explodes as k decreases.
The situation in Example 2 is the same.

Answering the second question is much harder. The argu-
ments used in answering the first question cannot be used here.
Instead, it exemplifies the difficulty. Observe that KCL at the
Kth node in Fig. 7(a) for Example 1 is

Ty : —3gug +2gvg -1 =0

and hence
T, #E%, T,#FE° (21a)
T_ # B, T_#E°. (21b)
These facts imply that the response zj, is of the form
zr = Mel + Mef, k>0 (22a)
zr = Mer +Mes, k<O (22b)

where e, * (resp. ef) are the eigenvectors associated with
A1 (resp. Az) and all of them are nonzero. The situation
given by (21) does not change for a wide range of g;
variations. This means that there is always an expanding term
Msed (resp. Afey) in (22a) (resp. (22b)), in addition to the
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decaying term Afel (resp. Aies ). This raises another serious
question. Consider Example 1 again with g, = g > 0. Since
everything is passive, our intuition demands that there should
be no stability problems. Nevertheless, (22) says that there are
expanding terms.

Thus, another question arises: How can (22) involve ex-
panding terms when everything is passive? In order to answer
this, let us first consider the case where the network size is
infinite and no boundary conditions are imposed. Let {Ek}fz
be the impulse response defined by

Trt1 = F iy, kE#0

El = FEO + yO'
Then the network is stable in the sense of (16) only if for
every ¥y,

“F’“Elu — 0 as k T +o0

HF’“I‘OH —~0  ask] —oo.
It will be shown later that this is possible only if E°, the
center eigenspace of F, is empty. In order to see distinctions
between solutions with and without boundary conditions more
precisely, note that in image processing, the input {y;} in (11)
is not an impulse, but nonzero for 0 < k < d.

Definition 3: Consider (11) and let {y;} be nonzero only
for 0 < k < d. Then {Ek}fz is said to be a free-boundary
solution if

Try1 = Fxy, k<0 (23a)
d—1

Za=F'T+ Y Fity, (23b)
k=0

Ty = FTy, k>d. (23¢)

Remark 2: 1f d = 1, then {y,.} is an impulse. If one redefines
the summation term in (23b) as a new y,, then (23) can be
replaced by
k#0
T = Figo + y,.

(24a)
(24b)

Ty = Fy,

Since no boundary conditions-are imposed, {Ek}fz is not
unique. The following proposition clarifies the uniqueness
issue in terms of stability. Let

Amax = max{|As| | Asi Is a stable eigenvalue}
Amin = min{|Ay;| | Ay is an unstable eigenvalue}

Ag = min{Amin, Apa)- (25)
Proposition 1:

i) The F matrix of the spatial dynamics is hyperbolic if
and only if for any y, there is a unique free-boundary
solution {Z} "< satisfying

+oo

37 Izl < oo

k=—oc0

(26)
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Fig. 11.

Definition of 2.

i) The unique {Z}"% is determined by

€ E°, TyeEY, T =F%+y, 27
Proof:
i) =) Since E° is empty (see (17)),
E=E*8&E°.
Since E* is invariant under F (see (18)),
(FdE” + yo) NE®=(E“+y)NE* (29

and this intersection is a singleton set, say {2} (Fig. 11).

Define
Ty := F~4(z —y,), T =z 29)
and let other T be defined by (24a). Then
400 0 o
— g2 — 2 =
oEIE = Y I+ Y IEI
k=—oc0 k=—o0 k=1
<A + Y A Im
k=0 k=1
by 1
# = 12 = 2
= 52— |Foll” + m—IF )" < 0
A -1 A -1
(30)

where Ay is defined by (25). Note that (29) is equivalent
to (27) and this is the only choice of Z, and Zo for
which (26) holds, because if T, € E°, for instance, then
T, = TV 4+ T, with nonzero Z}'. Hence || F*Z}
as K T 4o00. A similar argument holds for Zo.
<) If E° is non-empty, then there is a y, # 0 such that
(E* +yo) N E® = ¢. 1t is clear that for such y, there
is no way of choosing £, and F, which satisfy (26).
ii) Clearly, (27) and (29) are equivalent. O
Definition 4: The unique {Z;} 7 given in Proposition 1 is
said to be the stable free-boundary solution.

— O
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Remark 3:

i) Consider a free-boundary solution for Example 1, i.e.,
when go = g and g; = 2g extending indefinitely. In
spite of the fact that everything is passive, exploding
solutions are mathematically legitimate. However, by
demanding the finite total energy (26), one forces all
exploding solutions to be illegitimate and makes only
one solution legitimate, which is given by (27). Con-
versely, if a unique stable free-boundary solution exists,
then the F' matrix must satisfy hyperbolicity.

The stable free-boundary solution in terms of (21) can
be characterized as e = e = 0.
Recall the boundary conditions 77 and 7_ in (13).

Definition 5: Let {y, } be nonzero only for 0 < k < d. Then

{xk}fﬁ is said to be a solution for (T4, T-,K) if

i)

Tk+1 :szv _KSkSKv k7éo) (31)
21 = Fizg +y, 32)
g €T_, zx € Ty. (33)

The following result thoroughly answers the second and
third questions that arose in connection with spatial dynamics
in a very general setting.

Theorem 1: Let a neural network described by (11) be
spatially stable, i.e., let ¥ be hyperbolic. If the boundary
conditions T and T_ satisfy

T, +E*=E, T_+E =E (34)

then a solution {xk}ff‘{ for (Ty,T_,K) converges to the
stable free-boundary solution {Zx f; as K T 4o0:

+K
. _ 2 _
Kgrgmk;{nzk —zi|? =0. (35)

Proof: See Appendix L.
Remark 4:

i) In words, this theorem tells us that if the F' matrix
of the spatial dynamics satisfies the spatial stability
condition (Definition 2) and, in addition, if the bound-
ary conditions satisfy (34), then response x; not only
behaves properly but also converges to the stable free-
boundary solution Ty as K T 4o00.

It will be shown in subsection [II-B (see Example 3)
that for parts (a) and (b) of Fig. 3, F is hyperbolic
while for Fig. 3(c), it is nonhyperbolic. A simple
computation shows that there are two distinct pairs of
complex conjugate eigenvalues on the unit circle for
Fig. 3(c).

Since T, T, E™, and E* all have the same dimension
m, the vector sum + in (34) amounts to the same

iii)
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as the direct sum . Therefore, dim T+ dim E* =
dim E and dim 7_+ dim E® = dim F; hence con-
dition (34) is extremely mild. It is satisfied unless zx
(resp. z_g) is forced to lie in E* (resp. £°). This
explains why all of our computer simulations look
the same with various boundary conditions except for
peculiar ones. What happens if T (resp. T) is very
close to E* (resp. E°)? This simply requires a very
large K to observe a solution similar to the stable
free-boundary solution.

iv) Since E° is empty, z;defined by (32) can be written
as

i € E*.  (36)

T, = ) + =3, z} € E¥,

A crucial step in the proof of Theorem 1 given in
Appendix I is to obtain estimates on sz?“, k>0,

and Fk:rg , k <0, because these terms are expanding
instead of decaying. The following is roughly what is
happening. Let {zk}fg be a solution for (T, T_, K),
and let K < K’ while T and T- are fixed. In order
for {zk}f? to be a solution for (T4, T-, K'), it must
make more iterations to reach 7y from z} than that for
{zk}fg. There are two ways to do this. In the first,
) locates itself farther away from the origin than z;.
In a second, g hits T at a point closer to the origin
than z i does (Fig. 12). There is a limitation to the first
method because x| must satisfy (32) while y, and d
are fixed. On the other hand, there is no such limitation
to the second method because the dynamics can get as
“slow” as it pleases as the origin is approached.! This
allows one to give an appropriate estimate on “Fka:l

k > 0. A similar argument holds for 7.

v) It is rather interesting to observe that the network given
in Example 1 is exactly a D/A converter widely used
in practice. See [17] for instance. The network is called
the R—2R ladder because go = g and g; = 2¢. In order
to convert an n-bit binary signal into an analog signal,
one inputs a constant current source at the kth node if
the kth bit is “1”; otherwise the current source is set
to zero. In such a D/A converter, the rightmost go is
replaced with g; = 2g instead of? g so that KCL gives
vg—1 — 2vg = 0, which forces (see (20b))

zx € E°. (37)

Since E* is invariant and since the stable eigenvalue is

1/2, one has zx = (1/20K=%) g, If the leftmost g,

is 2g also, then z_g € E®. Any response of a linear

network is a superposition of impulse responses, hence
the rightmost voltage vy, which is the output, is given

I'The dynamics ;41 = Fzx have “zero” speed at the origin because
F0 = 0; ie, it does not move. Since a solution depends continuously on its
initial condition, one sees that the dynamics gets slower without limit as it
approaches the origin.

2Recall that in Fig. 8(a) g+ = ¢, while in Fig. 8(b) g: = —g.
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Fig. 12. An illustration of the proof of Theorem 1.

as

vk = constant x »_1/2* (38)

k

where k runs over those nodes where “1” is present.
Note that if g; were not chosen as 2g, the D/A
converter would give a wrong analog output.

C. Temporal Stability—Spatial Regularity

Now we turn to the relationship between the temporal and
the spatial dynamics for which a new concept is needed.

Definition 6: A neural network described by (11) is said to
be spatially regular if there is a nonsingular 2m x 2m matrix
T such that

ES@ EC @ Elu
F, |
St
TFT ! = |FC G | (39)
L _Fe__
1 P!

where a blank indicates a zero matrix, and elements of G
consist of +1 or 0.

Remark 5: Spatial regularity demands several particular

structures in the dynamics:

i) dim E® = dim EF* and

F|E* = (F|E*)™! (40)
where F|E“ (resp. F|E®) denotes the restriction of
F to E" (resp. E®). Namely, the dynamics on the
unstable eigenspace E* are exactly the same as the
inverse dynamics on the stable eigenspace E°.

ii) The center eigenspace E is decomposed as E°1 & E°2,
dim E¢! = dim F, and F|E and F|E®? have
essentially the same structure.

iii) If a neural network described by (11) is spatially stable,
E*° is empty. It will be shown later (see (43)) that (40)
is satisfied for (10). Therefore, spatial stability implies
spatial regularity, but not conversely.

The following standing assumptions are made throughout

the paper unless stated otherwise.

Standing Assumptions: In (5),

() ag < 0, am # 0;
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(ii) B is positive definite for all n.

Since we are looking for conditions under which B~ 4 is
negative definite for all n, the diagonal element gy of A must
be negative (provided that B is positive definite), which is
the inequality in (i). If a,, = 0O, then the neighborhood M
is of a smaller size. No restrictions will be imposed on the
sign of ap, p # 0. In image processing neuro chips, c, in
(4) are parasitic capacitors of MOS processes, and positive
definiteness of B is a mild condition. The following result
establishes a fundamental relationship between the temporal
and spatial dynamics.

Theorem 2: A neural network described above is temporally
stable if and only if it is spatially regular.

Proof: Consider the characteristic polynomial of F:

Pp(A) :=det(A1 — F) =A™ [5—:1 + 1; Z_:l()\zi + )\—p)J
(41)

which satisfies

Pr()\) =A™ Pp (%) (42)
This implies that if A, (resp. A,) is a stable (resp. unstable)
eigenvalue, ie., |As| < 1 (tesp. |Ay| > 1), then A1 (resp.
A1) is also an eigenvalue and unstable (resp. stable). F
is nonsingular, for det ' = 1; hence there are no zero ei-
genvalues. This implies that dim £° = dim E" and

F|E* = (F|E®)" . (43)
In order to discuss F'|E°, let
= -1 _ 1 2 _
w=A+A or A—z(w:l: w 4). (44)

By a repeated use of the binomial formula:

p—1
- Z2p0i [)\2(1)—1') + ,\72(p—i)} - 205
i=1

(2p+1) — 2P+

/\2p+)\—2p — w2p

AP 4N
P

— Z2P+lci [,\Z(P"l)'*'l + /\-2(11—1‘)—1]
i=1

one sees that

ag ™
“0 /\p A~ p P 4
am i pzz:l Am + Z apw w ( 5)
for real oy’s. Since F has no zero eigenvalues,
Pr(A)=0 if Qw)=10 (46)

where A and w are related via (44). Hence if A, is real and
[Ae] = 1, then (44) forces A, to be a double eigenvalue

{Aes Ac} or its multiple. We next claim that
dimker(A\1 - F) =1 47

for any eigenvalue A, where “ker” denotes the kernel of a
matrix. In order to see this, note first that A being an eigenvalue
implies

det(A1 — F) = 0.

The determinant of the (2m — 1) x (2m — 1) principal minor
of A1 — F is given by

1
Al
\ :A(Zm—l) #0
1
A

because F' has no zero eigenvalues. This shows (47). Thus,
for each eigenvalue A of F, there is only one elementary
Jordan block [16). Therefore the real canonical form of F|E*
restriction of F to the eigenspace corresponding to A, is given

by

2q
-Ac 1: : -
2y _Al_ =
| 7 I
[ Aed 1
e B
| 1o ™
29 I N (48)
| I
I I
| | .
| |
] |
| |
L | | J

where 2q is the multiplicity. This is clearly of the form (39).

So far, no use has been made of the negative definiteness
of B~!A and yet we are already close to (39), the regularity.
The situation, however, is slightly subtle when it comes to
a nonreal \. with |A.| = 1, because (42) tells us nothing
except for the fact that A}, the complex conjugate, is also an
eigenvalue. This last is of no use since F is a real matrix and
A% also being an eigenvalue is automatic. We now assume
that B™1A is negative definite for all n. Since B is positive
definite for all n, A is negative definite for all n. It is known
[18], then, that there are 2, € R, p = 0,---,m, such that the
elements of A satisfy

= E ZiZi4ps
=0

i.e., a,’s can be decomposed as in (49). Substitution of (49)
into (41) yields

p=0,---,m (49)

Am m m m-—p
Pr()\) = - . ng + pz_:l lz% zlzl+,,(>\ + A )
Am m m
EEE) o

Since 0 # a,,, = —202zm and since F has no zero eigenvalues,
one sees that

Pr(A) =0 iff R(A)R(—}T) =0 (51)
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where
m ) i
R =)z (52)
=0
Therefore if A is a nonreal eigenvalue with |A.] = 1,

(51) forces the eigenvalue configuration to be of the form
{Aes A5, Ae, A%} or its mudtiple. Tt follows from (47) that the
real canonical form of F on this eigenspace is given by

2q
[ =811 | W
ol 11
e
| 1
R
24 [ Ul ™ (53)
| I NN
l | ~~~~ '~
! | .
I I .
I I _
where
a?+ =1 (54)

and 2¢’ is the multiplicity. This, again, is of the form (39).

If a neural network is spatially regular, the real canonical
form of the spatial dynamics F is equivalent to (39). The
characteristic polynomial of F, then, admits a decomposition
of the form given by (50). Comparing (50) with (45), one sees
that (49) holds. This condition is known [18] to be not only a
necessary but also a sufficient condition for A to be negative
definite for all n. Since B is positive definite and symmetric
for all n, it follows from [19] that

T Av
max. eigenvalue of B™'A = max — 0 (55
ax. eigenvalue o 111}1% T Bo < (595)
for any n which implies temporal stability. d

Remark 6: Suppose that a neural network is temporally
stable. Although its spatial dynamics can be unstable, it has
a sort of symmetry in that the spatial dynamics cannot have
a component which is essentially different from the rest; i.c.,
every component has its partner.

Remark 7:

1) Consider (1) and let

n
W= E Uil
i=1

which is the power injected into the network. It follows
from (1) that

W=- Z Z ViGpVi—p + Z z viby dv{;;p
i P 7 p

=—vTAv + vTB@

dt
= Wgr+ We.

Thus the first term
Wgx = —vT Av = power dissipated by the resistive part
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of the network. Therefore a neural network is tem-
porally stable iff its resistive part is strictly passive,
ie.,

Wgr >0, v#0 for all n.

ii) It follows from the previous remark that spatial stability
demands more than strict passivity of the resistive part.
iii) Observe that
v7 Bu/2 = energy stored in the capacitors.

Therefore (55) says that
max. eigenvalue of B~'A
—power dissipated by resistors
= max - :
2 - energy stored in capacitors
. power dissipated by resistors
= —m .
2. energy stored in capacitators

Remark 8: Since the capacitance matrix B has exactly the
same structure as that of A, one can derive an iff condition
for its positive definiteness. If all ¢,’s are positive, however,
then the positive definiteness is straightforward because

bo=co+2) 6 >29 ¢ =2y Ibl  (56)
p=1 p=1 p=1

i.e., the diagonal element is larger than the sum of the
row elements. Since B is symmetric, this implies positive
definiteness.

Remark 9: Since an actual chip is made up of MOS
transistors, the formulation given by (1)—(4) is naturally a
model. For example, in [1] both the variable conductance go
and the negative conductance g are composite CMOS circuits.
As one of the reviewers correctly points out, a reasonable
justification of the model should be given. Appendix VII
supplies a justification.

Now the question naturally arises as to how one checks
temporal stability or spatial regularity. Since temporal stability
is equivalent to spatial regularity, we will say, hereafter, that
the stability~regularity condition is satisfied if a network is
temporally stable or spatially regular. Recall Q(w) defined by
(45).

Proposition 2: The following are equivalent:

i) Stability—regularity.

ii) Every nonreal eigenvalue A. of F' with |A.] = 1 has
an even multiplicity.

iii) Every real zero wg of @ with |wg| < 2 has an even

multiplicity.

Proof: Equivalence between (i) and (ii) was demon-
strated in the proof of Theorem 2. To show that (ii) and (iii),
suppose that A, = e/, § # kr, is an eigenvalue of F'. Then
(44) implies that the corresponding w is real and |w| < 2.
Conversely, if w is real and |w| < 2, then (44) says that
Ao = 8,0 £ k.

For the sake of the completeness, we will state the follow-
ing:

Proposition 3: The following are equivalent:

i) Spatial stability.
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ii) Eigenvalues of F' are off the unit circle.
iii) @ has no real zero on [—2,2].

III. EXPLICIT STABILITY CRITERIA

Even though both conditions (ii) and (iii) of Proposition 2
give a specific way of checking the stability—regularity, ex-
plicit analytical conditions in terms of the circuit parameters
greatly help in designing circuits. The same is true for the
spatial stability. In subsection III-A two stability indicator
functions will be given for a general m, with which one can
easily check the stability—regularity or the spatial stability in
terms of circuit parameters. In subsections B through D, the
stability indicator functions will be specialized to m < 3. In
particular, it will be shown that the conductance values of the
neuro chip which motivated the present study satisfy the tem-
poral as well as the spatial stability conditions. Furthermore,
it will be rigorously shown why our numerical experiments
indicated the “equivalence” between the temporal and the
spatial stability.

A. Stability Indicator Functions

The following functions play a crucial role throughout the
rest of the paper and will be called the stability indicator
functions:

o4 (g, a1, 0p) = Jax amQ(w)
- 2 A1y Am) = i m 57
o a0,0s, ) = _miy anQ) ()

where @ is defined by (45).
Proposition 4: A neural network described by (5) and (11)
satisfies the stability—regularity condition if and only if

U+(a0,a1,---,am) SO (58)

Proof: 1t follows from Proposition 2 that the stability—
regularity holds iff every real zero of Q on (—2,2) has an even
multiplicity. This means that, if ) has a zero on (~2,2), it
must be an extremum. Since any zero at £2 is necessarily even
(see (44)), one sees that the stability—regularity is equivalent
to

<0 i >0.
Joex, Qw)<0 or in Qw) > (59
One can easily show that (59) is equivalent to
max a¢nQw) <0 or min a,Qw)>0. (60)

wel[-2,2) we[-2,2]

We claim that the second inequality in (60) is always violated
under our standing assumptions: ag < 0, a, # 0. In order to
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show this, consider (see (45))

m

amQw) = ag + Z ap (WP + A7P)

p=1

(61)

where w and ) are related via (44). Since we are interested in
w on [—2,2], A is represented as

A=el? gelon).

Hence

m

Zap()\p +A7?) = Zap(ejpg +e79P8)

p=1 p=1
=2 Z a, cos(pb). (62)
p=1
1t follows from
/ 2 Z ap cos(pf)df =0 (63)
0

p=1
that (62) is either identically zero or changes sign on [0, 7].
Since am # 0, the first possibility is excluded. Therefore, if
ag < 0, then (61) cannot be always positive on [—2,2]; hence
the second inequality in (60) is always violated. a
Proposition 5: A neural network described by (11) is spa-
tially stable if and only if

0'+(a0,a1,-'-,am) <. (64)

Proof: 1t follows from Proposition 3 that the spatial
stability is equivalent to the fact that ) has no real zero on
[-2,2], which, in turn, is equivalent to

max a,Qw) <0 or (65)

i m > 0.
wE[-2,2] emmz amQ(w)

wel[-2,2]
By using the argument used in the proof of Proposition 4, one
sees that the second inequality in (65) is always violated. O
The following fact gives upper and lower bounds for eigen-
values of the temporal dynamics A. °
Proposition 6:
i) Any eigenvalue y of the temporal dynamics A for any
n satisfies the following bounds:

U—(a()valv"':am)</‘5<U+(0’07a17"'1am)' (66)

i) The bounds (66) are optimal in the sense that if o7
(resp. o*) is any number which satisfies

O-f}— < 0+(a0,a1,~ o 7am)

(resp. U*(a’01 ag, - 7a"m) < 0_*_)
then there is an eigenvalue p of A for some n such that

oL < (resp. p < o*).
Proof: See Appendix II.

Remark 10: Note that (58) is a weak inequality, i.e., equality
is allowed, while (66) does not allow the equality. This is ex-
actly what it should be. If, for instance o (ag, a1, "+, 0m) =
0, then Proposition 4 tells us that the network is temporally
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stable and hence that all the eigenvalues of A are strictly
negative, which is what (66) says.

We would like to emphasize the if and only if nature of
Proposition 4 as well as Proposition 5 and the optimality
of Proposition 6, which indicate that o4 (ag,a1,--+,am) and
o—(ag,a1,--,am) are crucial to the stability issues of our
interest. The above propositions, however, would not be
very useful unless one could compute explicit formulas for

o4(ag,ay, - ,am) and o-(ag,a1,- -, am). In the following,
we will compute these functions for m < 3.
B.m =2

We begin with m = 2, which motivated the present study.
Proposition 7: When m = 2, the stability indicator func-
tions are given by

0+(90,91,92) =

—go — 291 + 2|g1] when go >0 or
92<0 and ’91/92|24
—go — 2g1 — 492 — g%/4g> when go < 0
and [g1/g2] <4
o_(90:91,92) =
—go — 291 — 2|g1| when g2 <0 or
92 >0 and |g1/gs| >4
—go — 291 — 492 — g% /4g2 when go > 0
and [g1/g2( < 4.
(67)

Proof: See Appendix III

Example 3: With Propositions 4—7 at hand, we can now
check Fig. 3 and Fig. 4 theoretically. In Figs. 3 and 4, 1/go =
200 kQ and 1/g; = 5kQ are fixed while go is varied:
(@) 1/g2 = —20kQ; (b) 1/g2 = —18 k; and (c) 1/g2 =
—17 k2. In order to check (a), note that |g;/g2| = 4; hence
(67) gives

0+(90,91,92) = —go < 0.

Propositions 4 and 5 guarantee the temporal as well as the
spatial stability. For (b), [91/g2| = 18/5 < 4 and (67) reads

04(90,91.92) = — go — 201 — 492 ~ g3 /492
= (=1/200 — 2/5 + 4/18 + 18/100)
x 1072 < 0

which checks Fig. 3(b) and Fig. 4(b). Finally, for (c),

o+(90,91,92) = (=1/200 — 2/5 4+ 4/17 + 17/100)
x1073 >0

and hence the network is temporally and spatially unstable,
which checks Fig. 3(c) and Fig. 4(c).
Example 4: For the Gaussian-like convolver [1]
g1 > Ov g2 < Ov

91 = 4|ga|. (68)

1IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 3, NO. 4, JULY 1992

(Appendix IV gives a simple explanation for this choice of
conductance values.) Propositions 4 and 7 tell us that the
stability—regularity is equivalent to

o+(90,91,92) = =90 < 0,

i.e., passivity of go. Furthermore, Proposition 5 says that the
network is spatially stable iff

o+(90,91,92) = —go <0,

i.e., iff gg is strictly passive. Thus go can be safely varied over
any range as long as it is positive.
Remark 11:

i) Even when g; as well as go is negative, a network
can satisfy the stability—regularity or/and the spatial
stability condition provided that go is “sufficiently”
passive because

U+(907g1,g2) =

—g0 + 4|91 when |g1/ga| > 4
—go + 2|g1| + 4|g2| + g3 /4lg2| when |g1/g2| < 4.
ii) If go > O, then
_ ) —90 when g; > 0
0+(90,91,92) = —go+4lg1] when g1 < 0.

iii) Since @ is quadratic, conditions (ii) and (iii) of
Proposition 2 are sharpened, respectively to the
following:

(iiy F has no simple nonreal eigenvalue on the unit circle.

(iii) @ has no real zero on (—2,2).

It follows from Proposition 4 (resp. Proposition 6) that
the set of parameter values (go,g1,g2) for which stability—
regularity and the spatial stability hold are given, respectively,
by

SR = {(90, 91, 92)0+(g0, 91, 92) <0, go + 291 + 292 > 0}
(69)

SS = {(907gla92)l0+(907g1792) < 07 g0 + 2.91 +2g2 > 0}
(70)

We will now give a fact which, as its by-product, explains
‘why our numerical experiments suggested SR = SS, which
is untrue. Let

G= {(90»91,!]2)192 < 0}

on which our numerical experiments were performed.

Proposition 8:

i) meas[SSNG] > 0 :

ii) meas[(SR—8S)NG] =0

where meas[-] denotes the Lebesgue measure on R3.
Proof: 1t follows from (67) that SS N G contains an

open set of R and hence it is of positive Lebesgue measure.
Since SR D S8, the set difference SR — SS makes sense, and
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meas[SRN G] > 0. The set (SR —SS) N G is a subset of we need to prepare several notations. First note that, when
SR N @G such that m = 3,
J+(90>gl192) =0. (71)

ap as ay az 2 3
Since the gradient of o4(go,g1,92) on (SR—SS) NG is QW) = (a_3 - 25;) + (a - 3)w+ a_3“’ +w” (7))
given by

and that
DU+(90»glyg2) =
2_1’0’ 0) ) when g, > 0, '|91//92’|| 24 ao = —(g0 + 291 + 292 + 293), a1 =g,
-1,-4,0 when ¢g; <0, |g1/g2] > 4
as = as = gs. 73
(—1,-2 - g1/2g2, 4 + g1 /493) when [g1/g2| > 4 2= 370 @)

and since this is nonvanishing, (71) forces (go, g1, 92) to lie The zeros of the derivative dQ/dw are

in a Lebesgue measure zero subset [20, lemma 4]. 0

Remark 12: This proposition explains why our experiments €y = (_2 + \/B) /3= (_9_2 4 \/5) /3 (14
suggested SR = SS for a Lebesgue measure zero subset is ag g3
“hard to hit.”

Cm=1

2 2
Neural networks with m = 1 are used in an extensive man- (2) _ 3(21) +9= (9_2) _ 3<ﬂ) +9. (75)
ner [6]-[8]. Although those networks contain only positive

conductances (gg, g1 > 0), it would be worth clarifying the
temporal as well as the spatial stability issues when g; < 0. Using (74), one has
We will state the result without proof because the proof is
much simpler than in the m = 2 case.

_Proposition 9: When m = 1, the stability indicators are Q€s) = 3¢+ _2 (%)2 + 3(2 ) _ 2]
given by 9\ a3 3 \as
laoa 5a w
9 a3 as 3 as as
o+(90,91) = —g0 — 291 + 2|1 =3¢, _3(12_)2 3(9_1)_2] _1 99
o_(90,91) = —90 — 201 — 2|g1]- 9\ g3 3\ g3 9 g§
_% 291 _1lg , (76)

Example 5: When gg > 0 but g; < 0, the stability issues are
nontrivial. The network is temporally (resp. spatially) stable

iff a a a
Q@)= 4% 1922 49 R
~go+4l91| SO (resp. = go + dlg1| < 0). 2% o a © 0
Q(—2):a——2a—+2— 2=—-"=-4=— -4

In Example 2, 1/go = 100 k2, 1/g1 = —800 k2, and o4 3 B B 9B %
(g0,91) = (—1/100 + 4/800) x 10~3 < 0 and the network is  and define
temporally as well as spatially stable which checks Fig. 9(a).

Remark 13: One can show for this case also that the set of f+ = a3Q(2) = —go 77
(g0, g1) values on which the temporal stability holds, and yet _ oy _ .
the spatial stability fails, is of measure zero, f- =a3Q(=-2) = —go — 491 — 4gs (78) .
D. = i

m=3 ha s = a3Q(Ex)

As was remarked earlier, neurochips with m < 2 have 2 g% 2 1 gogh
already been designed and fabricated. Although no result = 3+ [—g 2 t30 - 2!13] ~9 g
has been reported on chips with m = 3, we conjecture 8 11
that this architecture might be suitable for noncausual IIR — 90— 291 — 92 — 293. (79)

implementations of interesting image processing filters. 3

We saw in subsection III-B and Appendix III that the case
m = 2 is already sufficiently complicated to require a careful Proposition 10: When m = 3, the stability indicator func-
analysis. Naturally, the case m = 3 is even more involved and tions are given by
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( f+

71(90,91,92,93) =

U*(g07glvg21g3) =

when g3 >0, D <0 or
or g3>0,D>0,2<¢ <&

or g3<0, D>0,¢§ <=2 2<¢
fe when g3 >0, D >0, £ <-2,2<
or g3<0, D0 or
or g3<0,D>0,2< £ <&,

max[f+,f_] when g3 >0, £ <-2<¢§; <2
or gs<0, —2<¢€_<2<¢y
hy when g3 >0, {- < -2<¢&, <2
h_ when g3 >0, —2< £ <2< &,
max[fy,h-] when g3 >0, —2<€_ <& <2
max[f_,hi] when g3 <0, -2 <€ <& <2

( [+ when g3 >0, D>0, £ <-2,2<¢, or g¢g3<0, D<O

or g3<0,D>0, ¢ <& <=2

or g3<0, D>0,2<¢& <&
f~ when g3 >0, D <0, or
or g3>0, D>0,2<¢_ <&
or g3<0,D>0,¢_<-2,2<¢&4
when g3 <0, —2<§_ <2<,
or g5>0, £ <—-2<&4 <2

minf, £-]

hy when g3 > 0,

h_ when g3 < 0,

min[fy,h_] when g3 <0,
\ min[f_,hy] when g3 >0,

93>0, D>0, £ <& < -2

+
&+
45<0, D>0, £ <& < -2

g3>07D>0a §—<€+S_2

—2<€ <2<¢y
< -2<¢€.<2
—2<E <& <2
-2<é- <& L2

Proof: See Appendix V.

IV. TRANSIENTS

This section analyzes the capacitance matrix B in (4) using
the method used for analyzing A. As a by-product, an estimate
will be obtained of the “processing speed” of neuro chips.

It follows from (4) that the capacitance matrix B has exactly
the same structure as that of A. Therefore, one can derive
conditions under which B is positive definite and bounds on
its eigenvalues. Let

bo | x=b
P P (\P -p
Pp(\) := A bm+p§:1 bm(,\ +A7P)

m

b b
Qo) = 2+ 3 b (e 1 aon)
m p=1 m
where bg, - -, by, are as in (4) while w and X are as in (44).
Define
bo, b1, bm) = bm
n4bor iy sbm) = max bm@p(w)  (80)
_(bo,b1, " ,bm) = min b, 81
n—(bo, b1 ) W @B(w) (81)

The following fact can be proved by an argument similar to
that used for the negative definiteness of A.

Proposition 11: Replace (ii) of the standing assumptions
(subsection II-C) by

by > 0,

by # 0. (82)

i) The following conditions are equivalent:

a) B is positive definite for all n.

b) Every nonreal zero A, of Pg(A) with [A;] = 1
has an even multiplicity.

c) Every real zero wg of Qp(w) with |wg| < 2 has
an even multiplicity.

d)
n—(b07b177bm) 20 (83)
il) Any eigenvalue v of B for any n, satisfies
U_(b07b17-~~ybm)<1/<’I‘]+(b0,b1,"',bm) (84)

and the bounds are optimal.
Corollary 1: Assume (82) and consider the temporal dy-
namics (5) with »(0) = 0. If (58) and (83) are satisfied, then
the solution th) of (5) satisfies the following bounds:

exp(;_:t) - 1] B4 < [o(d)]

< [EXP(% t) - 1} 1B (85)

O+

Proof: See Appendix VL
Remark 14:
i) The result tells us how fast/slow a step response of
(5) grows. Although there is no precise concept of the
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time constant RC for (5) (dim v > 1), (85) can be
interpreted as

_0= < “time constant” < I (86)
o_ (o0

ii) Let us compute the upper bound in (86) for m = 2. It
is not difficult to show that
n+(co, €1, ¢2) =

co + 2¢; + 2|ci| when ¢ <0 or

c2>0 and |c1/ca| >4
co+ 2¢; + 4ca +c?/4c; when ¢y >0 and
|cl/02i < 4.

If go, 491, co,c1,c2 > 0, then it follows from (67) and
the above formula that
r_
T+ 9o
_ [ {eo+4c1)/g0 when |c1/ca| > 4
- { (co+ 21 +4c2 + c?/4cz)/g0 when |c1/ca| < 4.

Since it is difficult to estimate parasitic capacitances
accurately, this is as much as one can tell from the
corollary.

V. CONCLUDING REMARKS

(i) We would like to call the reader’s attention to the fact that
the spatial dynamics of the class of neural networks discussed
here are zero phase and yet IIR. More specifically, consider
the transfer function of the spatial dynamics in the frequency
domain:

1/H(z) = 1/ [amz ™ Pr(2))]

where Pr is the characteristic polynomial defined by (41).
Then

m
H(e™) =ao+ E 2a,, cos(pw)
p=1
which is real. Obviously, a zero-phase filter is ideal in signal
processing, for if the phase does not behave properly, the
signal would be distorted. It is known [21] that a stable linear-
phase IIR cannot be realized by a causal system (linear-phase
meaning here that the phase is linear in w). Thus the spatial
dynamics (11) are a zero-phase noncausal IIR filter. The results
reported here establish conditions under which those noncausal
IIR filters are temporally and/or spatially stable.

(ii) Using an argument used in the proof of Lemma A2,
one can show that if ap > 0, i.e., if the diagonal element
of A is positive, then A is positive definite iff the spatial
dynamics is regular. Since the definition of spatial stability
(Definition 2) is the hyperbolicity of F, the spatial dynamics
can be stable even when ag > 0. Thus, the spatial regularity or
stability can be satisfied even when A is positive definite, while
temporal stability is certainly violated if A is positive definite.
This asymmetry is due to the fact that the spatial dynamics is
noncausal whereas the temporal dynamics is causal.

(iii) Recall Proposition 8, which states that, for m = 2, the
temporal stability coincides with the spatial stability except
for a measure zero subset of RS.
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Conjecture: Proposition 8 will be true for a general m.

(iv) The following is a list of possible future research

projects:

a) Generalizations to nonlinear cases, e.g., the chip reported
in [11]. While the temporal stability results can be estab-
lished under reasonable conditions, the spatial stability
results may not be easy to obtain because the spatial
dynamics are not only nonlinear but also nonautonomous
with respect to node number k. More specifically, let

B@ =G(v)+u 87

dt

be the temporal dynamics where G : R* — R™. Let v

be an equilibrium of (87) and suppose that
Try1 = Fzp) + yi (88)

represents the spatial dynamics in the sense of (11),
where F : R2™ — R?™, Therefore, the spatial stability
means the stability of the trajectory (88), which is
not necessarily a fixed point of F. Furthermore, if the
conductances are nonlinear, the temporal dynamics are

not necessarily of the popular form

v 1
W vt TG
Bdt 7t (v) +u

where T' is symmetric, G = (G',---,G"), and G,
1 =1,--.,n, is sigmoidal.

b) Generalization to two-dimensional array cases.

c) IR implementations and associated stability of other
interesting filters, e.g., oriented receptive field filters [4]
and Gabor filters [5].

d) It could be interesting to investigate the relationship, if
any, with the stability results for neural field equations

[22], [23].

APPENDIX |
PROOF OF THEOREM 1

Throughout this appendix, the center eigenspace E° is
empty. Hence any vector £ € E can be written as z =
¢ + z°, ¢ € E%, z° € E*. Proposition Al says that
a slight enlargement of E“ does not destroy the property
E* N Ty = {0}; ie., the intersection between E* and T,
is the singleton set {0} and that the same is true for E°
and T_. Proposition A2 says that z; (resp. Zo) approaches
E* (resp. E®) as K — +o00. Lemma Al tells us that z; (resp.
zo) approaches Z; (resp. Tp) as K — +oo.

Proposition A1: There are positive numbers oy and a_
such that

Aot (E*)NT, = {0}

Ao (E*)NT- = {0} (AD)
where Ao+ (E¥) and A,_(E?®) are the oy sector of E* and
the a_ sector of E*, respectively (Fig. 13):

Aat(BY) ={(2",2°) € E* @ E | ||2°|| < a4 [|2"[|}
Ao (E*) ={(2",2°) € E* @ E* | [|2"]| < a-||z°|}-




558

Aa+ (E“ )t

Ao (EY)

Fig. 13. The a4 section of E* and the o section of E°.

Proof: Since Ty & E* = E° @ E*, there is a unique
linear map 7Y% : E* — E° such that
Ty ={(z*7142") € E* 0 E* | 2" € E*}.

Since 7. N E* = {0}, the map 7% is nonsingular; hence
) +
ay = inf{||r%2"|| | 2* € E*,||2%|| = 1}

is positive. Clearly (Al) is satisfied. A similar argument is
valid for A,_(E*®).
Proposition A2: 1If {a:k}ffg is a solution for (T4,7_, K),
then
u -1y —2(K— s
Izt < a3 A2 Vi

llzsll < aZt Az |l

where My is defined by (25).

Proof: Since zx € T, one has x & Ao+ (E™)/{0} so
that ||z5|| > e ||lzk]l. It follows from ||z}, || = |Fzi]l <
Azl that flek]l < A% las]|. Therefore

Iz | < o3 okl < oz A, Vs,

hence

llz2]l < a7t AZZH )iz, (96)

The other inequality can be derived in a similar manner. a
Now let A.(E*) and A(E?®) denote the closed e sectors of
E" and E? respectively:

A(E*) ={(",2") € E* & E* | ||2°] < ¢z"|}
) ={(z"2") e E*@ E° | [|2*|| < el|2°[]}-

Then Proposition A2 says that a solution {zk}fﬁ for
(T4, T-, K) satisfies

I = Fdl‘o + Yo
(A2)

xo € Ae1(EY), x; € Aeo(E®),
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where
er=alAPK e =epAPETY (A3
Lemma Al: Let 1,62 > 0 satisfy
maX[El(l—61)71,62(1—62)_1,61762] <1/4 (A4
el r =2zl + |[F'o|))- (AS)
If
z € (Aer(E*) + yo) N Aea(E®), (A6)
then
z=w+y, weAei(EY) (A7)
and
llll + flwll <7 (A8)

llz = F|| < e1(1 — 1) flwl| + 2(1 — e2) iz (A9)
Hw - Fdz()” < er(1—ey) || + e2(1 — e2) 2]l

(A10)
Proof: 1f (A6) holds, z € Aez(E®) implies
z=2"+2°, 4 € EY, z° € E°,
and  [|2%[] < ea|2°(|
which, in turn, implies
I2°0 = llz = 2*]| < [lzll + [|2"]| < l|2]l + e2llz]l-
Therefore
ll2°]] < (1= e2) 7 Jz] (A11)
and hence )
fl2“ll < e2(1 —e2) ™ [l2f- (A12)
Since z € Aei(E™) + ¥y, ((A6)), one has
z—y,=w" +w’, w* € EY, w’ € E°
flw*|| < el (A13)
from which it follows that .
[lw'|| < ex(l—e1)” [lw]. (A14)

Let us rewrite the equality (see (A13))
'+ 2 =uw' +w +y,

and
22 —w =w" —-2"+y,.

Then the uniqueness of the stable free-boundary solution
(Proposition 1) implies that there is a unique pair (Z1,Zo)
satisfying (see (24))

T = 2° —w’

Fizy = w* - 2" (A15)
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1t follows from (A1l), (A12), (A14), and (Al5) that
lz = Zi] = l|l2" + 2° = (z° - w’)]
= |l + w'|| < [l2*]] + |lw’]]
< el - &) w] + ea(1 - e2) 2]
which proves (A9). Similarly
“w - F‘ifou = [lw* +w® — (w" - 2%)|
< el + 2]
=11 - e2) 7 lwll + e2(1 = e2) Izl
which proves (A10). In order to show (A8), observe that

llzll = 1]l < 1|z - Z]
and
ol 2] < - £,
imply
2]l < Izl + |z — Za|
< |Eal + e1(l ~ 1) Hwll + e2(1 — e2) 7 |ll
(A16)

and

o < [ + o - 51
< [|Fizo | + 11 = e0) 7wl + €21 = £2) el
(A17)
Adding (A16) and (A17), one has
Izl + < 12l + || F42o]| + 2611 = 1) ]
+265(1 - €2) 2]
< @il + [ Fz
—+ Zma,x[sl(l - 81)—1,62(1 - 52)_1]
- (fhwll + fl2l)
< Il + | F4Zo | + 1/20hwll + 1)
where (A4) was used. This inequality together with (AS5)
implies
Izl + ] < 2(izl + | F'o) = - O

Completion of the Proof: 1t follows from Proposition A2 that
(A4) is satisfied for K sufficiently large. Since F? expands the
vectors in E* while it contracts the vectors in E°, one sees
that

Ty € Aey(E*) implies Fzo € Ae1(EY).
Therefore, one can take
7 = Flzo + 9,
as the z in (A7) of Lemma Al, and (A8) reads

ol + ||z < 7
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and
2]l < Nzl < 7 (A18)
Since zx = FX~!z;, (A18) implies
okl < Az . (A19)
In order to estimate ||z}||, let
T, E°— E¥
be the linear map such that
Ty = {(r52°,2°) e E* ® E*|z° € E®}. (A20)

This map is well defined and is unique because of (34). It

follows from (AZ20) that
lexll = [|(r2zk 25l < (731 + D=k
<A ([l 1+ 1)
Note that for the stable free-boundary solution, (24) implies

T, € F°, k > 1; hence
zp =0,

which, in turn, implies

= u —(K-1
= — Zll = ikl < Az |5 I
It follows from this that

et - 7l = skl = | =P
< AZE Il < A TN I
=2 (A21)

On the other hand,
ot - ) < 1(1 = €)™ |[Fao]| + e2(1 = e2)
< max[sl(l —e1) Hea(1 - 62)_1]7‘
< 2max(ey,€2)7
< 2)\;21( max(ail,all)\i)r
where (A3) was used. Therefore

et~ zll = | P (w5 - 7

—(k=1)p.8 _ =s
<23 Pt - 3]
< A5V max(aTh a3 Ay
=232 o max(aZl, 0 Ay (A22)
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It follows from (A21) and (A22) that
K K K
— 2 —u||2 —s |2
S e -zl <Y llat — w2+ S llwt — 7
k=1 k=1

k=1
K
€S
k=1
K

—4K—2k+2
+D

k=1

4 {max(ail,ail/\i)}zrz
K K
_ (Z A 4 Z /\#Zk) )\;4K+2r2
k=1 k=1

- max (|} ||, 4{max (a2, 0303)})

—0 as K — +oo.

Using a similar argument, one can show that

0
Z lzx —Z||° -0 as K — +oo.
k=K

APPENDIX 1I
PROOF OF PROPOSITION 6

(1) If p is an eigenvalue of A,

A, i=A—pl (A23)

is singular, and hence it is not negative definite. Therefore A,,
cannot be temporally stable. If

ap—p <0 (A24)

then Proposition 2 says that Q,(w) defined by (45) for A,
has a real zero on (—2,2) with odd multiplicity. Since the
multiplicity is odd, the zero on (-2, 2) cannot be an extremum
of @, so that

i 0
weIF_lIQlJ] Qu(w) <0 and W§E?5f21 Qu(w) >0 (A25)
which is equivalent to
wer?—IIZI,Z] amQu(w) <0< ug[liié{,z] amQpu(w). (A26)
Since
amQu(w) =ag -+ »_ap(3 + A7) (A27)
p=1
where w and X are related via (44), one has
U Qu(w) = amQ(w) — p. (A28)

Equations (A26) and (A28) imply (66). In order to consider
the case

ag—pn>0 (A29)

one needs the following:
Lemma A2: If ag — p > 0, the following are equivalent:

i) A, is positive definite for all n.
ii) The corresponding spatial dynamics are regular.
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iii) BEvery real zero of 0, on (—2,2) has an even multi-
plicity.
Proof: Recall (49) and replace —a, by ap:

-p
ap = E ZiZitps p=1---,m
p=1

m
2
a()—p,:zzi.
p=0

One can use an argument similar to that used in the proof of
Theorem 2 and Proposition 2 to show the result. ]

In order to complete the proof of (i) of Proposition 6,
observe the fact that A, being singular violates (i)-(iii) in
Lemma A2. Since (iii) of Lemma A2 is the same as (iii) of
Proposition 2, one can use the same argument as for ag — pt <
0. It is clear from the form of A and aq # 0, a,, # O that
ap — p = 0 is impossible.

(ii) In order to prove the optimality of the upper bound,
note that for any v € R

U+(a0 +v,a1,- -, am) = 0'_4,((10,(11, te 7am) + . (A30)
Now fix a1,---,am and consider
P.(ag— pyay, -, am) = det(A — pl) (A31)

where n denotes the size of A. It follows from (A31) that
if {pn,i(ag)},—; and {pn;(ag)},-, are the eigenvalues of
A when the diagonal is a¢ and ay, respectively, then by an
appropriate relabeling,

;U‘n,i(ao) —ap = Nn,i(a()) - 0,6, t= ]-a BN (D (A32)

In order to demonstrate the optimality of the upper bound, we
first consider the case

o4(ao, a1, -, am) = 0.

If this is not optimal, there is a § > 0 such that

pni(ag, a1, ,am) < =6 < o4 (ag,a1, -, am) (A33)
for all n and 1 < ¢ < n. It follows from (A32) that
pnilao +8/2, a1, -, am) — (ag +6/2)
= pin,i(G0, 01, -+, Gm) = Qg
whence
pn,i(@0, a1, @m) = pni(ao +6/2,a1, -+, G ) — 6/2
(A34)
for all n and 1 < 4 < n. Equation (A33) and (A34) imply
tn,i(@o+06/2,a1, -, am) < —0/2<0 (A35)
foralln and 1 < 4 < n. This means that (ag + 6/2,a1,- -, am)

results in the temporal stability. On the other hand (A30)

implies

aam) = 0’-}—(0'0’ Al,: ", am)
+6/2=46/2>0.

This contradicts (A35) because Proposition 4 says that the

temporal stability is equivalent to o < 0. In order to show

oy(ag+6/2,a1,---
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the general case
04 (a0, a1, am) = 0

suppose that ¢* is not optimal. Then, there is a § > 0 such
that

pnil@g,at, -« 0m) <o* =6 (A36)
for all n and 1 < ¢ < n. It follows from (A32) that
fin,i(@0, a1, am) — ag = fini(ao — 0%, a1, -, am)
—(ag —o") (A37)
for all n and 1 < i < n. Equations (A36) and (A37) imply
pnileg — 0% a1, -+, am) < -6 (A38)

for all n and 1 < ¢ < . It follows from (A30) that
o'+(a0 - 0*7(1‘17' o ,(lm) =0.

It was shown earlier than when o = 0, it is the optimal upper
bound. Therefore, (A38) contradicts the optimality. In order to

show the optimality of the lower bound o_(ag, a1, -, am),
note that
U+(—ao, —0y, ) = —0—((10,@1, O

Furthermore, if p is an eigenvalue of A, then —p is an
eigenvalue of —A. Since —o_(ao, a1, -, an) is the optimal
upper bound for —A4, i.e.,

—tin i(00, 01,y Gm) < —0_(Ag, A1, ", Gm)
one sees that
0_(a0,01, ", @m) < pn,i(@0, 81, Om)
and o_ is optimal. : (]
APPENDIX III
PROOF OF PROPOSITION 7

We will give all the details for the sake of completeness.
Since m = 2, F is 4 x 4 and is given by

0 1 0 0
0 0 1 0
0 0 0 1
-1 —m _s _a
az ag ag

The characteristic polynomial is

_y2(% 21 -1 2 -2
PF(/\)_)\[a2+a2()\+/\ )+ (A% + A )}

and
Q(w):wz-f—ﬂw-i-@—Q
a2 a2
1 a; 2 g ay 2 ao
= - =] —=|— — —2.
(w+ 2 a2> 4(112 +ag
Case 1:
1 a1
- =<2
2 as ~
Since
= 23. i = -2
Jax Qu)=Q@2). Erfl_lgyz]Q(W) Q(-2)
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one has

when a; > 0
when a2 < 0

U+(a07 ai, 0‘2) = { ZZgEQ—)Q)

a_{(ao,a1,a2) = {Zzg%;)?)

when as < 0
when as > 0.

Case 2:

min_ Q(w) = Q(2)

€l=2,2] wel-2,2]
_ [ a2Q(~2) whenaz >0
oy(ag,a1,a2) = { 2:Q(2) when ao < 0
_ [a:Q(2) whenay >0
o_{ap,a1,0az2) {%Q(;Q) when ay < 0.
Case 3:
1 a
2L = =<
2 2 as 0

max Q) = Q).

wE[—2,2

wé?_ig,z] Qw) = Q(~a1/2a2)

when ag > 0
when as < 0

04 (ao,a1,02) = {22822_)(11/2@)

{ a2Q(—ay/2a2)

when ag > 0

G'_(a(), a1, (1/2)

a2Q(2) when ay < 0.
Case 4:
1 a1
0<——= —<2
< 7 a <

max Q(w) = Q(-2), min  Q(w) = Q(—a1/2a2)

we[-2,2] we[-2,2]

when as > 0

a+(a0,a1,a2) = {azQ

(
(—a1/2a2) when as <0
_ a2Q(—a1/2a2) when ay >0
0‘—(&0,@1,@2) - {UQQ(—Q) when ay < 0.
Now note that
QR =2+22 42 (A39)
az az
al ag
—2)=2-2—4— A40
Q(-2) p + p (A40)

1 ay 1 ay 2 ag
—_— =) === — — —-2.
Q( 2 a2> 4 (a2> + ag
In order to obtain the desired final form, we need to check
the following cases:

i) a2 > 0 and case I < ay > 4ay > 0
ii) ag > 0 and case 2 « a; < —4az <0
iii) az > 0 and case 3 < 0 < a1 < 4ay
iv) azg > 0 and case 4 — —4daz < a1 <0
v) az < 0 and case I « a; < 4as <0

(A41)
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vi) ag < 0 and case 2 < a; > —4das > 0
vil) az < 0 and case 3 < 4a; < a; <0
viii}) a; < 0 and case 4 «— —4ay > a; > 0.
It follows from (A39)~(A41) that

o+(ao,a1,az) =
azQ(z)
azQ("z)
a2Q(~ay/2as)

when (i) or (iii) or (vi)

when (ii) or (iv) or (v)

when (vii) or (viii)
(A42)

0'_(0/(), alaa2 =

agQ(Q when (ii) or (v) or (vii)
a2Q(- when (i) or (iv) or (viii)
axQ(— a1/2a2) when (iii) or (iv).
(A43)
It follows from (3) that
ap = —(go+291+292), a1=g1, ax=go
so that (A39)—(A41) give
1
a2Q(2) = g2 [2 +2% (g0 + 291 + 292)} =-
g2 92
(A44)
1
a2Q(~2) = g2 [2 +22 — —(go+ 201 + 292)}
92 g2
= —go— 401 (A45)

2
) 1 91) 1
Q-2 ) = )~ gy + 201 + 209) — 2
’ 2 < 292) g [ 1 (g2 g2(90 g1 92)

= —go — 291 ~ 49> — 9} /4g>. (A46)

Substituting (A44)—(A46) into (A42) and (A43), one has the
relations shown at the bottom of the page. It is easy to see that
these are the ones given by (67). O

APPENDIX IV

In (1], go,g1 > O while g < 0, and g; = 4|g2|. We will
give a simple explanation for the reader who is unfamiliar with
the regularization theory [2], [3].

Let a set of noisy data z1,---,z, be given. Suppose one
wants to interpolate the data with appropriate smoothness. A

e
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reasonable way of accomplishing this is to minimize

n n
= E (:Ilk - ’U}c)2 + A E (2vk - Vg—1 — ’Uk+1)2
k=1 k=1
(A47)

with respect to v = (v1,---,v,). The first term is called the
data term while the second term is called the penaity term and
it represents the penalty on the “second-order derivative,” i.e.,

] (228

and A > 0 is the weight on the penalty. Since this is a
straightforward quadratic minimization problem, the solution
is obtained by differentiating (A47) with respect to v and
setting it to zero:

Zp — Vi + A[—6vr + 4(vi—1 + Vkt1) — (Vk—2 + Vk—2)] =
and hence

—(1/A + 6)vr + 4(vg~1 + Vr41) —
(Vh—2 + Vikg2) + (1/ M)z = 0.

If go,g1 > 0, g2 <0, and g1/|g2| = 4, go/|g2] = 1/}, then
(A48) reads

—(g0 + 291 + 2g2)vk + g1(Vk—1 + Vi41) +
92(Vk—2 + Viky2) + up =0

which is exactly (8) with m = 2, where u; = (1/A)z. Thus,
by varying go while g; and g, are fixed, one can control
the weight A which corresponds to varying the width of the
Gaussian-like kernel. It should be noticed, however, that the
architecture shown in Fig. 1 is a rather crude approximation
for the two-dimensional problem.

Conversely, given a circuit, one can recover G(v) as the
total cocontent:

(A48)

1
G(v) = EvTAv +vTu

and the dynamics of the circuit minimizes —G(v) by

2 1G] = ~(Av + w0
_ dv(t) _1dv(t)
Todt 1 o <0

Note, however, that if A were not symmetric, the total cocon-
tent would be undefined even if the circuit were linear.

APPENDIX V
PROOF OF PROPOSITION 10

Recall D defined by (75).

—90

0+(90,91,92) = { —90 — 4g1
—g0 — 291 — 492 — 93 /490
—90

0-(90,91,92) = § —g0 — 401

—go — 291 — 492 — g% /4g>

when g1,92 >0 or g1 > 0,92 <0,{g1/g2] > 4
when g1 < 0,92 >0 or
when g2 < 0,]g1/g2| < 4
when g1 < 0,92 <0 or
when g1 > 0,90 <0 or
when g2 > 0,]g91/92] < 4.

91 <0,92 <0,|g1/g2] > 4

g1 < 0,92 >0,]g1/92| > 4
g1>0,92>0,]g1/g2] > 4
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Case 1: D < 0. It follows from (72) and (74) that df/dw e) —2 <€ <2< €, Since @ has a local maximum at

has no real zero and hence @ is monotonically increasing. £,
Therefore Q) b 0
as when az >
oy = { 2 (Ad9) _ [asQ(&) when as > 0
a3Q(—2) when a3 <0 T+ = as min[Q(—2), Q(2)] when a3z < 0
o = {agggg)Z) Wﬁen a3 z 8 (A50) _ [ a3min[Q(-2),Q(2)] when az >0
as when a3 . o-= a3Q(€2) when a3 < 0.

Case 2: D = 0. In this case df/dw has a double zero. But

since @ is cubic, it is monotonically increasing and (A49) and f) —2 < ¢_ < £ < 2: Since Q has a local minimum as
(A50) are true. well as a local maximum within [-2, 2],
Case 3: D > 0. This means that df/dw has two distinct
real zeroes and hence ) has a local maximum at £_ and a a3 max|Q(6_),Q(2)]  when ag > 0
.. _ 3 -/
local minimum at £,,§_ < &,. o4 = {as min[Q(~2), Q(£4)] when ag < 0

a) &£ < & < —2: It is clear that Q is monotonically

increasing on [~2, 2] and hence (A49) and (A50) still o = {23 fnl;‘}‘([[%((gz; gggﬁ)] ;VE;‘ o> 8
3 _), 3 .

hold.
b) 2 <& < &4 Q is monotonically increasing on [—2, 2]
and (A49) as well as (AS50) is true. Combining all these cases, one obtains the relations given
¢ . £ -2,2< ¢4 Q s monotonically decreasing on at the bottom of the page, where f+ and hy are defined by
[~2,2] and (77)—(79). 0
_ JasQ(-2) whenasz >0
I+ = {a3Q(2) when a3 < 0 (AS1) APPENDIX VI
a3Q(2)  when az >0 PROOF OF COROLLARY 1
-= (A52) . N
a3Q(—2) when a3 <0. One can show that the right derivative,
d) €. < =2 <&y < 2:1Inthis case, Q has a local minimum )
at £+ and hence D—+-”v(t)” = lim ”‘U(t) + h’"(t)” - ”‘U(t)”
_ Jasmax[Q(-2),Q(2)] when az >0 =0 h
9+ = asQ(&y) when a3 < 0 e
_ [ i G+ R = @)l
_ JasQ(&y) when a3 > 0 Ll}g 3
T | esmax[Q(-2),Q(2)] when a3 < 0. h>0
( f+ when g3 > 0 and (case 1 or case 2 or case 3-a or case 3-b)
or g3 <0 and case 3-c
f- when g3 < 0 and (case 1 or case 2 or case 3-a or case 3-b)

or gz > 0 and case 3-c
max|[fy, f-] when g3 > 0 and case 3-d

or g3 < 0 and case 3-¢
hy when g3 < 0 and case 3-d
h_ when g3 > 0 and case 3-¢
max(f4+,h_] when g3 > 0 and case 3-f
max[f_,hy] when g3 < 0 and case 3-f

0+(90791,92793) =

i+ when g3 > 0 and case 3-c
or g3 < 0 and (case 1 or case 2 or case 3-a or case 3-b)
f- when g3 < 0 and case 3-c

or g3 >0 and (case 1 or case 2 or case 3-a or case 3-b)
min[fy, f_] when g3 > 0 and case 3-d
or g3 <0 and case 3-¢
hy when g3 > 0 and case 3-d
h_ when g3 < 0 and case 3-e
min{f;,h_] when g3 < 0 and case 3-f
min{f_,hy] when g3 > 0 and case 3-f

(g0, 91,92, 93) =
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Vin

lc

o,
1 = K[(Ve- Vi) Vin -z Vin'] (in triode region )
2=K[ (Vc+Vin-Vt) Vin - & Vin?]

I = 1+12 = 2K [Vc- V] Vin

I=go Vin
where go = 2K[Vc-Vt]
(@)
vdd
+
ve |r‘J |
I 1
 E—
Vin ! M ' 1
P
‘f* [ |
L I
GND —
Vss
(b)

Fig. 14. Variable conductance go. (a) v controls the value of go. (b) Actual
implementation.

exists despite the fact that ||v(t)|| it is not differentiable. Since

du(t

_ g1 -1
it =B "Av(t)+ B"'u

and since

|v(t) + hB~* Av(t) + hB ™ u|
< |1+ 2B Alllv@ll + 1| B~ ]

one has
-1 _
D*a(®)] = Jim (”l—wh—‘wi) ol
+ 1B | (AS3)

where the matrix norm is induced by the Euclidian norm:

[1+rB1A|| = ”111)1231<“” (1+rB~ ' A)v||.
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One can easily show that the right-hand limit of the first term
in (A53) also exists. Denoting this limit by
1+hB'A| -1
m(B~'A) := lim L——L
ho0 h

—

h>0
one has the right differential inequality:

D¥|lu(®)]| < m(B~*A)|[v()]| + ||B" u|,
llw(0)]| = 0.
It is not difficult to show that a solution of a differential

inequality is bounded by the solution of the corresponding
differential equation:

dw _ -
i m(B 1A)w-+— “B 1u”,
w(0) = 0.
Therefore
1 _ _
o) < gy lesplm(B 7))
(A54)
Similarly, the left derivative satisfies
_ . (I1+rBA]| -1
D0 > tim (=== o)
h<O
+1B7 |
=- m(B‘lA)llv(t)H + HB—lu”,
[v(0)]| =0,
which yields
1
t)|| > —————
=y
- [exp(-m(~B'4)1) - 1][[B4].
(A55)
Finally, it is known [24] that
m(B~'A) = max. eigenvalue of B~'A (A56)
and hence
—m(—B~'A) = min. eigenvalue of B~'A. (A57)
It follows from (66), (84), and (A56) that
m(B~14) < 7. (AS8)
N+
Similarly
-m(-B~'4) > ;* (A59)
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Cegd(+)

Cags(*)

565

ids(+)

M2

Vin

(b)

Fig. 15. Equivalent circuit of the go circuit. (a) Equivalent circuit of an NMOS transistor; ¢4, (-) indicates that the controlled
current source is nonlinear, and cgs(+) and cyq(-) stand for nonlinear capacitors. (b) Equivalent circuit of Fig. 14(b).

Substituting (A58) and (AS59) into (A54) and (ASS), one has
the desired bounds. a

APPENDIX VII

This appendix tries to justify the model given by (1)-(4).

There are two aspects that must be examined:

i) resistive part go, g1, Gm;
ii) capacitive part cp,cy, - -, Cm.

Although these parameters are implementation dependent, we
can give a fairly reasonable account of them by checking the
Gaussian-like convolver chip [1], where m = 2. Let us first
look at Fig. 14, which implements go. Fig. 14(a) shows how
go can be made variable by controlling v»., while Fig. 14(b)
shows the actual implementation. In order to examine how
this circuitry affects the resistive as well as the capacitive
part of the model, one naturally has to have an equivalent
circuit of each transistor. While a resistive part of an MOS
transistor can be described by a simple nonlinear model, the
capacitive part is known to be difficult to model [25]. In
some cases it is described as a nonlinear distributed parameter
element [26], and in some other cases it is described as
a nonlinear, nonreciprocal multiterminal capacitor [27]. In
many practical situations, parasitic capacitors are reciprocal
and each is regarded as constant in each of the operating
regions (cutoff, triode, and saturation) [25], [28], although they
are still nonlinear, i.c., piecewise constant. (One has to be
careful about the charge conservation because the incremental
capacitance is discontinuous.) In many cases, a zero bulk

charge is assumed. Fig. 15(a) gives such an equivalent circuit,
where iqs(+) indicates that the (controlled) current source
is nonlinear, and cgs(-) (resp. cqa(-)) represents nonlinear
gate—source (resp. gate—drain) capacitor. A similar circuit
can be given for a PMOS. Fig. 15(b) shows an equivalent
circuit of Fig. 14(b) using Fig. 15(a). In order to examine the
resistive part of the circuit, open-circuit all the capacitors.
Fig. 16(a) shows the SPICE-simulated v;,—¢ characteristics
while Fig. 16(b) gives measured characteristics which verify
that the resistive part behaves in a sufficiently linear manner
within the operating range. It should be noted that no small-
signal argument is used. Namely, the linearity of the vi,—1
characteristics does not mean that each transistor operates
linearly. In fact, the four PMOS transistors are designed to
operate in the saturation region.

Next let us look at Fig. 17(a), which implements gy, where
Ry > 0 is a p-well resistor and the remaining circuit realizes
a negative impedance converter, where a triangle stands for
a standard transconductance amplifier. Parts (b) and (c) of
Fig. 17 give SPICE simulated and measured characteristics,
respectively. In [1], ¢1 is realized by a p-well resistor. Fig. 18
shows a SPICE simulation of a spatial impulse response at
the transistor level. The reader is referred to [1] for measured
impulse responses.

The capacitive part of the circuit needs more care to
examine. In order to evaluate cg, let us first check the go
circuit. To this end, open-circuit the current sources and short-
circuit the voltage sources of Fig. 15(b) and obtain Fig. 19(a).
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Fig. 16. The wvi,—¢ characteristics of Fig. 14(b). (a) SPICE simulated.
(b) Measured.

That the resistive part behaves linearly does not guarantee
that the capacitive part also behaves linearly. However, the
pair of NMOS’s in the middle is designed to operate in the
triode region while the rest is designed to operate in the
saturation region. Since we are assuming that each capacitance
is constant in each operating region, cgq’s and cy,’s can be
regarded as constant so that one can compute the overall
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Fig. 17. Negative conductance go. (a) Circuitry. (b) SPICE simulated.
(c) Measured.

equivalent capacitance, say cj, between the vj, terminal and
the ground. Since Fig. 19(a) is reduced to Fig. 19(b), one
has

cos(co7 + cos + Coo)

co6 + co7 + Cos + Cog
. (A60)

(co2 + coa){cor + cos)
co1 + co2 + o4 + Co5

cp =
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Node

Fig. 18. SPICE simulated spatial impulse response at the transistor level
where 1/g1 and 1/go are intended for 5 k2 and —20 k{2, respectively.

(a)

Vin

Col

—

Coz

Fig. 19. Capacitive part of Fig. 15(b). (a) Original circuit. (b) Equivalent
circuit.

Despite the fact that there are as many as nine capacitors
contributing to cf, the actual ¢ value would be very small.
This stems from the fact that in the triode region, cgs =
cga = (1/2)W Lcox while in the saturation region ¢, =
(2/3)W Leox, cga = 0 [25], [28], where W, L, and cox
stand for the channel width, the channel length, and the
capacitance (per unit area) of the oxide layer separating
the gate from the channel. In this particular implementation,
W/L = 3/8 (um) for My and M;, 4/3 for M, and My,

567

and 7/2 for My and Mg, and cox & 12 x 107* pF/um? in
the present process. Since g is a p-well resistor, its substrate
is connected to vgg. Thus there is a (distributed) diffusion
capacitance between each node to wggy (not between two
nodes). In discussing the capacitive part of a circuit, one short-
circuits voltage source as was done in the go circuit. Therefore,
this diffusion capacitance, say c{j, contributes to co. The value
of ¢j would be larger than c; because (a) the area of the g;
in this particular implementation is larger (36 x 20 um?) and
(b) diffusion capacitance is the sum of a term proportional
to the area and a term proportional to the peripheral length
[28].

As for the contribution to co from the go circuit, there are
two factors: () the parasitic capacitors of MOS transistors and
(b) the p-well diffusion capacitance of Ry > 0 (see Fig. 17(a)).
The former can be calculated by using the same argument as
the one used to compute cj, while the latter can be estimated
using the argument used to discuss the g; diffusion capacitance
. If we call the resulting composite capacitance cj’, the
total capacitance between each node and the ground would
be cp = ¢ + ¢ + g’

Since conductance g; is implemented by a p-well, c;
naturally represents associated parasitic capacitance between
each node to its immediate neighbor. It should be noted,
however, that ¢; appears in off-diagonal elements of B.

Finally, using the same argument, one can compute the
composite capacitance ¢ from each node to its second nearest
neighbor. The parasitic capacitor ¢, also appears in off-
diagonal elements of B.

It follows from (56) that B satisfies the diagonal dominance
so that all eigenvalues are (strictly) positive. Naturally, in
an actual implementation, B cannot be exactly symmetric.
However, eigenvalues being strictly positive is an “open”
condition, i.e., small variations of parameters do not destroy
the property. We will leave quantitative estimates of those
parasitic capacitances for a future paper. We will simply
remark that ¢ = 0.1 pF used in Fig. 4 would not be too
unrealistic.

Fig. 20 shows a simulation result at the transistor level
on SPICE where 1/go, 1/g1, and 1/g are intended to be
200 k€2, 5 k2, and —20 k€2, respectively. A subnetwork of
8 x 8 is simulated (on a Cray) where a step current of duration
5 ps is injected into the four nodes as indicated in Fig. 20(a).
Fig. 20(b) shows the voltage responses of the eight nodes on
the fourth row. Although the above arguments are far from
being complete, we believe that our model is sufficient for the
present purpose.
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Fig. 20. SPICE simulated temporal step responses at the transistor level. (a) 8 x 8 array is simulated where step current of
duration 5 ys is injected to the four nodes as indicated. (b) Voltage responses at the eight nodes in the fourth row.
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