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Abstract — RC polyphase filters are important
components in analog front-ends of wireless
transceivers. This paper derives explicit fre-
quency transfer functions for first-, second- and
third-order RC polyphase filters, allowing sys-
tematic exploitation of their characteristics.

Keywords: Polyphase Filter, RF Circuit, Image Rejection,
Wireless Transceiver, Complex Signal

I. Introduction

RC polyphase filters are important components in ana-
log front-ends of wireless transceivers; they are used
for In-Phase and Quadrature (I and Q) signal genera-
tion and for image rejection [1, 2, 3, 4, 5]. However, to
the best of our knowledge, up to now their design has
been based on simulation [3]. In this paper we have
derived their frequency transfer functions analytically,
to allow their characteristics to be exploited system-
atically. We believe that the explicit derivation of the
frequency transfer functions of second and third-order
RC polyphase filters is new.

Since the RC polyphase filter is a circulant struc-
ture, circulant matrices are extensively used for its
analysis [6, 7], and in this paper we denote a 4x4 cir-
culant matrix as follows:

circl(a,b,c,d) :=

S0 R
o e o
QL T O
Q >0

I1. Roles of RC Polyphase Filters

This section reviews the usage of RC polyphase filters
in analog front-ends of wireless transceiver systems.
Example 1:

In Fig.1(a), let I;,(t) = cos(wrot), and Q.n(t) = 0.
Then we have

Toui(t) = Ap cos(wpot + 0),
Qout(t) = Ag sin(wrot + 6),
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and Fig.1(c) shows their SPICE simulation waveforms.
(Here Ay, Ag and 6 are appropriate constants.) Thus
the RC polyphase filter can be used for generating
cosine and sine signals from a single sinusoidal signal
(Fig.1(b)), and the cosine and sine signals are supplied
to mixers used for up conversion or down conversion.
Example 2:

However, the RC polyphase filter in Fig.1(a) has com-
ponent sensitivity problems. If wro = 1/(R1Ch) is
satisfied then the amplitudes of I, (t) and Qout(t) are
exactly the same (A; = Ag), but if wro # 1/(R1C1),
then A; and Ag can be very different. Cascading
two RC polyphase filters as shown in Fig.2(a) alle-
viates of this problem. Fig.1(d) shows waveforms of
Tout(t), Qout(t) in Fig.1(a) while Fig.2(b) shows those
in Fig.2(a) for wpo = 2/(R1C1). We see that the am-
plitudes of Qout(t), Ioui(t) in Fig.1(a) are very different
but those in Fig.2(a) are quite similar even though in
both cases the phase difference between Q.:(t) and
It (t) are exactly 7/2 [rad]. We note that cascad-
ing three RC polyphase filters can further reduce the
amplitude difference.

Example 3:

Consider the case of two signal generators which pro-
duce cosine and sine signals respectively but with
third-order harmonics. The RC polyphase filter can be
used to cancel the third-order harmonics and generate
pure cosine and sine signals (Fig.3(a)). In Fig.1(a),
letting

Iin(t) = cos(wrot) + acos®(wrot)

=1+ 375) cos(wrot) + % cos(3wrot),

Qin(t) = sin(wrot) + asin®(wrot)
=1+ ??Ta) sin(wrot) — % sin(3wrot).

In other words,

3 : .
Ii"(t) +.jQin(t) = (1 + Ia)ejw“)t + %e*]?’wu)t



where a is a constant. If 3wro = 1/(R1C1), then we
have the following:

Tout(t) = Acos(wpot + 6),
Qout(t) = Asin(wrot + 0).

In other words,
Tout(t) + jQout(t) = Aed(wrot+0)

where A and 6 are appropriate constants. We see
that, for complex input signals, the RC polyphase fil-
ter passes the frequency component wyo but it rejects
—3wro. Fig.3(b) shows SPICE simulation waveforms
of Iin(t) and Qqn(t) while Fig.3 (c) shows those of
Iout(t) and Qout(t)-

Example 4:
Letting w;, = 1/(R1C1) and applying [, (t) =
cos(wint) and Q;n(t) = sin(w;,t) to the circuit in

Fig.1(a), and we have I, (t) = (v/2/2) cos(wint — 7 /4)
and Qin(t) = (v/2/2)sin(wi,t — m/4). On the other
hand, if we apply I;n(t) = cos(—wint) = cos(wint),
Qin(t) = sin(—wjint) = —sin(wint) to the circuit in
Fig.1(a), we have I,y (t) = Qout(t) = 0. Hence the
RC polyphase filter passes the frequency component
win but it rejects —w;y,, and so it works as an image
rejection filter.

ITI. First Order RC Polyphase Filter

Let us consider the first-order RC polyphase filter in
Fig.1 (a) and define the following:

) i= Lint (t) — Im (t)7
t anJr(t) (t)

)=
Tout(t) := Toutt () — Lout—(t),
- Qout+(t) Qout ( )

Now let us define complex signals Vj,(t) and V4 (t)
as follows [8]:

V;n(t) = Iy (t) + jQi?L(t)v
Vout (t) = dout (t) + JQout (t)

Letting Vi, (jw) be the Fourier transform of V;, (t) and
so on, we have the following relationships:

Vout = Ml Vin.
Here

Vin ‘=

(117L+(]w) an+(]w) ( ) Qm ( ))Ta

(Iout+ (j(U), Qout+ (jw), Iout— (jLU), Qout— (jw))T7

M = circd(Fy(jw),0,0, Hi(jw)), (1)
) 1 ) —jwR1Cy
F; = H = —
10w) = orar U@ = 1350m o

Then we obtain

{ Tout(jw) ] _ { Fi(jw) —Hi(jw) ] [ Lin(jw) }
Qout (jw) Hi(jw)  Fi(jw) Qin(jw) |

(2)
We define the frequency transfer function for complex
input and output signals V;, (jw) and V¢ (jw) as fol-
lows:

‘/out (]W)

G1(jw) == Vi)

Then we obtain

14+ wRiCy

G1(jw) = F1(jw) + jH1 (jw) = 15 jwkiCy

3)
Note that |G1(jw)| # |G1(—jw)| in general (see Fig.4
(a)), and gain and phase are given by

|1+ wR1C|

Gi(jw)| =
G (jw)] RO

tan /G (jw) = —wR1Ch.

This frequency transfer function G (jw) characterizes
a first-order RC polyphase filter for complex signals.
Remark (i) Noting that G(jw) has a zero at w =
—1/(R1C4), we have

. —LG1(—jw) (0<w<
LG (jw) = { [Gl(l—jw) -

See Fig.4 (b) and Fig.5.
(ii) The frequency transfer function G; in eq.(3) can
explain Example 1. Letting

mor)
<w).

Rlcl

1. . .
Vin(t) = cos(wrot) = = [e?“rot 4 eIwrot]
and wro = 1/(R1C1), then

1 . .
Vour(t) = 5[1Ga(fuoro) /o261 wr0)

+|G1(_ijO)|ej(wLot+ch(—ijo))]

V2 jwrot—r/4)
2



because

G2l =0, |G ey s =V,

R101 R0y

tan /G1 (jw)|pye 1 = —1.

R1Cy

Similarly Examples 3 and 4 can be explained using
G1 (jw)
(iii) When

Gl 1= [ M) K [ g .

the condition for it to have the given frequency transfer
function for complex signals (namely, the condition for
it to be an Hilbert filter [3]) is
K(jw) = N(jw),  L(jw) = —M(jw)

and eq.(2 satisfies this, which is because the matrix
M; defined in eq.(1) is circulant [6, 7].

(iv) It is well-known that the frequency transfer func-
tion is a Fourier transform of the impulse response
when input and output are real signals; here we con-

sider the case that they are complex signals. Suppose
that for I;,,(t) = 0(t), Qin(t) =0,

Qout (t) = Jqi (t)

and for ¢ < 0, g;:(t) = g4i(t) = 0. Then we have

Tout (t) = Gii (t),

Giljw) = / " (0ult) + o) at

— 00
because

H(jow) = / gis(t)e =34 dt,

—00

Fi(jw) :/ gqi(t)e*j“’tdt

— 00

and eq.(2) holds.
(v) Suppose that for I, (t) = 0, Qin(t) = d(t),

Qout(t) = gqq(t)

and for t < 0, giq(t) = gqq(t) = 0. Then it follows
from eq.(2) that

Tout(t) = Yiq (t)

Gii(t) = gqq(t),  9iq(t) = —gqi()-

IV. Second-Order RC Polyphase Filter

Fig.2 (a) shows a second-order RC polyphase filter,
and we have derived its frequency transfer function
G2 (jw) explicitly using Mathematica:

Gz(jw) _ (1 + leCl)(l + wRQCQ)

1—w2RiC1R2C5 +jw(C’1R1 + CoRs + 2R1C5

(4)
See Appendix A for basic equations used to derive
G2 (jw). Fig.6 shows |G2(jw)| with respect to w, and
we see that Ga(jw) has zeros at the angular frequen-
cies w = —1/(R1C1) and —1/(R2C5). Also the same
arguments as the first-order RC polyphase filter case
hold.

V. Third-Order RC Polyphase Filter

Fig.7 shows a third-order RC polyphase filter, and
again we have derived the frequency transfer function
G3(jw) explicitly using Mathematica:

N3 (jw)
Ds(jw)

G3(jw) = ) (5)

Here

Ng(ju}) = (1 + leCl)(l + LURQCQ)(l + ngcg),
Dg(]w) = DgR(W) +jD31(w),

DgR(w) =1 WQ[RlclRQCQ + RoCoR3C5
+R1C1R3C5 4+ 2R, C3(R2C + RoCh + R3Cy)],

ng(w) = w[R101 + RoCs + R3Cs
+2(R1C2 + RyC5 + R1C3)] — w3R1C1R202R3C3.

See Appendix B for basic equations used to derive
G3(jw). Fig.8 shows |G5(jw)| with respect to w, and
we see that G3(jw) has zeros at the angular frequen-
cies w = —1/(R1C1), —1/(R2C2) and —1/(R3Cs3).
VI. Conclusions

We have derived explicit frequency transfer functions
for first-, second- and third-order RC polyphase filters;
those of higher-order filters could be obtained with
the same approach. Also we have characterized RC
polyphase filters using frequency transfer functions.

We would like to thank K. Wilkinson for valuable
discussions.
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Appendix A

This appendix gives basic equations used to derive
G2 (jw) in eq.(4). According to Kirchhoft’s Current
Law in Fig.2 (a), we have

Alvin + Bivout = Y1Vm

(1/Ra + jwC2)Vout = Aovm.
Here

Vin := (lints Qint Lin—, Qin—)",
Vout ‘= (Iout+; Qout+; Lout—, Qout—)T,
Vi = (Va, Uy, Ve, va) T,
Ay = circl(1/Ry,0,0, jwCh),
By :=circl(1/Ry, jwC1,0,0),
Ag = circl(1/R2,0,0, jwCs),
y1:=1/R1 + 1/Rs + jw(Cy + C3).

Then we obtain veut = MsVin. Here M, :=
circl(az, ba, c2,ds) and ag, b, ca, ds are defined appro-
priately. Then after manipulation of the above expres-
sions, we have

[ o) ]

= [ o) S | [ )

Fy(jw) = ag —ca,  Hz(jw) = by —da,

Ga(jw) = F2(jw) + jH2(jw)

which yields to the final form of Ga(jw) in eq.(4).
Appendix B

This appendix gives basic equations used to derive
G3(jw) in eq.(5). According to Kirchhoff’s Current
Law in Fig.7, we have

Alvin + BaVima = Y1Vmi
A2Vm1 + B3vout = Y2Vm2

(1/R3 + jw03)vout = A3Vm2.

Here

Vin = (IinJra Qin+; Iinfa Qinf)T
Vout ‘= (Iout+a Qout+7 Ioutf ; Qoutf)T

Vi1 = (Va, U, Ve, Va)”
Vm2 (= (ve,vf,vg,vh)T

Ay = circl(1/Ry,0,0, jwC)
Ag = circl(1/R2,0,0, jwCs)
As = circl(1/Rs,0,0, jwCs)
By :=circl(1/Rg, jwC>,0,0)
Bs := circl(1/Rs, jwCs,0,0)
y1:=1/Ry +1/Ro + jw(C1 + Cs)
Yo :=1/Ro + 1/R3 + jw(Cq + C3).

Then we obtain veuw = M3Vin. Here Ms; :=
circl(as, bs, cs,ds) and as, bs, c3, ds are defined appro-
priately. Then after manipulation of the above expres-
sions, we have

_ | BUw) —Hs(Gw) | | Lin(jw)

LG | = g ] &

Qout (]w)

F3(jw) = a3 —c3, H3(jw) = bz — ds,
G3(jw) = F3(jw) + jH3(jw),

which yields to the final form of G3(jw) in eq.(5).
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Fig.1 (a): The first-order RC polyphase filter.
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Fig.1 (b): Cosine and sine signal generation from a
single sinusoidal signal.
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Fig.1 (c): SPICE simulation waveforms of I,,:(t)

and Quut(t) when R = 0.1592kQ,C = 5pF and
wLo/(Q’/T) = 1/(27TR101) =200M Hz.
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Fig.1 (d): SPICE simulation waveforms of I,,:(t)
and Qout(t) when R = 0.1592k),C = 10pF and
wLo/(Q’/T) = 2/(271’R101) =200M Hz.

Fig.2 (a): The second-order RC polyphase filter.
lout Qout
N

voltage [V]
o

o

-

SMLFS
differenzi ““

20 22 24

28 30 32 34 36 38 40

tinme [ns]
Fig.2 (b): SPICE simulation waveforms of I, (t) and
Qout(t) when Ry = Ry = 0.1592k%, C; = Cs = 10pF
and wro/(2m) =2/(2nrR1Cy) = 200M H .
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Fig.3 (a): Cosine and sine signal generation from two
signals which include third-order harmonics.
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Fig.3 (b): SPICE simulation waveforms of Iy, (t)
and Q;n(t) when R; = 530.5169Q2,C; = 1pF and
wro/(27) =1/(27R1C1) = 300M H .
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Fig.6 : Gain characteristics of the second-order RC
polyphase filter of Fig.2 (a) when R; = 1kQ,C, =
10pF, Ry = 2k} and Cy = 1pF.
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