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Research Objective

Objective

 Development of
Reliable & High-speed SAR ADC

Our Approach

 Redundant Search Algorithm Design
with Number Theory
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*Research Background




Research Background

Automotive Electronics are in spotlight

High-speed, reliable
“SAR ADC” in microcontroller is needed

@

Redundancy design for error correction

Design issues @




SAR ADC Configuration

Analog  object

Comparator

Input
p Sample

__Hold |

Balance Scale

Based on

Principle of Balance
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Weight
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Digital
Output
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Generally use binary weight
(,2,4,8,16,32,64...)
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Binary Search SAR ADC Operatl

5bitSstep SAR ADC

» Binary Weight
p(k) =16, 8,4,2,1

» Input 7.3 [LSB]

Step

Weight p() | 16 | 8 | 4 | 2 | 1 | -*°%
CX IR I A O 31
30 | T 30
T I AN O 29
T I A N I 28
27 | T 1T 27
26 | IR A N 26
25 25
04 | T 24
23 23
29 22
21 21
20 20
19 19
18 18
17 17
16 16

Level 15 15
14 14
13 13
12 12
11 11
10 10
9 9
8
7 | . --T-- LN |
6 6
5 5
4 4
3 I 3
2 -O0-+0-+1+3—+1-2
0 0




Binary Search SAR ADC Operatl

5bitSstep SAR ADC

» Binary Weight
p(k) =16, 8,4,2,1

» Input 7.3 [LSB]

One-to-one mapping
between Decimal and Binary codes
D,,; =(00111):

/1

/=16= 8= 4+2+1+0.5-0.5

Step

Weight p(k)

output

31

30

29

28

27

26

25

24

23

22

21

20

19

18

17

Level

16
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13

12

11
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Binary Search SAR ADC Operatl

5bitSstep SAR ADC

» Binary Weight
p(k) =16, 8,4,2,1

» Input 7.3 [LSB]

One-to-one mapping
between Decimal and Binary codes
D,,; =(00111)=7
o

1 Misjudgment leads to
Incorrect output

D,,, =(01000),=8

Reliability problem !

Step

Weight p(k) 6 | 8 | 4 | 2 | 1 |oWevt
CX I DO P 31
30 | I 30
T I I I R 29
T I I I A I 28
O I A 27
TR I I O A 26
25 | I O I 25
Y I I A 24
23 | O O A 23
22 _— 22
21 | T 21
20 20
19 19
18 a) 18
17 %‘&y% U —e~ 17

Level 16 T 16
15 15
14 14
13 13
12 12
11 11
10 10
9 9
8 e 8
7 = —e==== 7
6 6
5 5
4
; Misjudgment
1
0 | [ I | 0
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*SAR ADC Redundancy Design
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SAR ADC Redundancy Design 1

Redundancy: Surplus, Extra
‘ Apply to SAR ADC

Binary weight

Using Time Redundancy p(k): 1,2,4,8,16

€ Increase comparison steps

€ Change reference voltages
¥ | |
Non-Binary weight . MfféL
Multiple output expressions p(k): 1,2,3,6,10,16 %i'i’;
\_ >
¥

Enable Digital error correction!



Redundant Search SAR ADC Operation(l)12

5bit6step SAR ADC
» Redundant Weight

o(k) = 16, 10, 6, 3, 2, 1

» Input 6.3 [LSB]

Increase number of

comparison steps

7010001:6
16-10+6=3=2=1+0.5-0.5

=6

Step

Weight p(k) 16 |10 | 6 | 3 | 2 | 1 |°V®™
X DO O o O 31
TR N N 30
T I O O O 29
T I e 28
Y I R D 27
26 | | (T 26
Y I I O N A 25
Y I O e e 24
I I O O 23
22 I e 22
21 21
20 | |~ T 20
19 19
18 18
17 17
16 16

Level 15 15
14 14
13 13
12 12
11 11
10 10
9 N 9
8 8
1 1
6 - — 6
5 5
4 4
3 A 3
2 |V 2
1 1
0 0




Redundant Search SAR ADC Operation(Z)13

5bit6step SAR ADC
» Redundant Weight
p(k) =16, 10,6, 3,2, 1
» Input 6.3 [LSB]

Increase number of
comparison steps
6=>010001=6
o
Another expression
6=>001111=6

Error correction

B High-Reliability

Weight p(k) 10 3 output
X R R e 31
T N I A 30
20 | T 29
Y O R e 28
27 | Ty 27
26 | [T 26
Y R I O 25
24 | T | T 24
23 T 23
22 22
o1 | T 21
20 N 7 20
19 1 B 19
18 18
17 17
16 16
15 15
14 €
- sw Misjudgment
11
10 i 10
9 % 9
8 ] 8
7 7
6 = = 6
5 4 5
4 4
3 3
2 —6‘ —1- 2
1 1
0 _/ 0




Evaluation of Redundancy Design

5bitéstep SAR ADC
» Redundant Weight

Step 1st

— Definition

g(k) is correctable difference

15t step correctable difference

Weight p(k) 16 |10 6 | 3 | 2 [ 1 "™
3 o 31
30 | 30
p(k) =16, 10,6, 3,2, 1 IR S M S 25
27 | 217
k-th step correctable difference q(k) Output can return to 18 E
between input and comparison voltages [l N 2
E
¢ it
14
13
12
11
10
—_ 9
q(1)=3 ;

gl\mlgment

— —t | — | —
O (=N (w s oo N (oS5 S




Correctable Difference q(k) 1o

5bit6step SAR ADC Step st | 2nd | 3rd | 4th | 5th | 6th | . .
» Redundant Weight ey 16 1083 2 1o
30 30
p(k) =16,10,6,3,2,1 28 SO U O A U N 29
- Definition 22— Correctable |
k-th step correctable difference q(k) 71771 difference
g(k) is correctable difference S T 22|
between input and comparison voltages — 21
¥ Y —— 18
117
Level | 18

Condition of correctable
Vin — Vcom(k)| < q(k)
&
Large q(k) indicates
High-Reliability

5 Correctable
3 Input range

I

— — et | — | — — | |— | — | — | —h
O [ [N (@O N[00 O 5 |t Ino e |4 [ [0 [~ [oo [0

o (= N[ [b oo [N [ [ST= o oo e [




Correctable Difference q(k)

The formula for q(k)

M
qk)=-pk+1)+1+ z p(i)
i=k+2

p(k): reference voltage weight at k-th step
M :number of total step

g(k) determined only by p(k) !

Select proper p(k) "”

16

Step

tput
Weight p(k) 16 10 6 | 3 | 2 | 1 [|°"*
YR O O o I 31
30 | T \1' __________________________ 30
Y IR R I A A R 29
'Y I R R O T 28
27 | T BN SO A A 27
26 | 4‘&}() ________________________ 26
25 | T e 25
24 S I O N 24
X I O I A I O 23
22 | T T - | 22
21 21
20 i3) 20
19 v 19
18 q 18
17 q 17
Level 16 ! [ 16
15 15
14 I T e 14
13|V 13
12 A 12
11 A\ 11
10 10
9 9
8 I 8
7 7
6 A 6
5 v 5
4 4
3 3
2 I T 2
T I U I A 1
0 0 0




Conventional Method of p(k) Selection

We select N bit and M step SAR ADC k-th step reference voltage p(k).
here p(1) = 2N-1

Conventional method

Radix method
p(k) =1M¥ (here1 <r<2)

Problems

® Difficult to select good radix
» Trade-off of conversion steps and correction capability

@ p(k) must be fraction
» Fraction rate area causes low-precision
» Rounding to integer causes dispersion of q(k)



Issues of Conventional Method

5bitéstep SAR ADC
» Radix method
Radix=1.8
Reference voltage weight p(Kk)
p(1) =2>1=16
p(2) =1.8* =10
p(3)=1.83=6
p(4) =1.82=3
p(5)=1.81=2
p(6) =1.8=1

uncorrectable range

Not effective redundancy design

. 4

Good selection method is needed !

Step 1st | 2nd | 3rd | 4th | 5th | 6th outbut
Weightp(l) | 16 | 10 | 6 | 38 | 2 | 1 d
31 | || . 2 O 31
30 | | T 30
'Y IR O O R A A 29
T O O R e 28
27 | T N YE S R R 27
26 | ’I‘Aq(z) ________________________ 26
95 | I P I — 25
24 I I O R 24
R O O R A 23
22 N e e 22
21 h(3) 21
20 AA 20
19 I X 19
18 18
17 7&GI(I) 17
Level 16 [EESNNNSae Esansseenn 16
15 15
14 T T 14
13 13
12 A 12
11 v 11
\ 10 10
9 9
8 I e 8
7 7
6 A 6
5 v 5
4 R 4
3 3
2 T 2
1 N I
0 A 0




Outline 19

*Proposed SAR Algorithm Using Fibonacci Sequence




. . 20
Fibonacci Sequence

Definition (n=0,1,2,3...)
Fy =0
F,=1
Fnyo =K+ Fhiq

Example of numbers(Fibonacci number)
0.1.1.2.3.5 8 13 21. 34  55. 89 Leonardo Fibonacci

(around 1170-1250)

Property
The closest terms ratio converges to “Golden Ratio” !

I
— = 1.618033988749895 = 7,

lim
n—orn_1


http://www.google.co.jp/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=QQZVemiEQJI9aM&tbnid=zVSSOD3oXzE8tM:&ved=0CAUQjRw&url=http://ja.wikipedia.org/wiki/%E3%83%AC%E3%82%AA%E3%83%8A%E3%83%AB%E3%83%89%E3%83%BB%E3%83%95%E3%82%A3%E3%83%9C%E3%83%8A%E3%83%83%E3%83%81&ei=T_KoUpajAeyhigemrYCwAw&bvm=bv.57799294,d.aGc&psig=AFQjCNF03yZnlZ7XUHm3yzSM3lKjQZQAmA&ust=1386890090898991

Proposed Method of p(k) Selection

We select N bit and M step SAR ADC k-th step reference voltage p(k).

. here p(1) = 2N-1
Proposed solution p(L)

‘ Using Fibonacci sequence for p(K):p(k) = Fpy_k+1

2SI Sia S
Binary Weight 64 32 16 8 4 2 1

Radix1.8Weight 340 189 105 58 32 1.8 1

X162 X162 x1.62

"2 N2 N2\

Fibonacci Weight 13 3 5 3 5 1 1

(Radix 1.62 Weight)

Property converging to Golden Ratio
B Realize Radix 1.62 Weight by using only integer !




SAR ADC Using Fibonacci Sequence

Step 1st | 2nd | 3rd | 4th 5th 6th 7th
Weight p(k)

Fibonacci sequence SAR ADC 33

32

Two properties are discovered !! 5

1. Correctable difference q(k) is T

always Fibonacci number Fy_p_1. T

25

2. q(k) is exactly in contact gq(k+1) 24

without overlap. 23
21
20 1M AN.
19 |

18 |
17 |
16
15 |
14 |
13 |

Level

=N (oo [N o |5

|
N [—




Properties of Fibonacci Sequence Usage 23

Step

Fibonacci sequence SAR ADC S

32
Two properties are discovered !! T
1. Correctable difference q(k) is T

27

always Fibonacci number Fy_;_1. 26

25
24

23
22
21

Correctable difference q(k) fo ]
q(l) =5 = F5 Level 18 _
q(2) =3 =F, 5]
q(3) =2 =F; T
q(4) =1=F,
q(5) =1=F,

111 —t
N |— O [N [ | o105 [ (00 O |~

For proof, see our paper.




Properties of Fibonacci Sequence Usage 2

.Step 1st | 2nd 3rd 4th 5th 6th 7th
Fibonacci sequence SAR ADC Welghtprop 16 8 . 5 8 o2 L 1 1
32 N
Two properties are discovered !! T TR TR —
T S I I B 2 S
TR R 1
2. q(k) is exactly in contact q(k+1) 7 S I S o I
without overlap. 7 I A N 7 S O W B
21 A4 W
20 |IMAN.. L .
19 1.1, PRI i N Yoo
18 Tq(i) _________________ A
17 1.0l v | Y 1l I
Level| g [
14 1 L™ s
13 1l Yoo
12 1. 1 L. A
11 A\ /28 N R
10 | N A1 1
I Tﬂf_?)::::f'_‘_ ______ L. v
1 L ———n |
I I A %“‘4’"' ______________
T e
2 N
N S O . 2 B 2
For proof, see our paper. S 2 ————
-9




Significance of Property 2

Step

Fibonacci sequence SAR ADC Welght g
32
Two properties are discovered !! 3
28
26
2. g(k) is exactly in contact q(k+1) 2

without overlap. o -
$ AL

TH

If radix is bigger than 1.62 ]

—> separated q(k) s T

If radix is smaller than 1.62 1 i

—> overlapped q(k) u '
< :
g
Golden ratio can ;
establish a standard ! ;
;
-1
—9




Significance of Property 2

Step 1st | 2nd | 3rd | 4th 5th 6th 7th
Weight p(k)

Fibonacci sequence SAR ADC 33

32

Two properties are discovered !! 5

29
28
27
26
25

2. q(k) is exactly in contact gq(k+1) 24

without overlap. T

21

20 A
19 |
18

17 |

Golden ratio covers wide input range  |Level 2

by minimum extra comparison steps. 5T

‘ 11

The most efficient design !

=N (oo [N o |5

|
N [—




Comparison with Conventional Method 2!

5bit SAR ADC

Conventional method Proposed method Conventional method
Radix=1.7 Radix=1.62 Radix=1.55
Step 1st | 2nd [ 3rd | 4th | 5th | 6th 7th Step 1st | 2nd | 3rd [ 4th | 5th | 6th | 7th Step 1st | 2nd [ 3rd | 4th | 5th | 6th 7th
Weight p(k)| 16 | 14 8 5 3 2 1 Weight p(k)| 16 8 5 3 2 1 1 Weight p(k)| 16 9 6 4 2 2 1
31 ; : ' H : 31 | \ 31 i : ] i !
30 30 A N 30 ; :
29 29 v 29 i
28 28 ] A 28 | :
27 |... 27 I . N I £ 2 217 i e
26 | 26 A L 26 13 :
25 25 v 25 )
24 24 A 24 |
23 23 | I 1N 23 i :
22 22 22 : :
: A S A P e BT e
?g T 1 O Y A I N 720 I 19 T
18 18 18
17 T X O I 720 N 7 I 17 LV
Level }g Level }g Level }g
14 TR Y O O U I O vy 14 5 :
13 3 AN 13 :
12 12 12 ! 5
11 T /25000 PR I 20 O 72 I 11 5 s
10 10 10 5 s
9 X O N "2 P I A 9 | W 5 =
8 8 8 i I
7 7 oY e 7 i A
6 6 6 § LN
5 5 | |\ oIV e 5 i ;
: e et AT S ot S e e e
: e ] +
. . . . Radix standard
Redundant design using Fibonacci sequence 1 . .
| Efficiency design



Outline

 Advantages of Proposed SAR Algorithm

28




DAC Settling Time

29

DAC Settling model by using a simple RC model

V

ﬁ
Q)
~
~
~
—

Output of DAC [LSB]

Vref (k - 1)

o

t

s Veet () + (Vrer(k — 1) = Vier (W)}

1/2L.SB

.......
(R —— — L VY.

Settling
time
(binary)

R ——. | (I ————— S—. Y-

correct output

Correctable difference

ISettling timel T = RC
Eredundancy’):
| |
i I R
Time Time [s]
constant

T



Reduction of Settling Time 30

Digital error correction » Incomplete settling

5bit SAR ADC
Binary search (complete settling)
Stepl Step2 Step3 Step4 Step5

time
Redundant search (incomplete settling)

Stepl | Step2 | Step3 | Stepd | Step5 | Step6 | Step?

Error correction time

Fibonacci search (incomplete settling)
The shortest

Stepl | Step2 | Step3 | Step4 | Step5 | Step6 | Step7 | €@ AD conversion

time !

Error correction time



Generalization of DAC Incomplete Settling31

Settling time

p(k) +q(k—1)
Tsertie(k) = Tln(
q(k)
Variable clock SAR ADC Fixed clock SAR ADC
Mstep Mstep
| i Tl i T2 i T3 i | | i Tmax i Tmax i Tmax i |

Total settling time Total settling time

Ttotal_vari — z Ti Ttotal_fixed — Tmax XM
i=1



Settling Time In Fibonacci Case

32

Fibonacci sequence settling time

outputLEI(EL
[LSB] A
Vref(k) ZECTITIRRERRREARAY
ak)
Veom (k)
e — - -
p(k)
2q(k-1) A
Vref(k - 1) -
q(k-1)
Vcom(k_l)_!_x____v__—L—

Tsettle (k) =T7ln (

q(k)

using Fibonacci sequence
‘ p(k) = Fp_g41
q(k) = Fy_x_1

_ <FM—k+1 + FM—k)
=7ln
Fry_g-1

_ <(FM—k + Fpyp-1) + FM—k)
=7ln

p(k) + q(k — 1))

i For oy |
=tln <2IM—ki+ 1)
if'M—k—ﬂ

n

lim

n—->o0o

=1.618=¢
n-1

Tsetrie(k) =TIn(2Zp + 1)

= 1.444t



Settling Time In Fibonacci Case

New property is discovered ! oo

= 1.4441 forallk

Output of DAC [LSB]

Next voltage

Vcom(?’)

VCOm(Z)

(k=1,2,3,4...)

Settling time
(Fibonacci)

. AN, | Y

Always take constant value !

Vcom(l)

1.4441

Tnﬁé[s]



Simulation of Total Settling Time

34

ostep SAR ADC

pouLad

awn

Conditions of simulation
» Investigate total settling time T,,;, Of Variable clock and Fixed clock

Tsettle(k) = Tln(

Comparison and Judgment period

|

p(k) +q(k—1)

q(k)

Tsettle(z) = Tln(

p(k)
q(k)

)

| 1
prepare | Stepl Step2 Step3 Step4d Steps output
3 3 3 3 3

DAC (3| DAC [3| DAC [3| DAC 3| DAC 3 Prepare to
settling g settling g settling g settling g settling g oEtput
1 2 2 2 3 2 4 2 5 2
-] S -] -] -]
—> |[€ > € <€ —>
Ty Ty I; Ty Ts
) Tiotal ]



Result of Fibonacci SAR ADC Settling 39

8bit SAR ADC total settling time

Radix method fixed clock

N
(@)

N
o

Total settling time[T]

—
(@)}

Fibonacci mew//\
& E

ibonacci method variable clock
1Radix method variable clock

i
o

T 11 12 13 14 15 16 17 18 19 2
At fixed clock, AU
Fibonacci SAR ADC realizes the shortest settling time !!



Summary of Result 30

Result of each resolution at fixed clock

vy
'S 12 F
=
o .
= 10 r H Binary
2 r B Radix
g 8
M Fibonacci |
-
0 20 40 60 80 100 120 140

Total settling time [1]
At fixed clock,
Fibonacci SAR ADC is faster than Radix SAR ADC !



. 37
Conclusion

» Propose redundant SAR ADC design methods

» Get iImportant properties by using Fibonacci sequence

® Reliable
Correctable difference covers wide input range

® Shortest-Conversion
Conversion time iIs shortest in a fixed clock

® Radix-Standard
Golden ratio ¢ establish radix standard

® Constant-Settling
DAC settling time is constant for each step



Number Theory for Engineering 38

“Number theory is

the queen of mathematics”
Carolus Fridericus Gauss

Past Number theory
Beautiful and Mysterious
was NEVER practical

Carolus Fridericus Gauss Current Number theory
(1777-1855) used information communication processing
® good match to Digital technology

Number theory application for ADC/DAC is a frontier.
There are great chances for new discovering !



A= 39

YE B k£ (REAHKREF)
QEBITHDITHBLALWEZITEDH,?

ADACOIEFEMENRFREEETYT , TNIITTRKEZETSARADCIEIDACHD
SAVYFEFHIET HEMTELLMSLTT,

Q.NN\YFZITNNoOvIIEEDESIIERTEHM ?
ASNDECAZEZTWEBTA. SEOEEDMREICHLEZEZATLVET,

Truong Quang Vinh&A(RcFLF a3 ILaA=/N—T+)
Q.7 —rDEIEEDLLNZZYFET A ? BEIREEIEA/ S—E2 G0
IMZEITIN?

A T3 ERICELTRWVEDNMYFERE A LOLIFEAEZTAVZ
JLVEIRTIERLTWWASD T, ZFCETRELR D EIFLELLEWET T,
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42
Lucas sequence

Definition (n=0,1,2,3...)

LO — 2 .
L1 =1 '
Lpntz = Lp + Lptq “
Example of numbers(Lucas number)
2,1,3,4,7,11,18, 29,47, 76, 123... Edouard Lucas
(1842-1891)
Property

The closest terms ratio converges to “Golden Ratio” |

= 1.618033988749895 = ¢

n

lim
Nn—o>00 ,n_l

Can we use Lucas sequence?
p(k) = Ly_j

(herep(1) = 2""1, p(M — 1) = Lo, p(M) = Ly)



SAR ADC using Lucas sequence 43

Step 1st | 2nd | 3rd | 4th | 5th | 6th | 7th

Lucas sequence SAR ADC Weight p(k)

33
Two properties are discovered !! 33
1. Correctable difference q(k) is gg
always Lucas number Ly _j_o. 21
2. q(k) is exactly in contact q(k+1) 25
without overlap. gg B .
2t gyt ae)-
19 | | .
18 | | b
17 || b
T
14 |
Reconfirming 1

Radix of Golden ratio is boundary.

Level

| | — | —h
o[ in oo |Neie g[S




Fibonacci sequence vs. Lucas sequence

Fibonacci SAR ADC Lucas SAR ADC

Step 1st | 2nd | 3rd | 4th | 5th | 6th [ 7th Step ist | 2nd | 3rd | 4th | 5th [ 6th | 7th

Weight p(k)| 16 8 5 3 2 1 1 Weight p(k)| 16 11 7 4 3 2 1
33 A\ /2 33 i : ;
32 32
3 R R R . /2 e e 31
30 30
29 | oY 29
28 28
27 | oY Y 27
26 26
25 | AN e 25
24 24
23 |l Y e 23
22 22
21 | WY AN e 21
20 20
3 I I O O A O . /20 I 19
18 18
I O O O . /2 R . /20 I 17
16 16

Level T O O 2o ) A Level 15
14 14
3 1 e A 13
12 12
3 .\ /25 O 0. /20 T . /2 R 11
10 10
9 |l hksy AN 9
8 8
7 Vb Y 7
6 6
S Vo ANV i A 5
4 4
3 |l A ym=r v 3
2 2
3 I R NN . AU N . A N R 1
0 0
=1 AN e -1
—9 -2

Using Number theory Is effective method !



Configuration Block of redundant SARADC™

Store reference
/_voltage weight p(k)
k=)

= %‘
Memory(RAM) iﬁi

X5 //5
v l A\ 4 i
C-array and Comparator + + - + c
’/ _______________ \ adder subtractor
—:—> S/H Circuit : 4> 13 Add-Register
I 1 O A
: | MUX
| ' A°
= DAC ! &
\ I
N o e e e e e LY -
25 Thermalcode | s 5 | Output 5
decoder Register

Almost Construction Consist of Digital circuit



C-array and comparator block

Vrefm
o

\

N
(@]
"
(@}
"
(@}
—
(@]
N—
o O
N
(@]
N—
(@}

VinnC [o‘ Io‘ Ia l’o ia r«[
VrefnO
Vref®©
u er

Sample Vinp =compare toziN [LSB] n-cap Vrefp , (2N —n)-cap Vrefn

lower
Sample Vinn =compare toziN [LSB] n-cap Vrefn, (2N — n)-cap Vrefp

46




Generalization of DAC incomplete settling 4

Consider the longest settling time

Kind of code immigration

XX or XY
*X,YareOorl

Case of XX: longest settling

\ 4

Need XX type settling time

>

Radix 1.70 method

Step

1st | 2nd | 3rd

Weight p(k)

-

for accurate conversion

Level

31

30

29

28

2]

26

25

24

23

22

21

20

19

18

17

16
1

_______________________________




Generalization of DAC incomplete settling 48

Consider the longest settling time

output LEVEL [LSB]
A

Vref(k)_.. ................................. VDAC(t)

Actual compared
voltage at k-th step - VCOm(k)'

Vref(k o 1) B Tsettle(k)

Actual compared v PR ¢ SN S I
voltage at (k-1)-th step com ( )+ L
t

VDAC (t) = Vref (k) + {Vref (k _ 1) — Vref (k)}e_E = Vcom(k)

General expression of settling time
p(k) + q(k — 1))
T k) =tln
settle( ) ( CI(k)




