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Research Background (Stability Theory)

@® Electronic Circuit Design Field
- Bode plot  (>90% frequently used)

- Nyquist plot (E#t#4. EFEBHES 201557A8)

@® Control Theory Field
- Bode plot
- Nyquist plot
- Nicholas plot
- Routh-Hurwitz stability criterion
m) Very popular in control theory field
but rarely seen in electronic circuit books/papers
- Lyapunov function method
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Electronic Circult Text Book

We were NOT able to find out any electronic circuit text book
which describes Routh-Hurwitz method
for operational amplifier stability analysis and design !
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None of the above describes Routh-Hurwitz.
Only Bode plot is used.
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Control Theory Text Book

Most of control theory text books
describe Routh-Hurwitz method
for system stability analysis and design !
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Research Objective

Our proposal
For

Analysis and design of operational amplifier stability

Use
Routh-Hurwitz stability criterion

We can obtain l
Explicit stability condition for circuit parameters

(which can NOT be obtained only with Bode plot).
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® Stability Criteria

- Nyquist Criterion and Bode Plot
- Routh-Hurwitz Criterion
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Stability of Linear Time-Invariant System

—

5(t)

Linear Time-Invariant System

—> (1)

Impulse response

System is stable <= gl_glo gt)=0

Stable

unstable

0

0 time
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Stability Criteria of Linear Feedback System

® Problem:

Feedback system is stable or not ?

Input n ({utput

A(s) >

—1f

@® Open-loop frequency characteristics of fA(jw)

= Nyquist stability criterion
. A(s)
@® Closed-loop transfer function 1+ fA(s)

=

Routh-Hurwitz stability criterion

—

— Bode plot
Nyquist plot

__ Nicholas plot
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Contents

® Stability Criteria
- Nyquist Criterion and Bode Plot

Harry Nyquist Hendrik Wade Bode
1889-1976 (Sweden) 1905-1982 (#)
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Bode Plot (Gain & Phase vs Freq.)

Open-loop frequency characteristics of fA(jw)

20loglfAGjw)! unstable 20log|fA(jw)| stable
4 Excessive 1
_/—\ '/ Gain
Gain crossover point: GX
0dB w1 R 0dB w1/ >
w(logscale) RS w(logscale)
0 > O —>
w(logscale) w(logscale)
I e e—— —
—1800 r —1800 ln
' \\ Y Phase crossover point: PX
fAGe) Excessive 4fAG@) '
Phase

Stable system # gain crossover GX before phase crossover PX.

Used for frequency characteristics, stability check, gain & phase margins
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Phase Margin from Bode Plot

GX precedes PX mm) feedback system is stable.

FAGw)} - Greater spacing between GX and PX
1 SV =
N X
0 N More stable
| E W
—180° | __ 7&

(fAGw) — PM
(V1 : gain crossover frequency

Phase margin : PM = 180° + 2fA(w = w,)

Bode plot is useful,
but it does NOT show explicit stability conditions of circuit parameters.
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® Stability Criteria

- Routh-Hurwitz Criterion



Transfer Function and Stability

@® Transfer function of closed-loop system

A(s)

GO) = T30

@® Suppose

N(s) = by, s™ + byy_1s™ 1 + -+ bys + by

D(s) =a,s"+a,_1s" 1+ +a;s+ag

@® System is stable if and only if

N(s)
D(s)

Input

+

A(s)

Output

J. Maxwell

real parts of all the roots s,,0f the following are negative:

Characteristic equation

D(s) =a,s"+a,_1s" 1+ -+ a;s+ay=0

@® To satisfy this, what are the conditions for a,,a,_{,---a;,a, ?

Routh and Hurwitz solved this problem independently !!

»

A. Stodola

Maxwell and Stodola found out !!

15/36
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Routh and Hurwitz

Great
Mathematicians !

Edward Routh Adolf Hurwitz
1831- 1907 (&) 1859 - 1919 (J4)
1876 1895
Routh test Hurwitz matrix

Very different algorithms,
but later it was proved that both are the same results.

Discover Truth



Routh Stability Criterion

Characteristic equation:

D(s)=a,s"+a,_1s"1+-+a;s+a;=0

17/36

Routh table
sn an Ap_> an—4 | Qn_¢
Sufficient and necessary st - (-3 (n-s | Gn7
Condition: Sn—Z b1 _ Apn-1Qn—2 — Apan_3 bz _ Ap-_10n—4 — Apay_sg b3 b4_
: , n-1 An-1
(I) Cll > O fOr l = 0,1, aea ,Tl _ blaTL—3 — an_lbz _ blan_s - an_1b3

n-3
S c =

& by b,
(ii) All values of Routh table’s : :

first columns are positive.

Mathematical test

‘ Determine whether given polynomial has all roots in the left-half plane.
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® Proposed Method

Ex.1: Two-stage amplifier with C compensation
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Amplifier Circuit and Small Signal Model

Open-loop transfer function
from small signal model

AGs) = Vout (8) _ 1+ b;s
Vin(s) %1+ a;s5 + a,s2
Cr
b, = —
Y G

Ap = Gm1GmaR1 R,

Cy
az = R1R2C2 [Cl <1 + C2> C ]

a1 - R1C1 + R2C2 +(R1 + RZ + Rlesz)C

o %Elﬂi

Amplifier circuit

C
1 v’ GmaV' B
vz T ) (g 76
Gmlvin R2
| L

Small signal model
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Feedback Configuration

Closed-loop transfer function:
! VOU.
it >+

Vour(s)  A(s) Ap(1 + bys)
Via(s) 1+ fA(s) 1+ fAy+ (ay + fAgby)s + a,s?
f=1
Set parameter 6:
Vin°—+
9 = a1 —+ fAObl

Necessary and sufficient stability condition
based on R-H criterion
Uy

m) §>0

=) | R,C; + RyCo+(Ry + R)Cr + (Gma — fGin1)RiR2C, >0
Explicit stability condition of parameters
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Verification with SPICE Simulation

%
V- o—+ out
Calculate Debict n A(s) —o voltage follower
values of epic -
Bode plot

P configuration
f=1
Parameter values RH Bode plot
criterion
case| R, Cy R, C, Gmi Gma Cy 7] -SPICI-E
simulation

(1) | 50k | 10f |10k | O01p| 0.01 | 8m | 1p | <O unstable

(2) | 50k 1f 10k 101 | 0.01 8m | 0.1p <0 unstable

(3) | 100k | 100f | 10k 1f | 9m | 4m |01p | <O unstable

(4) | 100k | 5f |90k 3f | 8m | 75m |09p | =~ |Criticalstable
(5) | 100k | 3f |50k | 1f | 85m| 8m |05p | =0 |critical stable
(6) | 1meg | 6f |500k| 05f| 80u | 70u | 1f | = critical stable
(7| 50k | 10f | 100 | 0.dp| 001 | 8m | 1p >0 stable
(8) | 100k | s5f |90k | 3f | 80u | 70u|09p| >0 stable

(9) | 150k | 6f | 100k | 1.5f| 80u | 70u |05P | =o stable
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Consistency of Bode Plots and R-H Results

unstable
100dB —Vn002) 0
3 80d8 7 Gainplot [ 3
C 60dBH ox - 80
T 4048 L 90 O
O ‘/ ‘S
20d84  Phase plot --120¢ ﬁ
0B 150 ©
(7]
20dB % 180c g
400~ PX L2100 &
-60dB -.240¢
-800 Bprmmrremr T TN T TSRy -2 ] 04
10mHz 1Hz 100Hz 100KHz 100MHz 100GHz 100THz
Case(l) Frequency [HZ]
V(n002
100dB Vin002) 0c
@' 80dB- " Galn plot = 30«
C 60dB- B 'EO‘E.
© / - L
(D 40dB 90‘%
=-120¢«
20d84 Phase plot 3
--150«-3
0dB -180¢Q
-20dB- L2105
-40dB- 240«
-60dB- 270«

o ] T ] YT T Sy -y
10mHz 10Hz 10KHz 10MHz 10GHz 10THz

Frequency [Hz]
case(2)

critical stable

R-H: 6 = 0
—120dB Vin002) 0c
[oa)
,100dB- Gain plot | -30¢
£ 80de- - -60c
O 60dB- /N - 903
40dB- Phase plot 1203
©
20dB- --150¢
0dB -180¢
<
-20dB- 2100
-40dB- 240
~6.0Cl B~y myvver ey gy sy ey ey syrony syt -2 7 0
10mHz 10Hz 10KHz 10MHz 10GHz 10THz
Case(4) Frequency [HZ]
V(n002
= 80dB (n002) 0c
© .
= 60dB~ Gain plot |r 30
'S 40dB- L 60D
o o
20dB+  phase plot GX | 20w
0dB: 120¢
-20dB- L 150¢ 0
<
-40dB ; 1800
-60dB- PX: 210
-80dB- k .240¢
=100 B ~froymwarsmywoywmrsrmyrvarroy werwor sy sepe -2 7 0«
10mHz 10Hz 10KHz 10MHz 10GHz 10THz
Frequency [Hz]

case(6)

stable
V(n002
' 60dB (n002) 0c
S 50dB- : ,
‘=" 40dB- Gain plot [ -30¢
5 30dB L 60Q
() 20dB- O
10dB- - 905,
dB , 12005
-10dB- =
-20dB- -1 508
-30dB= X 180_{:5
-40dB- :
-50dB- L 2102
-60dB- g
70dB- Phase plot [~-240¢
~80ClB—Tmmyeapwmy sy vy ey way ey ey sy -2 7 ¢
10mHz 10Hz 10KHz 10MHz 10GHz 10THz
Frequency [HZz]
case(7)
__40dB n0%2) 0c
0 30dB ‘ Gain plot
T,20dB- prot - soc
= 10dB- - 60«
T 0dB oy
O-10dB+ - -90<8
-20dB- 1202
-30dB- 3
-40dB- =150,
-50dB- A 1802
-60dB- px ‘S
-70dB- --210:5
-80dB | 240
.90dB- Phase plot -240¢
-100dB- 270«

o e M S e s g A
10mHz 10Hz 10KHz 10MHz 10GHz 10THz
Frequency [Hz]

case(9)



23/36

Consistency of Transient Analysis and R-H Results

" R, +R,

f

<

unstable

R-H:0 <0

SPICE simulation

Step response with step input

critical stable

R-H: 0 = 0

stable

R-H:

6>0

Case (3)

V(n002) V(n003) V(n0o2) V{n003) Vin0o2) Vin003)
3.6e+038V: " " " " " 16V " " " " " .00 " . " .
3e+03EVm - - obooono b een e L‘;‘l ------------- . . . . . . LAl R e EEEtt BRI P S B R T R
R 1S S R e S N S | outputsignalt
F o R e I e el PR R St Rb i IOUtPUt S;Igna i [ V% [ SRR U R S A F
output signal AV RS S A S Lo
e 1 N N s S s S B | o N I B e =
1.28+038 - - - - -l o laaaLe ....:.......1......1......1......1 ............. A - - - - - :......L.....JI......:......l......l......L.....i ..... ! : !
€ i i i H i L S RGEEE T CET e ST e rr P LR
T | T ey ' ' ' ' ' |
; : v | R SN UL S SO SR SO A aovd |3 ilnputsignal
0.0V 0 0 0 0 . . . . . . .
1 | ; | [T R B T e P Ll EECETECPEEPE PEPEEE PR L R LRt R bt R b e Bl
BTV oot bR gut sigiaal--- : A S S S
1 | | | j j . . R ] P AT R R R e L EEE R EEEE P PR
4. 2e+038 - -l ....L......;....................? ............. F LT AR :.............J:......E.....Input.srg_nal..? .....
' ' ' ' ' ' ' T =17 g S
P T LT Y SRRURRT U Oy Sy SRRy SN SRR SRR | | ' ' ' ' i
¢ At R ket e R R R EREREE EEE R R HEREEEE EEE R
T[T Y O R SRRUPRRT U Oy S SURp RS SN SRR SRR : : : : 1 : : R R e il R B e B
A B
AT rev N S S U IS N N SR SN S SRR 0 ; : : : : : L e S
'3'68'-038” L L] L L] L] L) L L L] '2‘1 L] L] L] L] L] L] L] L] L] -0'3\" L] L] L] L] L] L] L] L] L]
00s 03z 06s 09s 125 15 18s 21s 248 27z 30 0= 1= 2z 3= 4s 5s 6s 7s 8= 9s 10s 0.0s 03s 06s 09= 1.2 1.5 188 21=s 24s 27= 3.0s

Case (8)
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Ex.2: Two-stage amplifier with C, R compensation



Amplifier Circuit and Small Signal Model

25/36

Open-loop transfer function:

1+d
A(s) = Vout (S) — 4 1S

in(S) 1+ a;s + a,s2 + ass?

Ap= Gp1GmaR1R,

d, = —( Cr —chr)

Gm2

a, = R]_Cl + RzCz +
(Rl + RZ + RT‘ + Rl Rszz)Cr

a, = Rle(Czcr + C]_CZ + C]_Cr) +
R, Cr(R1Cy + Ry(3)

as= RleRrC1C2CT

Rl ; j—

Gmlvin

Vit Vout2
|_° —o
W
R,
pu S el [:l
Amplifier circuit
Cr Rr Vout
||~ 0
v (Gt |
J— CZ
€1 CD = R,

Small signal model



Feedback Configuration

Closed-loop transfer function: v
Vin 0—l+A(S) out
Vout (S) _ A(s) Ap(1+d;s) -

Vin(s) 1+ fA(s) 1+ fAy + (a, + fAydy)s + a,s? + azs®

Set parameter ¢:
@ =a; + fAyd,
= R;C; + R,C3+(Ry + Ry + R)C + (Grp — [Gy + fGimy Gz Ry )R R, Gy

Necessary and sufficient stability condition
based on R-H criterion R, %RZ
f - Rl + R2 —

m) ¢ >0 g b, (parameter of Routh stable) > 0

26/36

R1C1 + R2C2+(R1 + RZ + Rr)Cr + (sz - mel + meleZRr)RlRZCr >0

# (ag + fApdy)a, —az(1 + fAp) S

a;

0

Explicit stability condition of parameters
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Verification with SPICE Simulation

Calculate :
Depict
values of Vi o—+ Vout
9 Sz in %% voltage follower
configuration
f=1
R-H
Parameter values criterion | Bode plot
SPICE
case| R, Ci | Ry | G | Gmi | Gmz2| R | G ? | b | cimulation

(1) |115k| 5f | 100k| 80f | 9m | 5m | 5 | 05p | <0 | <o | unstable

(2) | 50k | 5 | 10k | 10f | 9m | gn | 2 | 02p | <0 | <0 | unstable

(3) 150k | 5f | 100k| 10f | Om | 8m 1 | 08p | <0 |<0 | unstable

(4) |110k | 10f | 10k | 3f | 001 | gy | 5 | 05f | = ~ critical

(5) |115k | 10f | 100k| 3f | 001 | gy | 5 | 05f | =0 | ~0 | critical

(6) |150k| 8f |100k| 50f | 7m | 8m | 10 |06p | >0 | >0| stable

(7) |100k | gf | 8ok | 50f | 6m | 8m | 5 | 0.6p | >0 | >0| stable

(8) |200k| 5f |150k| 10f | 5m | 7m |25 | 06p | >0 | >0| stable
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Consistency of Bode Plots and R-H Results

unstable
R-H: ¢ <0
__100dB }‘J(nooa] 0«
D goae Gain plot [ -30«
%' 60dB- o X . :gg:
(» 40dB4  Phase plot

20dB—

dB
-20dB-
-40dB-
-60dB-

-80dB—
10mHz 10Hz 10KHz 10MHz 10GHz 10THz

Frequency [Hz]

Case (2)

= 140dB V(n003) 0c

O, 120dB+ ' Phase plotf -30«

— 100dB-] — 60«
T sodB{ 000 NC ‘ - 90
O 60de- . 1200 §
sqad Gainplot --150¢ 55
20dB- 180« @
--210¢—
dB 240
-20dB— . 270« ©
-40dB- \:, [--300<

-60dB~ 330«

-80dB -360¢

10mHz 10Hz 10KHz 10MHz10GHz 10THz
Frequency [Hz]
Case (3)

critical stable
R-H: o = 0

100dB V(n003) 0c
m’ 80dB- ! - -30¢
S L 60«
— 60dBH
c / ) - -90¢
‘S 40dBA | 00D
O Phase plot 1203,
20dB- GX 150« a
dB k -180<§
-20dB- PX \, 210
. 24000
40dB- e ‘
Gain plot 270
-60dB- L 300!
-80dB- -330c

10mHz 10Hz 10KHz 10MHz10GHz 10THz
Frequency [Hz]

Case (4)
~120dB V"_’_fm] 0¢
S.100dB Gain plog -30¢ _
o
.% 80dB- - 60¢ @
~ -90« O
O 60dB1  phase plot L 1200 &
40dB~ kel
20dB 7
=] m
L= e
20dB+ o
-40dB-
-60dB-
-80dB
10mHz 10Hz 10KHz 10MHz 10GHz 10THz
Frequency [Hz]
Case (5)

120dB V(n003) 0c
00 100dB~ ainplot | 4o
. 80dB- p ‘
S 60dB- - -80¢
©  40dB- -120¢ —
©
© 20dB- . PX Lagoc @
ag (@)]
=-200¢ @
20dB- GX g
-40dB . 240 =
60dB- "\ k280 @
80dBE- Phase plot 280‘5__5
100dB-] 320
120 B~frasyresrssprey sy resyresr sy ren ey esp ey sy 36.0¢
10mHz 10Hz 10KHz 10MHz 10GHz 10TH
Frequency [HZz]
Case (7)
— V(n003
Dra0de (n003) 0c
—420dB- - -30¢
S100dB- Phase plot | ¢,
(D 80dB+
60dB-
40dB4 Gainplot
20dB
dB
-20dB
-40dB
-60dB-] )
-80dB-]
-100dB- -360«
10mHz 10Hz 10KHEX0MH1 10GHz 10THz

Frequency [Hz]
Case (8)



29/36

Consistency of Transient Analysis and R-H Results

Linear feedback system:

f=

Ri + R,

o

SPICE simulation

Step response with step input

unstable critical stable stable
R-H: 9 <0 R-H: o = 0 R-H: ¢ >0
1 Be+035V \I.I':nO-DZ]I \I.-'(nUUS]I — \llftnﬂ-DZI] : '\.-'(nlJDS:l 8.0V ‘Llr'tnﬂ-DZEl '._.'[|-||:||:|3]
T e 7 Y e S Oy e T O S S
e .l oufpu‘t S|gna1 N odtput Slglr’lal HI
24e+038\mp - - s b oo - Uutputsi'g'nar """"""""" [ e R T T S97ATR DR S I DY PR . gt~ -t U SN
B e I it Sl el St Sl Mt [% 17 U N I S Oy S PR T W SR I P PR SRR S R
1,26 +038Vm - 4ot 8Va
Sl R EECEEEEEE S B 48y - be A
T 1T e s
oov. B S TRALE-CEECE EEREEED thuts@nal ----------- PRL T SR S S N R S S anui 3|gnal .....
_________________________________________ R il e e i el ety e e [T e e R e e S T e
Ses0arv-o rnput s1gnal
L e L o IRk i ettt Nl Sty it shiieiel St ieeiler st YT ATON U R SRt U PR U R RS SO U SO
A Bes038V il L R i S T P17, O SN IR B O U U TR PRI SRR
By X T R e e I A e e =1 T,
B T T S T S S 2T S S P I N U S S S S AR S
-3.6e+038V 0.0 0.8V

0.0s 035 055 095 125 155 138 218 245 2?5 J.0s 0.0s 035 'U‘ES 095 125 155 135 215 245 278 3.0s 0.0s 033 'D‘E-S 093 128 '158 133 2'18 248 2?8 2.0s

Case (1) Case (8)

Case (5)
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® Proposed Method

Ex.3: Three-stage amplifier with C compensation
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Three-stage Amplifier (3 poles)

—T VDD
|
|

Vout

Gml Vin

CD ;RZ — C2> CD ;R T G,

oL 5
i

Small signhal model

Proposed method can be applied in a similar manner.
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® Discussion & Conclusion
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Discussion of Proposed Method

Depict small signal equivalent circuit of amplifier

Derive open-loop transfer function J

Derive closed-loop transfer function
& obtain characteristics equation

Apply R-H stability criterion W
& obtain explicit stability condition ‘

Especially effective for
Multi-stage opamp (high-order system)
Limitation
Explicit transfer function with polynomials of s has to be derived.
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Conclusion

@® Proposal of Routh-Hurwitz method usage
for analysis and design of operational amplifier stability

@® Explicit circuit parameter conditions can be obtained
for feedback stabllity.

@® Consistency with Bode plot method has been confirmed
with SPICE simulation.

Proposed method can be used
with conventional Bode plot method.

Future work:
Relationship: 6 or ¢ with gain and phase margins
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Final Statement

@® Control theory is
theoretical basis of analog circuit design.

@® ‘Feedback” is the most important concept there.

James Watt Nobert Wiener Harold Black John Ragazzini
1736 - 1819 1894 - 1964 1898-1983 1912-1988
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