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Research Background (Stability Theory)

@® Electronic Circuit Design Field
- Bode plot  (>90% frequently used)
- Nyquist plot

@® Control Theory Field
- Bode plot
- Nyquist plot
- Nicholas plot
- Routh-Hurwitz stability criterion
m) Very popular in control theory field
but rarely seen in electronic circuit books/papers
- Lyapunov function method

2017/3/14



5/43

Electronic Circult Text Book

We were NOT able to find out any electronic circuit text book
which describes Routh-Hurwitz method
for operational amplifier stability analysis and design !
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None of the above describes Routh-Hurwitz.
Only Bode plot is used.
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Control Theory Text Book

Most of control theory text books
describe Routh-Hurwitz method
for system stability analysis and design !
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Research Objective

Our proposal
For
Analysis and design of operational amplifier stability

Use
Routh-Hurwitz stability criterion

We can obtain

Explicit stability condition for circuit parameters
(which can NOT be obtained only with Bode plot).

We can verify
Equivalence between Nyquist and Routh-Hurwitz Stability Criteria
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Contents

® Stability Criteria - \yquist plot
- Nyquist Criterion{

Bode plot
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number,

number,

Nyquist plot

Open-loop frequency characteristic

mm) Closed-loop stability

Necessary and sufficient condition :

P
N =—

When w = 0 —oo, >

If the open-loop system is stable(P=0),
encircle the point (-1,j0).

the Nyquist plot

=

LGopen(in) = _T[’|Gopen(jw0)| <1

9/43

~N—_— — ——

Nyquist plot of open-loop system

anti-clockwise encircle point (-1,j0).

of open-loop characteristic equation.
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Phase Margin from Bode Plot

GX precedes PX mmm) Feedback system is stable

Greater spacing between ¢X and PX

gl \/GX (gain crossover point) ‘
1 o —
| .
0 :I E‘(—Pf (phase crossover point) More stable
L w
—180° -_____7/1&
faGo)  PM

(V1 : gain crossover frequency

Phase margin : PM = 180° + 2fA(w = w,)

Bode plot is useful,
but it does NOT show explicit stability conditions of circuit parameters.

2017/3/14
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Routh Stability Criterion

Characteristic equation:

D(s) = aps"+ ap_s" 1+ +a;s+a, =0

Sufficient and necessary
condition:
)a; >0 fori=0,1,..,n

&

(ii) All values of Routh table’s
first columns are positive.

Mathematical test

12/43

Routh table

N an An_2 An—4 | Ap—¢

sn-1 An—1 an-3 An-s5 | An—7

sn—2 B, = an—lan;z — Anlpn-—3 B, = an—lan;} — Anln—s Bs B,
n—-1 n-1

_ P10n—3 — Apn_10> Pi1an_5 — an_1f3

STL 3 Y. = n n Yy = Y3 Va
ﬁl ﬁl

S0 Qo

‘ Determine whether given polynomial has all roots in the left-half plane.
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Four Examples

K
Ex1l GO =1 <7 77ras®  ZeroZero, Three poles

_ K(1+bys)
Ex.2 G(s) =7 " One Zero, Two Poles
Ex.3 K(1+ bys)

G(s) =17 05+ a5 + ays? One Zero, Three Poles

2
Ex 4 G(s) = K(1+ bys + bys©)

= Trast ot as Two Zeros, Three Poles
1 2 3

2017/3/14
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Four Examples

K
W) Exl (O =17 s7.wras  Zero Zero, Three poles

_ K(1+bys)
Ex.2 G(s) =7 " One Zero, Two Poles
Ex.3 K(1+ bys)

G(s) =17 05+ a5 + ays? One Zero, Three Poles

K(1+ bys + bys?)
1+ a;s + a,s? + azs?

Ex.4 G(s) = Two Zeros, Three Poles

2017/3/14
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Based on Routh-Hurwitz Criterion

Example 1

Open-loop transfer function: R(s) T C =(S)

4’?—' G(S)
" _
G(s) =

1+ a;s+ a,s? + ags3

Closed-loop transfer function:

H(s) — G(s) _ K
() = 1+G(s) 1+K+a;s+a,s?+ ass3 Routh table
S3 as aq
Based on Routh-Hurwitz criterion: 5° a; 1+K

Sl a,a, —az(1+K)

az >0,a,>0,1+K >0, a,

alaz—a3(1+1{)>0 SO 1+K

a

‘ a,a, —asz > Kas
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Based on Nyquist Criterion

Frequency domain;

G(jw) = K _ K[(1 - ayw?) — j(a,0 — azw®)]

(o) = 1—a,w?+jlaw—azw3) (1 —a,w?)?+ (a0 — azw3)?
A .
Special frequency expressions J
w = o0

LG(jw) = —m —1.70) &/w —0

) (a0 — a;w3) =0

sketch chart of Nyquist plot

m) 2=  AtpointA
as

K

o a
|1—a2—1
as

) (oG] = [T a0 + (@ = a0y

(1-a,w?)? + (o — azw3)?

Stability condition:

Gw)| <1 == _

a;a; —az < Kaz <az—aia;  Atcondition: az—aja, > 0

az —a;a; < Kaz <a;a; —az At condition: a;—aa, < 0

—



18/43

Four Examples

K
Ex1l GO =1 <7 77ras®  ZeroZero, Three poles
_ K(1+bys)
WEX2 (O=iriiras One Zero, Two Poles
Ex.3 K(1+ by5s)

G(s) =17 05+ a5 + ays? One Zero, Three Poles

K(1+ bys + bys?)
1+ a;s + a,s? + azs?

Ex.4 G(s) = Two Zeros, Three Poles

2017/3/14



Based on Routh-Hurwitz Criterion

Example 2

Open-loop transfer function:

Ris) T C (s}

K1+ bys) — % — G(S)
Gls) = 1+ a;s + a,s? B

Closed-loop transfer function:

H(s) = —2&) K+ Kb,s Routh table
1+G(s) 1+ K+ (a;+Kby)s + a,s?
S? az 1+K
Based on Routh-Hurwitz criterion: st a; +Kb, 0
a,>0,1+K>0 §° 1+K
a1+Kb1> 0 aq -
K > —7 At condition: b; > 0
1
) _ o
K<—12= At condition: b; < 0
= 1
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Based on Nyquist Criterion

Frequency domain:

K1+ b (jw))

K (1-a,w? + bja,w?) + jK(byw — ayw — a,b;w?)

G(w) =

1+ a,(jw) + a,(jw)? -

Special frequency expressions

2G(jw) = —m

) h.w—a,w— a,biwd =

1
2 _ .
=) =% (1 b, AtpointA

_ K1 - a,w? + bia;w
= 16wl =

a,

2

(1 - a,w?)? + aw? '

(~1,70) &_/“’ -0

sketch chart of Nyquist plot

-+ —(b1 —ay)

b

b1 v

(1—a,w?)? + a?w?

Stability condition:

G(jw)| <1 == -

Mgl

b4 b1
a a
1<Kk <-——

~ by by

\<“1)2 e Gi-a)| 1M

At condition: a;b; > 0

At condition: a;b; < 0
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Four Examples

Ex1l GO =13.57 1;252 Ta;s3  Zero Zero, Three poles
Ex2 GO =r: fi:fl:jsz One Zero, Two Poles

=) Ex.3 G(s) =17 ali(i :2121281 s One Zero, Three Poles
Ex.4 G(s) = K+ bys + bas”) Two Zeros, Three Poles

" 14 a;5 +a,s? + ass3

2017/3/14
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Based on Routh-Hurwitz Criterion

Example 3

Open-loop transfer function:

K(1 + bs)

G(s) =
() 1+ a,s+ a,s? + ass?3

Closed-loop transfer function:

H(s) = G(s) K + Kbs

14+G(s) 1+K+ (a;+Kb)s + a,s? + azs3

Based on Routh-Hurwitz criterion:

a3>0 a2>0
1+K>0

az(a1+Kb)—a3(1+K) K > e —

' az — a4z
K<———
= a,b — as

4+ C(s
R(sg,?_.) G(s) ~( )
Routh table
53 as a4 + Kb
SZ a, 1 + K
Sl ay(a; + Kb) —az(1 +K)
S0 1+K

At condition:a,b —a; > 0

At condition:a,b — a3 <0
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Based on Nyquist Criterion

Frequency domain:

6w K(1+ bjw) K[(1 - ay,w? + a1pw? — azbw?) + j(bw — a,hw?® — a;w + azw3)]
w) = =
1—a,w? +jla,w — azw?) (1-a,w?)? + (ayw — azw3)?
Special frequency expressions t
LG(jw) = -7 ©v=e

(~1,/0) &_/‘” -0

) bhw — a,bwd — a0 + azw3 =0

a,—b
A SN, point A

as — a,b

G iw)| = K1 - ayw® + a1bw® — azbow®)| | az —azb

' o)l = (1-a,w?)? + (a0 — azw3)? a; — a,a,
Stability condition:
-G T hd . 83T h% At condition: (az—ayay)(as — azh) > 0
|G(]a))| <1 ' azb—ag ag—azb
as; — aq1a, asz — a,a, L

_ <K < At condition: (az—aqa,)(az —a,b) <0

a3 _azb azb —a3
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Four Examples

K

Ex1l GO =1 <7 77ras®  ZeroZero, Three poles
_ K(1+bys)

Ex.2 G(s) =7 " One Zero, Two Poles

Ex.3 K(1+ bys)

G(s) =17 05+ a5 + ays? One Zero, Three Poles

K(1+ bys + bys?
= Ex 4 6(s) = 0t D 2 )3 Two Zeros, Three Poles
1+ a;s+a,s=+aszs

2017/3/14
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Based on Routh-Hurwitz Criterion

Example 4

Open-loop transfer function:
P P Ris) T ¢ (S}

o) = KOt by & bys?) - G(s)
VETT a,s + a,s? + azs3

Closed-loop transfer function:

Hie) = G(s) K + Kb;s + Kb,s?
() = 14+G(s) 1+K+ (a;+Kby)s + (a, + Kby)s? + ass3
Routh table
Based on Routh-Hurwitz criterion: g3 as a, + Kb,
az >0, a,+Kb,> 0,14+ K >0 52 a, + Kb, 1+K
1 (ay + Kby)(a; + Kby) — az(1 + K)
(a2+Kb2)(a1+Kb1)—a3(1+K)>O S (ay + Kby)
(az +Kb2)
‘v SO 1+K
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Based on Routh-Hurwitz Criterion

=) (q, + Kby)(a; + Kb) —az;(1+K)>0 (1)

Set one function:

f(K) = (a; + Kby)(ay, + Kby) — az(1 + K)
= K?b.b, + Ka b, + Ka,b, — Kas + a;a, — as

« Domain of definition K € (0, +0)
 Initial value: f(0) = a;a, — a;

« Derived function: f'(K) = 2Kb,b, + a;b, + a,b; — a5

f’(K) = 2Kb1b2 + albz + a2b1 — dj >0
f(0) =aia; —az; =0

}# f(K) >0 » (1) will be established

Stability condition is becoming:

ZKblbz > _albz — a2b1 + as at COﬂdItIOI’] aia, —as >0



27143

Based on Nyquist Criterion

Frequency domain:

6iw) = K+ Kb(jw) + Kby (jw)?
@I a,w? + jla,w — azw?)
K (1= a0° - bw® + azby0* + a1by0* — azh,0*) + jK(a30° — a1 @ + a1h,0* — azb,w° + byw — ay by w*)

B (1 - a,w?)? + (o — azw3)? A

Special frequency expressions ® = oo

2G(jw) = —m (1,10} &/(u =0

# a3(,()3 —a 1w + a1b2w3 — agbz(l)s + bla) — a2b1w3 =0 (2)

_ (1 - bw*)(a;—az»?)

sketch chart of Nyquist plot

-1 —a,w? = - At point A
1
, K|l —a,w? — b,w? + ayb,w* + a;b;w? — azb,w?|
m) [G(w)| =
(1 - a,0w?)* + (a0 — azw3)?|
Kb,

(a; — azw?)

(2) # a3b2w4 + (azb]_ - a1b2 - Cl3)(,()2 + a, — bl =0

- W2 = az + arby — azby + ./ (ayby — a;b, —a3)? —4ash,(a; — by) 93 + a;b; —azby
2asb, 2asb,
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Based on Nyquist Criterion

Nyquist criterion

. K|b,| K|b, | K|2b,b,|
GGw)| = T = =
la; — asw?| _aztaiby —aybi|  |ayh, + ayby — as|
17 a3 2a3b
302

Stability condition:

~ a3z —aiby; —azby <2Kbib, < aiby +azby —az At condition:a, b, + azh, — az > 0

#_.
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Contents

® Simulation Verification

Ex.1: Two-stage amplifier with C compensation
Ex.2: Two-stage amplifier with C, R compensation
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Amplifier Circuit and Small Signal Model

VDD VDD VDD C
-1 rl

0
M, ID_ 1 +
GmZ Vl

Um | [ M, :]}_”p Llcﬂ Vout C) R1§ T C1 CD ; T C2 Vout
i C, Gm1Vin 2

Vbias3 ! M ||: MST %77 0
Vbiasa [ MGB | M8B : V
|g7 |57 Small-signal model

Transistor level circuit

transfer function from small signal model

ACs) = Vout (5) _ 1+ bys
Vin(s) %1+ a;s + a,s?
C
b, = —— Ay = G1Gmz R R,
Gma

C 1+C C
1 CZ T

a; = R;C; + RyC; +(Ry + Ry + R G Ry)C, a; = RiR,C,
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Routh-Hurwitz method

Closed-loop transfer function: Short-channel CMOS parameters:

Ry = 1onll10p = 111kQ
Vour (S) _ A(s) _ Ao(1+ bys)
Vin(s) 1+ fA(s) 1+ fAy+ (aq+ fAgby)s + a,s?

R, = rop”Rocasn = Top = 333kQ
Gm1i = Gmn = 150uAd/V
Gmz2 = Gmp = 150uA/V

Cy = Cygs + Cagz + Cys7 = 13.6fF
Explicit stability condition of parameters: C, = Cp+ Cgag ~ Cy + L56fF
= 101.56fF  (C, = 100fF)
a, + fAobq

=R1C; + R;C,+(Ry + Ry)Cy + (Gpyp — fG1)R1RC- > 0

» C, >79.57fF

Based on the different values of the transistor parameters,
We can obtain appropriate C,.
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AC analysis

Ltspice simulation circuit
2017/3/14




33/43

Consistency of Bode Plots and R-H Results

—

dB

—_

Gain

10fF unstable
64dB Vivout) 30« cadE V(vout) 300
- _~Gainplot | o8 otot} -
05 ean Gainplot| .
40dB— - 60« O
S 40dB - -60
32dB-] . - 90—
T Q 32dB- ~ -90
2448 1200 p  —,
sas] Phaseplot " PX | . ® 0 24984 Phase plot 120
" : -o .
.y o — 16dB- . PX 150
8dB = 180« =
\ .= 8dB X 180
0dB - 210 ] \
(H odB . -210¢
-8dB GX\--2401 G
N -8dB- i ' =-240¢«
1648 270 critical stable \
16dB- [—--270¢
-24dB———rrrmy—rrrrr—rrrrrey—rrr—rrre—rrry—-300¢
1KHz 10KHz 100KHz 1MHz 10MHz 100MHz 1GH=z -24dB: ey -y — 300
1 1MHz 10MHz 1GHz
Frequency [Hz
quency [Hz] Frequency [Hz]

Cry SPICE

150fF stable

79.57fF critical stable

Case (1) C, = 150fF

Case (2) C, =79.57fF

V(vout)

9

Phase [degree]

S o

Phaée idegree]

ggin plot |- 2
- 4

- -80

Phase plot 100
Gx—-1201

--140¢

160«

\x\ 180«

unstable px Y200

Frequency [Hz]

Case (3) C, = 10fF



Transient Analysis

Ltspice simulation circuit
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Consistency of Transient Analysis and R-H Results

Pulse response o
T PULSE(500m 305m 300n 100p 100p 250n2u) -
|

510mV- vivinl_ —Vivout) s00mV V(vin) V(vout) 620mV. V(vin) V(vout)
5OGMV-]---------- oo oo b it SR ’ § § § ' 0 ! : = =
508mV— - e A S— B70MV— - 600mV-
507TmV—-------- S BRSEREEE RS SREEESEES ’ ’ ‘ 580mV-
L T T T TR Eat i S60mV.
\ . \ H mv=
805mV= - T L s
T e i = O RTRR : : 540mV-
503mV-- o SRR SR, 480mV—---ooeooeo froemrnnnes foosns 520mVv-
L R R A - e | | ‘ .
50AmMV-------ooooodeeoo o R ST 480mV= - o o C 500mV
500mV- o 420mVA 480mV-
499mV - oo - oenneneenneeanad ; ; ; |
a98my----! SN S — S O doomy
Jd 5 5 3 440mVv-
497mV. : : : 5 360MV oo Rt S
496mV—g--------oo it IR : : ; 420mV/-
495mV- T T T T 330mV: T T T T 1 400mV- . . , T |
0.0us 0.2us 0.4us 0.6us 0.8us 1.0us 0.0us 0.2us 0.4us 0.6us 0.8us 1.0us 0.0us 0.2us 0.4us 0.6us 0.8us 1.0us

Case (1) C, = 150fF Case (2) C, =79.57fF Case (3) C, = 10fF
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Amplifier Circuit and Small Signal Model

VDD VDD _VDL
alS Ea —[ ﬁ\f—ﬂcﬂ -
vm_‘ M, Mz::l up Rr%ICm Vout ; szvlé
| R4 - C | — C,
Vbias3 ![ M6T !I: MST QJ;CL Clevm CD R2 _vout

4 ias

: . Small-signal model
Transistor level circuit

transfer function:

Vout () 1+ bys
Vin(s) %1+ ays + a,s? + ags3

A(s) =

Cr
Ao = GmiGmaRiRy b1 =—(2=—R.C.)  ay=RyCy+RyCy+ (Ry + Ry + Ry + Ry RyGn)C;

Gmz2

a; = RiR,(C,C + CC; + C1Cr) +R,.C (R Gy + R,C3) az= R1R,R,.C,C,C;
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Routh-Hurwitz method

Closed-loop transfer function: v
Virl O—l+A(S) out
Vour (S) A Ag(1+ bys) -

Vin(s) 1+ fA(s) 1+ fAy + (ay + fAyby)s + ays? + ags3

Explicit stability condition of parameters:

(a; + fAody)a, —az(1+ fAg) >0
a;

R1R;C1CoR-Cr(1 + Gipa Gz R1R7)
R{R,(C,C + C1C; + C1C,) + R C (R Cy + R,(5)

RiC; + R;Co+(Ry + Ry + R)Cr + (Gz — f Gy + fGm1GmaR)R1R,C >

Short-channel CMOS parameters:

Ry = Tonllrop = 111kQ G = Gmn = 150uA/V

Ry = 19pl|Rocasn = Top = 333kQ Gmz2 = Gmp = 150uA/V

C1 = Cyga + Cagz + Cys7 = 13.6fF  C, = C + Cyqg = C, + 1.56fF = 101.56fF

43 x 1078R,.C,
5.1 x 10~17 + 43 x 10~3C, + 3.5 X 10~8R,.C,

X Y

3.5 x 1078 + 3.7 x 101°C, + R,.C, + 831.7R, >
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Consistency of Bode Plots and R-H Results

8/43

parameter values R.H Bode plot
criterion SPICE
case . .
R, Crp X Y simulation
(1) |65k |2.4p | 1.41x107° | 6.13x 1078 | X > Y | stable
(2) |1 24p | 1.10x107° [ 9.94 x 10712 | X > Y | stable
(3) |7k |10f | 9.8x 1078 | 3.10x 1078 | X =Y | critical
63dB Vivout) o sadEs V(vout) 500 sadE V(vout) o
54dB- . 20 O — .
il N L Gainplot [LE =N s gampior [IE ~\ Gain plot =
36dB+ - 60 3 40dB- - -60¢ g /
27dB+ T - -80« = 32dB] L 9002 o [ 'GmF
gl XN E o N N [t
o, °¢e Phase plot . 2 Deas] Phase plot\ . px fpwo® S| Phaseplot cxtS
£ 098 I \AA asoll o g [ 1a0c @
© -9dB-] GNX v 160 ' odB -210¢ 8 0B 160 @
-18dB \V‘ 180« O -saed G}\\--z‘tm . \;\ .130<§
T Stable e e Stable 77 Tee el critical stable  py Yo
1KHz 10KHz = 1MHz 10MHz = 1GHz 1KHz 10KHz 100KHz 1MHz 10MHz 100MHz 1GHz 244 gy e 2201

Case (1

Frequency [HZ]

) X>Y

Frequency [HZz]

Case(2) X>Y

Frequency [Hz]

Case (3)

X=Y
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Consistency of Transient Analysis and R-H Results

Pulse response

X >Y Stable

505.5mV-
505.0mV+
504.5mV+
504.0mV+
503.5mV+
503.0mV—
502.6mV/+
502.0mV+
501.6mV+
501.0mV—
500.6mV/—

V(vin)

500.0mV-

_________________

,,,,,,,,,,,,,,,,,,

_________________

_________________

V{vout)

499.5mV-

0.0us

T
0.2us

T
0.4us

Case (1)

T T
0.6us 0.8us

1.0us

PULSE(500m 505m 200n 100p t00p 150n 0 4u)- -

X >Y Stable

600mV-

X =Y critical

524mV-
520mV-+
516mV=-
512mV+
508mV-
504mV—
500mV=
496mV+
492mV

488mV+

580mV

560mV-

540mV

520mV

500mV=

480mV-

460mV-

440mV-

420mV-

400mV-

V(vin) V(vout)

__________________

484mV-

0.0us

Case (2)

] 1 1 T 1
0.0us 0.2us 0.4us 0.6us 0.8us 1.0us

Case (3)
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Contents

® Discussion & Conclusion
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Discussion

Depict small signal equivalent circuit of amplifier

Derive open-loop transfer function J

Derive closed-loop transfer function
& obtain characteristics equation

Apply R-H stability criterion W
& obtain explicit stability condition ‘

Especially effective for
Multi-stage opamp (high-order system)
Limitation
Explicit transfer function with polynomials of s has to be derived.



Conclusion

@® Show the equivalence between Nyquist and R-H
stability criteria for analysis and design of the opamp
stability under some conditions.

@® Equivalency of their mathematical foundations be
shown.

@® R-H method, explicit circuit parameter conditions can
be obtained for feedback stabillity.

@® Consistency with Bode plot method has been confirmed
with SPICE simulation.

R-H method can be used
with conventional Bode plot method.

42143
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Q&A

First teacher

Q1: For stability, margin is important thing, can you show the margin by your
proposed method?

A: By Routh-Hurwitz method, we can find out internal connection between
circuit parameter and stability. We can obtain explicit circuit parameter condition.
this can not obtain from Bode plot method.

About phase margin, according to previous simulation results, in general, the

degree that R-H parameter’s value greater than zero is more greater, the phase
margin also will be more greater.

But specific expression from R-H method have not been obtained.
| will have a try at this research direction, thank you for your suggestion.
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Q&A

Second teacher

Q2: How to use the proposed method to design operational amplifier?

A: This is the work that | am working.
Used opamp simulation circuit come from text book.
Future work, | want to use R-H method to design opamp circuit.

Q3:From open-loop to closed-loop, circuit configuration and
corresponding feedback parameter should be noticed.

A: Bode plot based on open-loop transfer function, and R-H method based on
closed-loop transfer function.

At this research we selected voltage follower configuration, by analysis simulation
results, we can find out Bode plot results and R-H method results is consistent.

| will apply other circuit configuration at next work.

Thank you for your suggestion.
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