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Design of Operational Amplifier
Stability and Phase Margin Using Routh-Hurwitz Method
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Research Background (Stability Theory)

@® Electronic Circuit Design Field
- Bode plot  (>90% frequently used)
- Nyquist plot

@® Control Theory Field
- Bode plot
- Nyquist plot
- Nicholas plot
- Routh-Hurwitz stabllity criterion
m) Very popular in control theory field
but rarely seen in electronic circuit books/papers
- Lyapunov function method
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Electronic Circuit Text Book

We were NOT able to find out any electronic circuit text book
which describes Routh-Hurwitz method

for operational amplifier stability analysis and design !
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None of the above describes Routh-Hurwitz.
Only Bode plot is used.
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Control Theory Text Book

Most of control theory text books
describe Routh-Hurwitz method
for system stability analysis and design !
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Research Objective

Our proposal

For
Analysis and design of operational amplifier stability

Use
Routh-Hurwitz stability criterion

We can obtain

» Explicit stability condition for circuit parameters
(which can NOT be obtained only with Bode plot)
* Monotonic relationship between R-H criterion parameter

with phase margin
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Nyquist plot

A ]
« Open-loop frequency characteristic L/ \wiz 2o Ky
-1 Wo 0 wq =/0

m=) Closed-loop stability

» Necessary and sufficient condition :

v

When w = 0 -0, N=P—-7 Nyquist plot of open-loop system
number, anti-clockwise encircle point (-1,j0).
number, of open-loop characteristic equation.
number, of closed-loop characteristic equation.

» |If the open-loop system is stable(P=0),
the Nyquist plot encircle the point (-1,j0).

B

LGopen(].wO) = _T[’|Gopen(jw0)| <1



IfAG)I

Phase Margin from Bode Plot

GX precedes PX mmm) Feedback system is stable

10/36

Greater spacing between ¢X and PX

\/GX (gain crossover point)
1 >
wll\ @
L7

) | E : X (phase crossover point) More stable
|
|
|

—180° ______7,1\%[_\_'\ §

LfAGe)  PM

(V1 : gain crossover frequency

Phase margin : PM = 180° + 2fA(w = w,)

Bode plot is useful,
but it does NOT show explicit stability conditions of circuit parameters.
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Routh Stability Criterion

Characteristic equation:

D(s) = ap,s"+ ap_1s" 1+ +a;s+a,=0

Sufficient and necessary
condition:
)a; >0 fori=0,1,..,n

&

(if) All values of Routh table’s
first columns are positive.

Mathematical test

12/36

Routh table

N an Ap_2 An—4 | Ap—¢

sn-1 An—1 an-3 An-s5 | An—7

sn—2 B, = an—lan;z — Anln-—3 B, = an—lan;: — Anln—s Bs B,
n-1 n-1

_ P1an—3 — Apn-10> P1an_5 — an_1f3

STL 3 Vi = n n Yy = Y3 Va
ﬁl ﬁl

S0 Qo

‘ Determine whether given polynomial has all roots in the left-half plane.
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Amplifier Circuit and Small Signal Model

VDD VDD _VDL
M3 F—v—# M, CJ| I: M7 || ||C7"1 o
vm_‘ " MZ:] up L (Cr1 Vout 1 Gm2V1 1 *

] le P2 T46 O 2 T% vou
Vbias3 ! M6T !I: MST % Gmlvin 2 _
Vbiasa | fj M6B | °

| g — ] @ASB v
%7 (b) Small-signal model

(a) Transistor level circuit

Fig.1 Two-pole amplifier with inter-stage capacitance

transfer function from small signal model

ACs) = Vout (5) _ 1+ bys
Vin(s) 1+ a;s + a,s?
C
b, = —— Ay = G1Gma R R,
Gma

a, = R1C1 + R2C2 +(R1 + RZ + Rlesz)Cr a, = R1R2 (C1C2 + C1Cr + CZCT)
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Routh-Hurwitz method

Closed-loop transfer function: R(s) T S C(s)
S >
Vour(s)  A(s) Ao(1+ bys) - %
Vin(s) 1+ fA(s) 1+ fAg+ (a; + fAghy)s + aps? f

Closed-loop configuration
Explicit stability condition of parameters:
6 = a, + fAObl
= R1C; + RyC3+(Ry + R G + (Grz — fGm1)R1R2C- > 0
Short-channel CMOS parameters:

6: time dimension parameter Ry = TonlITop = 111k0

Ry = 1opl|Rocasn = Top = 333k

' ' i Gmi = Gmn = 100uA/V
Relationship: 8 and phase margin 1=9 ud/
‘ Gmz = Gmp = 180uA/V
MATLAB C1 = Caga + Cagp + Cys7 = 13.6fF

’ C, = C + Cyqg =~ Cp + 1.56fF

- = 101.56fF  (C, = 100fF)
Data fitting
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Data Processing by MATLAB

- Data collection: [GM, PM, F,,,, E,;m]=margin(G)

£=0.01

Cyy [fF] 10 20 30 40 50 60 70 80  90..
6 [uS] 011 018 025 032 039 046 053 0.60 0.67..
PM[degree] 16 19 22 24 27 29 31 33  34..
GM [dB] 91 76 70 66 64 63 62 60 60..
Fgm [GHz] 45 34 29 26 23 21 20 19 18..

Fym [GHz] 26 21 18 15 14 12 11 10 94..

« Data fitting: p=polyfit(x,y,n) Curve Fitting Tool

2018/3/5
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Data Fitting Result

Fitted Curve

PM VS theta
60 \ I I
—f=0.01
50 =
o
-
é 40 .
=
(al
30 =
20 ’ | |
0 1 2 3 4 5 6 7
thetal[s] %1078

Fig.2 Relationship between PM with parameter 6 at variation feedback factor f conditions.

« Monotonic relationship

* Following with the increase of parameter’s value
- the phase margin will be increased
feedback system will be more stable
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f =0.01 Condition

I - Vin t4 Vout
Relation function: A .
1
PM= f; (6)
= 2.601e280°> — 5.616e230* + 4.683e1863 R,
—1.915e130% + 4.076e%80 + 13.38 =
0: independent variable fo_t2
PM: dependent variable frhe
T rvend+ p3x3 5 e o5 6 Curve Fitting Tool
1£5 (95% OEEER):
pl= 2.601e+28 (2.297e+28, 2.904e+28) [T
p2 = -5.6162+23 (-6.164e+23, -5.0672+23)
p3 = 4.683e+18 (4.3242+18, 5.0432+18) 50 - .

p4 = -1.915e+13 (-2.018e+13, -1.811e+13)

—

p5 = 4.076e+07 (3.953e+07, 4.199e+07) T‘g‘ - PM vs. theta
pé =  13.38 (12.93, 13.83) 3040 B —ocurve fitting | |
)
EsE: o,
SSE: 9,505 E 30 - |
HESE: 0.9987
EREEEEAHTEEE: 0.9986
RMSE: 0.3195 20 - |
/ \ \ | | | \ |
0 1 2 3 4 5 6 7
thetal[s] x107°

Fig.3 Relationship between PM with parameter 0 at feedback factor f = 0.01 condition.
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R, Cy
VDD VDD _VDL /VV\/H ° +
Gm2V1
M; Ic’ﬁ’_°| M, R _— C _— C
v v, R G!E " CD 1§ ! CD §R 2 Vout
m_‘ M, M2::| }—p r%ﬁr Vout Gm1Vin 2 —
v M6T La O
bias3 ! !I: M8T N
JNO/Z 4 (b) Small-signal model
Vbiass | M6B | M8B
'g7100/2 'E7
(a) Transistor level circuit
Fig.4 Two-pole amplifier with compensation of Miller RHP zero
Ry = 1onl|1op = 111kQ
R, = Top”Rocasn ~ Top = 333k} C, = Cdg4 + Cdgz + Cgs7 = 13.6fF
Gmi = Gmn = 150uA/V Cy = CL + Cyqg = C, + 1.56fF = 101.56fF

sz = gmp = 150 UA/V (CL — 100fF)
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Routh-Hurwitz Method

Closed-loop transfer function:

out(s) A(s) Ap(1+d;s)
Vi,(s) 1+ fA(s) 1+ fAg+ (a, + fAydy)s + a,s? + ags3

R1 + R,
Explicit stability condition of parameters: f
a=aq+ fAydy -
=RiC; + RyCo+(Ry + Ry + R ), + (Gra — G + fGCr1 Gz )R1R,C > 0

_ (a; + fApdy)a; —az(1 + fAp)

> 0
a;
(parameter of Routh stable) a, 3. time dimension parameters
Routh table

sr n [ Ang | Apg | ..

it . . 0| @] - Relationship:a, fand phase margin

sn—2 ,81 =an71an;r2 —0py g ﬂ?_ — anflan;l-_ananfs ,83 184 .

gn—3 "= Proy_g — tty_15> Vo = ﬁlan*S'B_anflﬁS Vs Ve .

b : Interpolation by MATLAB
SO 163}
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Data collection

- Rri1 (aq1,B11) - Rr21 (a1, B21)
Rr12  (aq,B12) Rir22  (@z2,B22)
Crq
"7 Rp3 (@13, P13) Cra - Ry23 (a23, B23)
L Rri9 (@19, B19) L Rr29 (@39, B29)
- Ry31 (a3q,P31) - Rro1 (@91, Bo1)
Ry32 (a3, P32) Rro2 (92, P92)
Crs + Ri33  (a33,f33) et Cro - Rroz (93, 93)
L Ry39 (39, B39) L Rro9 (g9, Bgg)

2018/3/5 Produce 9 « 9 = 81 groups data



Interpolation by MATLAB

PM VS 011,[)’1

(o> @]
o N

o1
(]

PM[degree]

4 -6
/3’1[3] a/1[s:| %10

Fig.5 Relationship between PM with parameter a4, ;
at feedback factor f = 0.01 condition.

« Monotonic relationship

Following with the increase of parameter’s value

- the phase margin will be increased

feedback system will be more stable
2018/3/5
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Verification Circuit

VDD Crl

] ;

g ’_C| IjM4 “4 [ Mg R L Gm2V1 L *
Vinn M, MZ::I }_Wnp L |CL1 - C) 1; Cl CD ;R CZ vout

T C, mlvm 2 _

s L [ :

% N
Vss (b) Small-signal model

(a) Transistor level circuit

Fig.6 Two-pole amplifier with inter-stage capacitance
Ry = 1on]|1op = 111kQ

Ry = Topl|Rocasn = Top = 333k

Gm1 = Gmn = 150UA/V
Gmz = Gmp = 150Ul /V

Cy = Caga + Cagz + Cys7 = 13.6fF

CZ = CL + ngg =~ CL + 156fF = 10156fF

(C, = 100fF)
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Routh-Hurwitz method

Closed-loop transfer function:

Vout(s) . A(S) _ AO(l + bls) C(S)
- B 2 rRis) T
Vin(s) 1+ fA(s) 1+ fAg+ (a;+ fAeby)s + azs _%%)_> G(s) >
Explicit stability condition of parameters: 1 f
9 = aq + fAObl

= R1C; + R;C+(Ry + R)C + (Gz — fGm1)R R, >0

Relationship: C,;and phase margin

-

MATLAB

¥

Data fitting

2018/3/5



PM(degree)

Data Fitting by MATLAB

PM VS Cr1
120 { | | \
—f=0.01
100 - fzg.gz -
=0.03
80 | =004 - .
—1f=0.05 —
/
60
40
20
0 \ \ \ \ \ | | | | | |
0.2 04 0.6 0.8 1 1.2 14 1.6 1.8 2 2.2
Cri1[F] w10 1

Fig.7 Relationship between PM with compensation capacitor C,,
at variation feedback factor f conditions.
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PM VS C,,
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f = 0.01 condition

Relation function:

PM= f;(C1)

BRETIL Poly3:
fix) = p1*x™3 + p2*x™2 + p3*x + pd
{81 (95% (DIEFEER):
pl = -1.026e+36 (-3.052e+36, 9.9942+35)
p2 = 1.52e+24 (-4.573e+24, 7.612e+24)
p3 = 4.488e+12 (-1.415e+12, 1.03%=+13)

pd=  7.247 (5.412, 9.083)
EEE:
S5E: 0.004420

EEEL: 0.0006
EREAEEAHEEEN: 00994
RMSE: 0.02875

PM[degree]

13.5

_k _k
o = N
- Ol N Ol W

10.5

C,1: Independent variable
PM: dependent variable

= —1.026e3°C,> + 1.52e%4C,,* + 4.488e'%C,, + 7.247

- PMvs. Crl1
—curve fitting

1.3



C., VS PM
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f = 0.01 condition v
Vin A(s) put
Relation function: Ry
Cr1 = f1(PM) R,
= 6.343e71°PM3 — 2.091e713PM? + 2.493¢12PM — 9.822¢ 712 =
. R,
C,,: dependent variable S 0.01
PM: independent variable toe
SREFL Poly3: %1072
fix) = p1*x"3 + p2*x™2 + p3*x + pd 1.4+ 7
{25 (95% (EFEER):
pl = 6.343e-15 (B.692e-16, 1.182e-14) 12+ _
p2 = -2.091e-13 (-4.03%9e-13, -1.223e-14)
p3 = 2.493e-12 (1.435e-13, 4.843e-12) E - Crl1 vs. PM
p4 = -9.822e-12 (-1.913e-11, -5.162e-13) (‘:) - —curve fitting] |
BaE: 08 |
S5E: 2.085e-28
HIEES: 0.0097 -l |

ESEEEEAFTET: 00904

RMSE: 6.457e-15 10.5 11 1.5

|
12
PM[degree]

12.5

13

13.5
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For stable feedback system,
necessary PM value: 45 degree or 60 degree

Cri = f1(PM)
= 6.343e"15PM3 — 2.091e"13PM? + 2.493e712PM — 9.822¢ 712

PM=45degree, C,; = 2.5694e 1°F = 0.25694nF

PM=60degree, C,; = 7.5709¢719F = 0.75709nF

For stability and needed PM value,
compensation capacitance can be calculated.
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Simulation by LTspice

feedback factor:
compensation capacitor: f= 0.1k _ 0.01
C,1 = 0.25694nF 9.9k
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Simulation result

36dB

32d5—~?5 FTRE N
280B-3-H- R - -l
2408
20dB--
1Eda—~}i

Gain

12dB -
8dB
4dB--
0dB-|-:-
4d5—{€m

100mHz1Hz 10Hz 100Hz 1KHz10KHz 1MHz 100MHz 10GHz

Frequency

phase: vi{vout)=(-4.66844e-005d8,-133.013°) at 301437

Phase Margin = 180" — 133" = 47"
2018/3/5
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Discussion

‘ Depict small signal equivalent circuit of amplifier ‘

‘ Derive open-loop transfer function

Derive closed-loop transfer function
& obtain characteristics equation

Apply R-H stability criterion
& obtain explicit stability condition

Especially effective for
Multi-stage opamp (high-order system)
Limitation
Explicit transfer function with polynomials of s has to be derived.



36/36

Conclusion

* R-H method, explicit circuit parameter conditions can
be obtained for feedback stability.

* Relationship between R-H criterion parameter with phase
margin:
(1) monotonic relationship
(2) the system will be more stable, following with the

increase of parameter’s value.

« The proposed method has been confirmed with LTspice
simulation

¥

R-H method can be used
with conventional Bode plot method.
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Thank you
for your kind attention.
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Q&A

QZ Bode plot often be used for judging stability, you propose use Routh-
Hurwitz method. what’ the difference between two methods.

A Traditional method, Bode plot often be used, it can show stability
information directly. From Bode plot, we can only find out the stability, judge
the system stable or unstable. But we don’t know internal connection
between circuit parameters and stability. we don’t know which parameter
values influence the stability, capacitor, resistor.

Used the proposed method , we can obtain explicit stability condition for
circuit parameters, and we can find out the that between R-H criterion
parameter with phase margin is Monotonic relationship.

At our previous research, we have verified the equivalence that between
R-H criterion with Nyquist criterion

2018/3/5



