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Research Background (Stability Theory)

@® Electronic Circuit Design Field
- Bode plot  (>90% frequently used)
- Nyquist plot

@® Control Theory Field
- Bode plot
- Nyquist plot
- Nicholas plot
- Routh-Hurwitz stability criterion
m) Very popular in control theory field
but rarely seen in electronic circuit books/papers
- Lyapunov function method
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Electronic Circuit Text Book

We were NOT able to find out any electronic circuit text book
which describes Routh-Hurwitz method

for operational amplifier stability analysis and design !
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None of the above describes Routh-Hurwitz.
Only Bode plot is used.
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Control Theory Text Book

Most of control theory text books
describe Routh-Hurwitz method
for system stability analysis and design !
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Research Objective

Our proposal
For
Analysis and design of operational amplifier
stability and phase margin

Use
Routh-Hurwitz stability criterion

4

We can obtain
« EXxplicit stability condition for circuit parameters
(which can NOT be obtained only with Bode plot).

« Relationship between R-H parameters and phase
margin

2018/11/7
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® Stability Criteria - nyquist plot
- Nyquist Criterion {

Bode plot
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Nyquist plot

A ]
« Open-loop frequency characteristic L/ \wiz 2o Ky
-1 Wo 0 wq =/0

m=) Closed-loop stability

» Necessary and sufficient condition :

v

When w = 0 -0, N=P—-7 Nyquist plot of open-loop system
number, anti-clockwise encircle point (-1,j0).
number, of open-loop characteristic equation.
number, of closed-loop characteristic equation.

» |If the open-loop system is stable(P=0),
the Nyquist plot encircle the point (-1,j0).

B

2018/11/74Gopen (o) = —n,|Gopen(ja)0)| <1
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Bode Plot

GX precedes PX mmm) Feedback system is stable

Greater spacing between GX and PX

IfAG)! T
\/GX (gain crossover point) ‘
1 wﬂ\ > w
|
I N px (phase crossover point) More stable
| |
0 i
| I w
—180° ___-——f\ﬁl\
£fA(jw) PM

(V1 : gain crossover frequency

Phase margin : PM = 180° + 2fA(w = w,)

Bode plot is useful,
but it does NOT show explicit stability conditions of circuit parameters.

2018/11/7



Phase Margin and Gain Margin

(. Phase Margin

* The included angle

« The angle difference {

h : Gain Margin

_ 1
» Reciprocal

 The distance {

2018/11/7

|G (wg)|
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Routh Stability Criterion

Characteristic equation:

D(s) = ap s+ ap_1s" 1+ +a;s+a, =0

Sufficient and necessary

condition;

)a; >0 fori=0,1,..,n

(ii) All values of Routh table’s
first columns are positive.

13/39

Routh table
Sn an Ap_> An—4 | Ap—¢
sn-1 -1 Un—3 Un-s5| Ap—7y
sn—2 B, = Un-1p-2 — Anln-3 B, = An—10n—g4 — Anln—s Bs B,
In-1 Un-1
_ Pran—3 — an-10> P1an_5 — An_1f3
STL 3 Vi = n n Yy = Y3 Ya
& b1 b1
SO (04

L7

Mathematical test

=)

2018/11/7

Determine whether given polynomial has all roots in the left-half plane.
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Four Examples

K
Ex1l (O =1 T s2ras  Zero , Three Pole Points
Ex.2 G(s) =7 fs :ff)sz One , Two Pole Points
1 2
K(1+ by5s) _
=) Ex.3 G =Tras+ azslz Tas?  One , Three Pole Points
2
Ex.4 G(s) = — L H 19 + Do) Two , Three Pole Points

14 a;5 +a,s? + ass3

2018/11/7
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Based on Routh-Hurwitz Criterion

Example 3

Open-loop transfer function:

K(1 + bs)

G(s) =
(s) 1+ a,s+ a,s? + ass?3

Closed-loop transfer function:

H(s) = G(s) K + Kbs

14+G(s) 1+K+ (a;+Kb)s + a,s? + azs3

Based on Routh-Hurwitz criterion:

az; >0 a, >0
1+K>0

ay(a; + Kb) —az(1 + K) K>— -
a, >0 azb —as

‘ as —a,a
2018/11/7 K< 172
= a,b — as

4+ C(s
R(s) % S =( )
Routh table
53 as a4 + Kb
SZ a, 1 + K
Sl ay(a; + Kb) —az(1 +K)
S0 1+K

At condition:a,b —a; > 0

At condition:a,b —a; < 0
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Based on Nyquist Criterion

Frequency domain;

6 i) K(1+ bjw) K[(1 - ay,w? + a1pw? — azbw?) + j(bw — a,hw?® — a;w + azw3)]
w — —_
1—a,w? +jla,w — azw?) (1-a,w?)? + (a o — azw3)?
Special frequency expressions T
LG(].(U) = —T v=® >

(~1,/0) &_/‘“ =0

sketch chart of Nyquist plot

) bhw — a,bw3 — a0 + azwd =0

a,—b
AT SN point A

as — azb
G i) = K1 - a,w® + a;bw® — azbow®)| | a3 —azb
‘ (]0)) - (1 _ azwz)z + (alw — a3w3)2 as — a,a,
Stability condition:
- 43 T <K< A3 — 1 At condition: (ag_alaz)(a3 — azb) >0
GGw)| < 1 ' a,b — as as; — a,b
as; — aq1a, asz — aqa, ..

2018/11/7 _ <K < At condition: (a;—aqa,)(az; —a,b) <0

a3 _azb azb —a3
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® Relationship between R-H parameters and phase margin
Ex.1: Two-stage amplifier with C compensation
Ex.2: Two-stage amplifier with C, R compensation
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Amplifier 1
VDD ID_"_C| VDD _Vll HCrl
M, M, 1
. L GV "
n 1 2 it Vout R T -
O wlr |, OL R OERCES
’_I i Cp Gmlvin 2 _
VbiasS ! M6T ! I: MS8T %
Vbiasa ! ’j M6B v

Small-signal model

Transistor level circuit
Fig.1l Two-stage amplifier with inter-stage capacitance

transfer function from small signal model

A(s) =

Cy
Gma

b1=_

a,; =R
2018/11/7

Vout (S) _

Vin (S) -

Ap = G Gma R R,

1+ b;s
1+ a;s + a,s?

Vin =Vp —VUn

+ R1Gm2R;)C; a; = R1R,(C1C; + C1C + CRC)
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Routh-Hurwitz method

Closed-loop transfer function: Voue (5)

Vin(s) + A(S) .
Vout(s) _ A(s) Ao(1 + bys) —%

Vi(s) 1+ fA(s) 1+ fAy + (ay + fAgby)s + a,s? f

Closed-loop configuration

Explicit stability condition of parameters:
6 = a, + fAObl
= R1C; + RyCo+(Ry + Ry)Cr + (G — fGm1)R1R, € > 0
Short-channel CMOS parameters:
0: time dimension parameter Ry = TonlTop = 111kQ

R, = rop”Rocasn = Top = 333kQ

' ' i Gm1 = = 100ud/V
Relationship: 8 and phase margin m1 = Gmn ud/
‘ Gmz = Gmp = 180uA/V
MATLAB C1 = Caga + Cagp + Cys7 = 13.6fF

’ C, = C + Cyqg =~ Cp + 1.56fF

& = 101.56fF (€, = 100fF)
So1e1y;  Datafitting
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Data Processing by MATLAB

- Data collection: [GM, PM, F,,,, E,;m]=margin(G)

£=0.01

Cyy [fF] 10 20 30 40 50 60 70 80  90..
6 [uS] 011 018 025 032 039 046 053 0.60 0.67..
PM[degree] 16 19 22 24 27 29 31 33  34..
GM [dB] 91 76 70 66 64 63 62 60 60..
Fgm [GHz] 45 34 29 26 23 21 20 19 18..

Fym [GHz] 26 21 18 15 14 12 11 10 94..

« Data fitting: p=polyfit(x,y,n) Curve Fitting Tool

2018/11/7
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Data Fitting Result

Fitted Curve

60 |
—1f=0.01

PM VS theta
I I

o1
o

S
o

PM[degree]

w
o

20

thetal[s] %1078

Fig.2 Relationship between PM and parameter 6 at various feedback factor conditions.

One-to-one relationship

increase of parameter’s value
- phase margin will be increased
feedback system will be more stable

2018/11/7
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f =0.01 Condition

I - Vin t4 Vout
Relation function: A .
1
PM= f; (6)
= 2.601e280°> — 5.616e230* + 4.683e1863 R,
—1.915e130% + 4.076e%80 + 13.38 =
0: independent variable fo_t2
PM: dependent variable frhe
T rvend+ p3x3 5 e o5 6 Curve Fitting Tool
1£5 (95% OEEER):
pl= 2.601e+28 (2.297e+28, 2.904e+28) [T
p2 = -5.6162+23 (-6.164e+23, -5.0672+23)
p3 = 4.683e+18 (4.3242+18, 5.0432+18) 50 - .

p4 = -1.915e+13 (-2.018e+13, -1.811e+13)

—

ps = 4.076e+07 (3.953e+07, 4.199e+07) o - PM vs. theta
pé =  13.38 (12.93, 13.83) %40 B —ocurve fitting | |
)
EsE: 2,
SSE: 9,505 E 30 - |
HESE: 0.9987
EREEEEAHTEEE: 0.9986
RMSE: 0.3195 20 - |
/ \ \ | | | \ |
0 1 2 3 4 5 6 7
thetal[s] x107°

018117 Fig.3 Relationship between PM with parameter 6 at feedback factor f = 0.01 condition.
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Amplifier 2

VDD VDD _Vli

My |pr—4| M, Ry ICrz

[ M h—! °
Un_‘ M, MZ::I }_Vp K Cro Vout - sz Vl —
- T @rle @576
,J CL v Rz Vout
Vhias3 I ,j M6T I I: MST % Gm1Vin —
V ias

(b) Small-signal model
(a) Transistor level circuit

Fig.4 Two-pole amplifier with compensation network using a nulling resistor

Open-loop transfer function:

Vout () 1+d;s
Vin(s) %14+ ays + a,s? + ags3

A(s) =

AO= GmleZRlRZ d1 = — ( Cr — RT'CT') a, = R1C1 + R2C2 + (Rl + RZ + Rr + Rl Rszz)Cr

Gm2

a; LRIR,(C,C, + C,C, + C,C,) +R,Cr (R Cy + R,C,) Vin = VUp — Vp
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Routh-Hurwitz Method

Closed-loop transfer function:

A(s)
14 fA (s)

Ay(1+d;s)
1+ fAg+ (a, + fAydy)s + a,s? + ags3

Vout (s )

Vin(s)

R1+R2

=

>0

Explicit stability condition of parameters:
a=a + fAOdl
=RiG + RyG+ (R + Ry + 1))

_ (a; + fApdy)a; —az(1+ fAp)
a,

+ (Gmz — fGm1 + fGm1Gm2 ' )RR,

>0

(parameter of Routh stable)
Routh table

an

Ap—1

A7 | -

b=

Ip—18p—2 — Anln—3g

Up—1Up—y — Apln—5

ap—1

B, =

ap—1

Ba

1=

Brity 3 —ay 1f;

B

Y2

_ Brtn-5 — ap-1Ps

- B

Ya

nnnnnn

e I e J
KUILOILL/ 7

24

a, 3. time dimension parameters

Relationship:a, fand phase margin

¥

Interpolation by MATLAB
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Data Collection

- Rri1 (aq1,B11) - Rr21 (a1, B21)
Rr12  (aq,B12) Rir22  (@z2,B22)
Crq
"7 Rp3 (@13, P13) Cra - Ry23 (a23, B23)
L Rri9 (@19, B19) L Rr29 (@39, B29)
- Ry31 (a3q,P31) - Rro1 (@91, Bo1)
Ry32 (a3, P32) Rro2 (92, P92)
Crs + Ri33  (a33,f33) et Cro - Rroz (93, 93)
L Ry39 (39, B39) L Rro9 (g9, Bog)

2018/11/7 Produce 9 * 9 = 81 groups data



Interpolation by MATLAB

PM VS oz1,/31

(<> 2]
o N

o1
(o]

PM[degree]

4 -6
/3’1[5] 011[3] %10

Fig.5 Relationship between PM with parameter a4, 5,
at feedback factor f = 0.01 condition.

« Linear relationship

iIncrease of parameter’s value

- phase margin will be increased

feedback system will be more stable
2018/11/7
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Verification Circuit

VDD Cr1
1| o
M, +
g ’_C| Ij ‘4 [ Mg R A1 Gm2V1 L
= Mzium el DF2TE @ 2 T4 v
C, m1Vin 2 _
e ] —L— [ B T ;
N
Vss (b) Small-signal model
(a) Transistor level circuit
Fig.6 Two-pole amplifier with inter-stage capacitance v
Vin® +A(s) out
Closed-loop transfer function: 9.9k
out(s) A(S) Ao(l + bls) %O.lk
Vin(s) 1 +fA(S) 1+ fAg + (a; + fAoby)s + ays? =
0.1
S =01+09= 001

Explicit stability condition of parameters:

6 = a, —+ fAObl
202/1R{C; + R,C,+(R{ + Ry) + (G2 — fGm1)R{R,

>0



120

PM(degree)
> o© o
o o o

S
o

2018/11/7

Data Fitting by MATLAB

PM VS Cr1
\ I

~£=0.01
£=0.02 —
£=0.03
—£=0.04 —

0.2 04 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2
Cr1[F]

Fig.7 Relationship between PM with compensation capacitor C,,
at variation feedback factor f conditions.

30/39




PM versus (.4
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f = 0.01 condition

Relation function:

PM= f;(C1)

BRETIL Poly3:
fix) = p1*x™3 + p2*x™2 + p3*x + pd
{81 (95% (DIEFEER):
pl = -1.026e+36 (-3.052e+36, 9.9942+35)
p2 = 1.52e+24 (-4.573e+24, 7.612e+24)
p3 = 4.488e+12 (-1.415e+12, 1.03%=+13)

pd=  7.247 (5.412, 9.083)
EEE:
S5E: 0.004420

EEEL: 0.0006
EREAEEAHEEEN: 00994
RMSE: 0.02875

2018/11/7

PM[degree]

13.5

_. _L
o = N
— Ol N O W

10.5

C,1: Independent variable
PM: dependent variable

= —1.026e3°C,> + 1.52e%4C,,* + 4.488e'%C,, + 7.247

- PM vs. Crl1
—curve fitting

1.3



C,1versus PM

32/39

f = 0.01 condition v
Vin A(s) put
Relation function: Ry
Cr1 = f1(PM) R,
= 6.343e71°PM3 — 2.091e713PM? + 2.493¢12PM — 9.822¢ 712 =
. R,
C,,: dependent variable S 0.01
PM: independent variable toe
SREFL Poly3: 1072
fix) = p1*x"3 + p2*x™2 + p3*x + pd 1.4+ 7
{25 (95% (EFEER):
pl = 6.343e-15 (B.692e-16, 1.182e-14) 12+ _
p2 = -2.091e-13 (-4.03%9e-13, -1.223e-14)
p3 = 2.493e-12 (1.435e-13, 4.843e-12) E - Cr1 vs. PM
p4 = -9.822e-12 (-1.913e-11, -5.162e-13) S - —curve fitting] |
BaE: 08 |
S5E: 2.085e-28
HIEES: 0.0097 06l |

ESEEEEAFTET: 00904

RMSE: 6.457e-15 10.5 11 1.5

|
12
PM[degree]

12.5

13

13.5
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Practicability

For stable feedback system,
necessary PM value: 45 degree or 60 degree

Cri = f1(PM)
= 6.343e"15PM3 — 2.091e " 13PM? + 2.493e712PM — 9.822¢ 712

PM=45degree, C,,; = 2.5694e 1°F = 0.25694nF

PM=60degree, C,; = 7.5709¢719F = 0.75709nF

For stability and needed PM value,
%Q[Q/E)lgpsation capacitance can be calculated.
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Simulation by LTspice

feedback factor:

compensation capacitor: f= % = 0.01

C., = 0.25694nF 9.9k

2018/11/7
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Simulation Result

36dB

32d5—~?5 FTRE N
280B-3-H- R - -l
2408
20dB--
1Eda—~}i

Gain

12dB -
8dB
4dB--
0dB-|-:-
4d5—{€m

100mHz1Hz 10Hz 100Hz 1KHz10KHz 1MHz 100MHz 10GHz

Frequency

phase: vi{vout)=(-4.66844e-005d8,-133.013°) at 301437

Phase Margin = 180" — 133" = 47"
2018/11/7
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Discussion

| Depict small signal equivalent circuit of amplifier

‘ Derive open-loop transfer function

Derive closed-loop transfer function
& obtain characteristics equation

Apply R-H stability criterion
& obtain explicit stability condition

Especially effective for
Multi-stage opamp (high-order system)
Limitation

Explicit transfer function with polynomials of s has to be derived.
2018/11/7
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Conclusion

* R-H method, explicit circuit parameter conditions can
be obtained for feedback stability.

* Equivalency of their mathematical foundations
was shown

* Relationship between R-H criterion parameter with PM:

- linear relationship
- the system will be more stable, following with the
increase of parameter’s value.

* The proposed method has been confirmed with LTspice

4

simulation

R-H method can be used

FOLBT with conventional Bode plot method.
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