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Statement of This Paper

Number theory |:>Can be one of
unified methodology of mixed-signal IC design

@® Analog filter theory
based on beautiful mathematics

@® However, currently
no unified design methodology
for ADC/DAC/TDC
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@ Here our several research examples C. F. Gauss

are introduced. Number theory is
Queen of mathematics
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Fibonacci Seguence

Definition (n=0,1,2,3...)
F, =0
F, =1
Foyo =F +Fp

Example of numbers(Fibonacci number)
O, 1, 1’ 2’ 3’ 5’ 8’ 13’ 21’ 34’ 55’ 89 .. Leonardo Fibonacci

(around 1170-1250)

Property
The closest terms ratio converges to “Golden Ratio” !
F,
lim —— = 1.618033988749895 = 1,
n=orp—1

6/60


http://www.google.co.jp/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=QQZVemiEQJI9aM&tbnid=zVSSOD3oXzE8tM:&ved=0CAUQjRw&url=http://ja.wikipedia.org/wiki/%E3%83%AC%E3%82%AA%E3%83%8A%E3%83%AB%E3%83%89%E3%83%BB%E3%83%95%E3%82%A3%E3%83%9C%E3%83%8A%E3%83%83%E3%83%81&ei=T_KoUpajAeyhigemrYCwAw&bvm=bv.57799294,d.aGc&psig=AFQjCNF03yZnlZ7XUHm3yzSM3lKjQZQAmA&ust=1386890090898991
http://www.google.co.jp/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=QQZVemiEQJI9aM&tbnid=zVSSOD3oXzE8tM:&ved=0CAUQjRw&url=http://ja.wikipedia.org/wiki/%E3%83%AC%E3%82%AA%E3%83%8A%E3%83%AB%E3%83%89%E3%83%BB%E3%83%95%E3%82%A3%E3%83%9C%E3%83%8A%E3%83%83%E3%83%81&ei=T_KoUpajAeyhigemrYCwAw&bvm=bv.57799294,d.aGc&psig=AFQjCNF03yZnlZ7XUHm3yzSM3lKjQZQAmA&ust=1386890090898991

Fibonacci Numbers
0,1,1,2,3,5,8,13, 21, 34,55, 89, 144...

We can see Fibonacci numbers in nature, especially in plants.
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Fibonacci Number is Mysterious |

Definition (n=0,1,2,3...)
F, =0
F, =1
Foyo =F +Fp

Fibonacci number

OO, O]_’ O]_’ 02’ 03’ 05’ 08, 13’ 21’ 34’ 55’ 39 . Leonardo Fibonacci

* (around 1170-1250)

One example:

1/9899 =
1/0.000101020305081321345589...
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Golden Ratio

Golden Ratio: lim fn_ _ 1.618033988749895 = ¢

The most beautiful ratio




Research Background

Automotive Electronics are in spotlight

$

High-speed, Reliable
“SAR ADC” in microcontroller is needed

-

Redundancy design for error correction
Design issues @

SAR ADC : Successive Approximation Register type Analog to Digital Convester




Analog  object

Binary SAR ADC

Comparator

Input
p Sample

Balance Scale Digital
Hold \ Output

Based on

2

YVVY

Principle of Balance

Logic
Weight <DAC E

CLK —>| Clock

Generally use binary weight -

(1,2,4,8,16,32,64, ..) §

o

A
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Binary Search SAR ADC Operation

5bit-5step SAR ADC

» Analog Input:7.3 [V]
» Binary weight :

16,8,4,2,1

Left? ii‘

.

Step 1st | 2nd | 3rd | 4th | 5th output
Weight p(k) 16 8 4 2 1
3t 31
30 | ot 30
29 | . 29
28 1 - 1 - 28
27 27
pA I T R D e 26
25 I TR R 25
24 | L d 24
23 IR TR R 23
22 22
21 21
20 20
19 19
18 18
17 17
16 16
Level 15 15
14 14
13 13
12 12
11 11
10 10
9 9
8 8
7 (& R I &N &N B _§B B B B | LN N | 7
6 6
5 5
4 4
3 I 3
2 N o 2
1 T 1
0 0




Binary Search SAR ADC Operation

. Step 1st | 2nd | 3rd | 4th | 5th output
5bit-5step SAR ADC Weight p(k) 16| 8 | 4 | 2 i

31

> Analog Input:  [V] a0 |

28 | | L1

» Binary weight : 27 | |

T R D D

8,4,2,1 Mt o B

24

-, 23 | [T
o i

%}. Right %(1:) I — .

18

17
16

Level

= e [ e e e = NS N [N PN [N N [N N NS [N feo e
st il il e S i i b e = Y DS Y TN L T N S = Y O X TN Y N A = =
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Binary Search SAR ADC Operation

5bit-5step SAR ADC

» Analog Input:
» Binary weight :

P
iy

Left

iy

[V]

2,1

Step 1st | 2nd | 3rd | 4th | 5th outout

Weight p(k) 16 | 8 | 4 | 2 | 1 P
3t 1 31
30 | o 30
29 | 29
28 1 L9 1 - 28
27 27
pA I T T e e 26
25 I R | 25
24 | L Jd 24
23 I R | 23
22 T 22
21 | L1 21
20 20
9 1 | | 19
| I R e 18
| VA R R ] 17
16 16
Level 15 n 15
14 1\ | 14
13 1 N 1 13
12 12
11 i : 11
10 10
9 | UP- 9
8 | 8
7 ot e | S - - 7
6 1\ 6
) L) 5
4 4
3 il | 3
2 1001 2
0 0




Binary Search SAR ADC Operation

5bit-5step SAR ADC

» Analog Input:
» Binary weight :

7.3=00111=>7
AR

16mm S mmid e 2414 0.5 —0.5 =7

Balance

[V]

Step

Weight p(k)

output

31

30

29

28

27

26

25

24

23

22

21

20

19

18

17

16

Level 15
14
13

12

11
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Golden Ratio SAR ADC

Analog  object

Comparator

Input
p Sample

B\Iance Scale

Based on

Principle of Balance

>
/

. DAC
Weight \

CLK —>|

Digital
Output
>
SAR >
: >
Logic 5
Clock

Golden ratio weight

. 5’“1
(1,2,3,5, 8,13,21, 34, ...) i‘i}




Redundancy Design Operation(No Error)

4bit-5step SAR ADC

» Analoginput:6.3
» Redundant weight :
16, 10,6, 3,2,1

Correctable expression

6.3=010001=6

— 7 P N\
16=10F 6 =3 =2 =14 (05—0.5

=6

Ste

1st

2nd

3rd

4th

Level

11

O = [N [eo [ [ o [N oo [0 [S




Redundancy Design Operation(One Error)

=6

Error correction

4bit-5step SAR ADC Weizrt\:pp(k) 1186t 21nod 3f;d 4:t;h SZh 6:h output
31 _ _ _ | 31
> Analog |nput:§.3 >—1o0l1i10l0Uo0!1 Mt
» Redundant weight : 1 2
16,10, 6,3,2, 1 T N o S SN A 25
e 2
Correctable expression 2 ] W i i
6.3=>010001=>6 2 T
18 18
iu S
, [ Misjudgment ¥ i3
Another expression . 12
6.3=>001111=>6 )
16=10= 643424 1 + 0.5 — 0.5 Z
:
3
2
1
0

o—sl\aw.hmm\l%_

L) High-Reliability




Fibonacci Weights

We select N bit and M step SAR ADC k-th step reference voltage p(k).

, here p(1) = 2NV-1
Proposed solution

‘ Using Fibonacci sequence for p(k):p(k) = Fpyj_j+1

Binary Weight 64[\32 [1\6 [\ 4 ) 1

18 L8 X118
Radix 1.8 Weight 340 189 105 58 32 18 1

X162 X1.62 X 1.62 = Golden ratio

YN N\ N\

Fibonacci Weight 13 3 5 3 o 1 1

(Radix 1.62 Weight)

Property converging to Golden Ratio

» Realize Radix 1.62 Weight by using only integer !

'19/60



Internal DAC Settling Time

DAC Settling model by a simple first-order RC circuit

/— Voac(®) = Vrer () + (Veer (k — 1) — Vier()}e

V., er(k
ref( ) j / I 1/2|.SB
il ' ; latk) \
™) .i I : \\_
2 : ! ! Error range to get
Q H : I correct output
< | 1
S | l ]
4 L Correctable difference
= I I1Settling tlmg
2 I ! (binary) I
5 : : I
S : ! |
! Settling time_i : T = RC
I(redundancy)’i :
| |
I 1 I
Vref(k - 1) : i i
Time constant Time [s]r

T
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SAR ADC Speed and DAC Settling

Redundancy » Incomplete settling
5bit SAR ADC
Binary search (complete settling)
Stepl Step2 Step3 Step4 Step5
time>

Redundant search (incomplete settling)
Stepl | Step2 | Step3 | Stepd | Step5 | Step6 | Step?

Error correction time

Fibonacci search (incomplete settling)
The shortest

Stepl | Step2 | Step3 | Step4 | Step5 | Stepb | Step7 <j AD conversion

time !l

Error correction time 21/60



Fibonacci Weights SAR ADC

We have found the following:

@ Reliable
Comparator decision errors can be recovered with redundancy.

@ Fastest SAR AD Conversion
In case the internal DAC incomplete settling is considered.

14 —ﬁi_—
|
™ F
‘5 12
= |
0 * .
= 10 H Binary
—— |
3 r B Radix
& 8
Fibonacci
6 F‘
0 20 40 60 80 100 120 140

Total settling time [T]
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Minute Current Measurement

SH Circuit Settling time = Long

smple Hol Comparator
-O/ \

Digital
7 __/ Output
Jin T " SAR ——
= — Logic +——>
—
Vi Input ‘ / <
/——— \ >
‘_
Clock

= >

ettling time
/ CLK —>
SH circuit voltage

"t

Golden ratio SAR ADC is fast !

[2] H. Arai, H. Kobayashi, et. al.,, " Redundant SAR ADC Algorithm for Minute
Current Measurement”, Journal of Technology and Social Science (accepted)
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Silver Ratio : Japanese Beauty
V2/1 = 1.414 = Silver Ratio

Golden ratio
1:0.618

Japanese old tools

i e
~
e
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Silver ratio
1:1.414

HR
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1.414
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Silver Ratio SAR ADC

Analog  object

Comparator
Input Sample Balance Scale Digital
Hold \ Qutput
>
:I:/ >
SAR <
. >
Based on Logic >
Principle of Balance /
el DAC
eight \
CLK —>{ Clock
Silver ratio weight £

/I .
(1,1,1,2, 2,4,4,8,8, 16,.. A

J 26




Silver Ratio Welghted SAR ADC

5-bit 8-step SAR ADC

p(M) =1
p(M-1)
p(M-2)
p(M-3)
p(M-4)
p(M-5)
p(M-6)
p(M-7)
p(M-8)
p(M-9)
p(M-10)

Fixed clock period: Golden ratio SAR ADC IS the fastest

5

:i )x1
)xz
=2
- )xl
=4)x2
X

X2

X
N

AL L A L L
X
S S

=4 X2
_g8 ) X2 X2
=8

=16

=16

Step 5th | 6th | 7th | 8th
Weight p(k) 2 | 1 1 T [outeut

31 z 31
30 (5):q(6)f é 30
29 i | i 29
28 28
27 27
26 26
25 | _gav yov 25
24 24
23 | M\ 23
22 | L) 22
21 | || 21
20 | L) 20
19 | 1Ll 14N 19
18 | i L : 18
17 17
ol 16 16
15 15
14 14
13 13
12 12
11 11
10 10
9 9
8 8
7 7
6 6
5 5
4 4
3 3
2 2
1 1
0 0
27

Variable clock period: Silver ratio SAR ADC is the fastest.
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R-2R Resistor Ladder

R-2R Resistor ladder network

» Divides current into halves in each node
» Used for binary DAC

Change 2Rto R

29



R-R Resistor Ladder

R-R Resistor ladder network

> Divides current into Fibonacci ratio in each node




Golden Divide Resistor Ladder Network

R-R Resistor ladder network

» Realize Golden divide of voltage or current
» High precision Golden divide
= Use for Fibonacci redundant SAR ADC

@ Current-dividing circuit

I AM AM

3
MWy
W

@ \/oltage-dividing circuit
R R R
Wy Wy Wy

Tv ‘%R §R




Proposal of Fibonacci DAC

R-2R resistor ladder
generates binary voltage

‘ Only use R

Proposal

R-R resistor ladder

generates Fibonacci voltage

Realize Fibonacci DAC
by using simple circuit

S1

®
L\
"%

R-R resistor ladder network



Analysis of Fibonacci DAC

(PSS 3R SR ax [Voo = IR Output voltage
211 8l 31 I F
R 2(N-m)+1
\ i ? \ W \ 0 T I/out(rn) :( (F ) IR
2N

N: the number of nodes
m: a connected node number from the left

551 Vout = 2IR

B
» Odd term of Fibonacci sequence
141"%%[2]

1’ 2) 5, XY
5IR 10IR zsmégsm 10[R[V0ut = 5IR :

\ 51 \ 151 S3 151 \ 51 T
R R R R
We also need even term

Rflm RT 1101 Ri"lzsl Rfllm R?lsl .




Proposal of R//R Fibonacci DAC

R-R resistor ladder ' & 1 Eé 1(% 1&5 1&
S, S3
R R

Generate Fibonacci voltage
of odd term S: \

Change terminal resistor to
parallel resistors

Proposal
R-R resistor ladder I I I I
with terminations of R//R
S1 R S; R S3 R S

AM ANV A — Vout
Generate Fibonacci voltage
of even term R T R 3




Analysis of Fibonacci DAC

Output voltage

21IR 8IR 3IR | Vout = IR

FZ(N—m+1)) R

\ A A Tz"b,;;' | Vour(m) :( F

N: the number of nodes
m: a connected node number from the left

‘\ 16,\ S; 151 ‘\ »Even term of Fibonacci sequence
M
R

iy T LS gy

9IR 241Rd')551 Vout = 8IR

\ 151\ S3 161 T

§lR | %lm %lm 55

o

HW‘—
E
A
||'W\l_-——-"";g
I-‘VW—
. 4



Fibonacci DAC

3

I% l% | % I% l%
Termination SWoe MSWo N SWes M SW5 MSWy
fR
R R

R R

R R R
I % I ?
SW, *SW, [ SW,

6

I I
Termination
f
a7

R

Voutl(Odd)

Fibonacci Number

—Pp> \Vout
Addition

* Op-amp
* (Capacitor

Vout2(Even)



Fibonacci DAC Simulation

W, SWs
R R
Wy

SWo \S

® Q

\ SW; N\ Sw;

Cq

Vout

L1

[Element values]
» R=550()

» C=1pF

> 1=2uA



SPICE Simulation Verification

15mi/—
14miv

40mV. V{vour)
36mV- - - 34
o G — 32mV- All Fibonacci terms
peration simulation
, E, 28mv+ are found
Each switch corresponds » %24m‘u‘— . ”q
to a Fibonacci term S 20mV-
>
2 12mv- 8
8 8mV— | - 5
mv 11 2 3
0
_ ) OmV/, - :!: 14 = e = the et i b =
V{vout) 0 2546 g8 (10012 14 16 18 20
Time[us]

13mi—
12m'—
11mi/+
10m'—
A= i
Tmi—
am'y—
ami—
4m'v—
Jmi—
2mi—
1mi—
Omb

Analog output[mV]

e

A-D conversion simulation
Combination of current sources

realizes DAC function

&,

Fibonacci DAC is realized
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New Discovery

SAR ADC based on
golden section search
using unimodal function

‘ equivalent

N
~

Find out

nggeighted SAR ADC




Golden Section Search

Finding of effectively extreme value of unimodal function

Division ratio = Golden ratio

Unimaodal
Function
STEP1
Judge: Left
STEP1
Judge: Right Separation
5TEP3 ......................................... point
Judge: Left [ ¢ : Golden
Ratio




Golden Section Search : Operation (1)

. ¢ | >|< 1
<
800 &

Compare



Golden Section Search : Operation (2)

1
& ,‘< j
=

- ¢

Compare




Golden Section Search : Operation (3)

1000 1000
900 900
800 800
700 700
600 600
500 500
400 400
300 300
200 200
100 100
0 0 -!!"“’
110 5 0 5 10 .10 5 0 5
1000 1000
900 900
800 800
700 700
600 600
500 500
400 400
300 300
200 200
100 100
0 0 b

-10 -5 0 5 10 -10 -5 0 5



Golden Section Search : Operation (4)

1000

900

800

700

600

500

400

300

200

100

-10 -8 -6 -4 -2



SAR ADC Based on Fibonacci Search

Analog Comparator

Input Sample ~N Digital
- Hold (./ \ R Output

Input: 2.7/ _ SAR />
200 Logic ——

18.0 N

— 16.0 D a—
@) ——
< 140 DAC |

%5 12.0 —

CLK — Clock

Absolute value of
difference of Q

0 5.0 10.0 15.0 20.0
Output of DAC

Finding this point with SAR ADC

Unimodal function with local minimum » Use Fibonacci search 46



Analog

SAR ADC Based on Fibonacci Search

Input

Sample
Hold

Use Fibonacci number
(1, 1,2,3,5,8, 13, 21, ...)

Comparator
) \
% —
[ — . Digital
— M / Output
Y SAR
Logic
N S E—
! DAC1 |\
/ DAC2 [/
/&\//
CLK ——{ Clock




Golden Ratio SAR ADC

Analog  object

Comparator

Input
p Sample

B\Iance Scale

Based on

Principle of Balance

>
/

. DAC
Weight \

CLK —>|

Digital
Output
>
SAR >
: >
Logic 5
Clock

Golden ratio weight

£
(1,2,3,5, 8,13,21, 34, .. i‘m
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Equivalent-Time Sampling
Digital oscilloscope \ __- ‘ |
o _____.._'-;:‘:

Waveform
fsin

Sampling Clock

o /\//
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Waveform Missing : Case 1

Low frequency f;, case

feuk > fsin

\ 4

Slow phase progress

—— g -
A
v
e T T

CLK

[
1/1024
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Waveform Missing : Case 2

Rational ratio fcrLx//sin case

CLK
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Waveform I\/Iissing : Case 3

Almost the same frequency case

beK Q’IEhl

v

CLK

A
v

g

— |
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Efficient Waveform Acguisition

n=>0

Proper relationship

beK’afuiJﬂﬁn

CLK
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New Finding

In case frix / foin =1.6181.. 1.62

Golden ratio

E

Based on extensive simulation
by my student (Mr. Yuto Sasaki)

A4

The most efficient waveform acquisition can be achieved

55/60



Contents

@ Other Examples

56/60



Unarx DAC Unit Cell Laxout

DECODER

S1|S2 |83 | 54

S5 | 56 | ST | S8

DECODER

S9 [S10|S11S12

S13(S14|S15(516

Linear error Quadratic error . : :
Systematic mismatch cancellation

1 115|114 4 using magic and Latin squares
1216 | 719

[9] D. Yao, Y. Sun, M. Higashino, H. Kobayashi
< 8 10| 11| S | “DAC Linearity Improvement with

Layout technique using Magic and Latin
Squares”, IEEE ISPACS, Xiamen (Nov. 2017)
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For obtaining prime numbers

A Lot of Frontiers

Sieve of Eratosthenes

2
11 12
21 22
3l 32
41 42
a1l 52
61 62
71 T2
81 82
91 92
101 102
111 112

13

23

33

43

a3

63

3

83

93

103

113

14

24

34

54

74

104

114

5 6

15 16
25 26
35 36
45 46
55 56
65 66
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Primzahlen:

Under investigation in our lab

@ Applications
- Gears
- ADC testing
- Residue number TDC
- Residue number sampling system
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Conclusion

@® Traditionally, people believe that
analog / mixed-signal circuit design is
art and craft.

@® Here we show that
mathematics, especially number theory
can contribute to the design as science.

l

Both art and science are used for

good analog / mixed-signal circuit design
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