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Motivation for Complex Signal Processing Research
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ter: Flat Passband Gain Algorithm
ter and Hilbert Filter

Active Complex Bandpass Filters

Complex Bandpass A2 AD Modulator

Complex Multi-Bandpass A2 DA Modulator

Conclusion
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Outline

@ Motivation for Complex Signal Processing Research
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Why My Research for Complex Signal Processing ?

About 15 years ago

at IEEE International Solid-State Circuits Conference
San Francisco, CA
The most prestigious conference in IC design

Katholieke Universiteit Leuven (KU Leuven), Belgium
World top research group in analog IC design

presentation ‘

Some simple circuit
with curious characteristics
(RC polyphase filter)
However, e e
| could not understand its principle
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ComEIex Signal

There is NO physical complex signal.
It is only defined mathematically.

2 real signals: |, Q

|: In-Phase, Q: Quadrature-Phase

Vsignal = | + JQ Complex Signal Gauss plane

Vimage= |1 —]JQ  Image

¢

| = [Vsignal + Vimage]/z
Q= [Vsignal — Vimage]/(2 j)
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Basic Complex Signal Processing Block

X, —EMYI

A
A

Q
Q

Al

Y=A"X
Yi+ jYq = (Ar+ jAg)" (X, + jXo)
= (A" X - Ay Xy)
+j (A X+ Ay X))
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Outline

@ RC Polyphase Filter: Transfer Function

H. Kobayashi, ]. Kang, T. Kitahara, S. Takigami, H. Sakamura,
“Explicit Transfer Function of RC Polyphase Filter

for Wireless Transceiver Analog Front-End",

IEEE Asia-Pacific Conference on ASICs, Taipei, Taiwan (Aug. 2002).
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Goal of First Research

« To establish systematic design and analysis
methods of RC polyphase filters.

« Asits first step,
to derive explicit transfer functions of

the 1st-, 2nd- and 3rd-order
RC polyphase filters.
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Features of RC POIXEhase Filter

* |ts input and output are complex signal.
* Passive RC analog filter

* One of key components in wireless
transceiver analog front-end

- I, Q signal generation
- Image rejection
* |ts explicit transfer function
was NOT derived yet at that time.
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First-order RC Polyphase Filter

||n+4\/ lout+
wl
Qout+

Q|n+4\/

7 IOUt-
Qin. Cl A Qout-

R1
I: In-Phase, Q: Quadrature-Phase

Differential Complex Input: Vin =lin + JQIﬂ

Differential Complex Output: Vout = lout + J QOUt
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, Q Signal Generation

Single cosine Cosine, Sine signals

1IN = cos (wLot)

N\ R — |out = A cos (Lo t+0)
I, I Polyphase
oin=0 o FIlter | out— A sin (ero o)
AV
lout Qout
1 1
W o = - -
LO =
R]_Cl §-0.5

02 022 024 026 028 03 032 034 036 038 04
time [us]
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Cosine, Sine Signals in Receiver

cos(mo t)
Analog
IF Bandpass AD |
—| Filter — Converter [~
- sin(o 1)
ap | Q
— Converter — >
< —
analog digital

They are used for down conversion
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Problem when ww#1/R1C1

lout Smw
o NN

.2
1.5
_ 1 o | |
LO ‘ <
R:I.Cl igg’—O.SO
an | |
2
25 02 ‘ ‘

T g™
A

0.2 . 24 026 028 03 032 O 3 . . 0.4

.3
efu
0
time [

S
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2nd_grder RC Polyphase Filter

C1
The problem of large QinF =y

difference between ¢!

lout, Qout amplitudes
can be alleviated. Qin-
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3rd_order RC Polyphase Filter

The amplitude

difference problem
is further alleviated. "™ " et Oou
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Pure |, Q Signal Generation

3rd-order harmonics rejection

[in= Tout =
3 I
cos(mLot)+B cos (mLot) Polyphase A cos(mLot+0)

| Filter | »
- IS i

sin (@Lot)+B sin (3(01_0‘[) A sin(oLot+0)

With Without

3rd-order harmonics. 3"d-order harmonics.
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Simulation of 3@-order Harmonics Rejection

lin Oin
| (t) =cos(w,t)+acos’(w,t) i
Q.. (t) =sin(w . t) + aSinB(a)LOt)q
3@) Lo— 1 lout e Qout
R1C1 : 7 <X o <

| (1) = Acos(w t+0)
Q.. (t) =Asin(ew t+6)

—

voltage [V]
o
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Image Re'!ection Filter

lin =

(A+B) cos(wt) lout =

Acos(mt)
< : Polyphase
Qin =

(A=B) sin(ot) < C

Fi Iter ——p Qout =
Asin(ot)

Ae!* + Be™ I —> Apld
signal image
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Complex Transfer Function

e Complex Signal Theory

 Complex input
 Complex output

e Complex
Transfer Function

Vout (Ja)) — Iout

vin(ja)): L. +1-Q,

j ' Qout
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Signals in RC Polyphase Filter

Differential signal

Iin(t) — Iin+ (t) o Iin— (t)

Qin (t) = Qin+ (t) - Qin_ (t)
Iout(t) — Iout+ (t) - Iout— (t)
Qout(t) = Qout+ (t) o Qout— (t)

Complex signal

Vin(t) = Im(t) + JQm(t)
Vout(t) = Iout(t) T onut(t)

- lout+
lin w R1 \/
. N
out+
Qin+ Q
R1
Cl
' lout-
n_
! R1
| c1
Qin- Qout-
R1
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Transfer Function of RC Polyphase Filter

e Transfer Function

1+ oRC

G,(Jw) =

1+ J.wRC

«Gain

‘Gl(Ja))‘ =

‘1+ a)RC‘

J1+ (@RC)?

ool radfs)

J1x107 —Ewln0t 1 Eul0s 1100

Asymmetric
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Explanation of |, Q Signal Generation by G1i(jw)

Qin(t) = 0, Iin(t) — COS(a)t)
Vin8) = n(0) + ] Qun() = cos(et) = [ + /o]

¥

Vour (1) = 5 [1G1 i) |/ (@ + G U ke |G, () o] ot Ie]

= \/Z—Ecos( t ——) +ism(wt ——)

\
|Gl(—jw)|ei(—wt+401(—iw))] =0
Here
T
“=RC W=R¢ 4
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ComEonent Mismatch Case

Ri
lint 4ﬁ\/\/\/ \/ loutt |Ro. =R +AR,.| |Ro =R +AR,
Cl Rf Cf

Qin_ Qout— R, =R +AR,, R, =R +AR;_

. Co,=C +AC,, | [Cy. =C +AC,
lin- lout-

AE\\\\\F C,.=C+AC,.| |C, =C+AC,_

Qin+ QOUt'l'
AR, 0+ BR 1 q,AR;,,AR, 1 Resistor variation

AC,,.8Co,AC,,,,AC,, : Capacitor variation

\Yg

|, Q paths mismatch
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Component Mismatch Effect

V

- 1+ wRC y

1+

Mismatch components

“ 1+ jeRC " 2L+

iYwRC &7

joRC)’

Input Signal

Input Image Signal

Vin — Iin T jQin

Vin

= Iin - jQin

Derived by Y. Niki, Gunma University
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Outline

@ RC Polyphase Filter: Flat Passband Gain Algorithm

Y. Niki, S. Sasaki, N. Yamaguchi, J. Kang, T. Kitahara, H. Kobayashi
“Flat Passband Gain Design Algorithm for 2nd-order RC Polyphase Filter,”
IEEE 11th International Conference on ASIC, Chengdu, China (Nov. 2015)
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Transfer Function of 2"9-order RC Polyphase Filter

Transfer Function

(1+ wRCy)(1+ wR,C5)
— (I)ZR1C1R2C2 +]O)(C1R1 + C2R2 + 2R1C2)

G,(jw) = 1

Derivation is very complicated, so we used "Mathematica.”

14

1.i [’\
!

B caasssssstetttl

0.8

Gain |G2(jw)| — ° o f
characteristics \/,m\//

0

-10 -5 0 5 10
-2 Stop band -W: W: Pass band w2

26/65



Need for Flat Passband Gain Algorithm

Transfer Function

(1+ wR{Cy)(1+ wR,C5)
1-— (1)2R1C1R262 +](1)(C1R1 + Csz + 2R1€2)

We need flat passband gain H

G,(jw) =

l.i f’\w TT——
Y [
Gain |G2(jw)| Lo f
characteristics ., ]
0 \/ \‘/ -

0 5 10

-10 -5
-W2 Stop band -W1 Wi Pass band w2
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Four Design Parameters

[Che 1
_0.4 l{
O.z \/’ \\/ —
0 -2 St(;; band -0)10 w1 Passsband w2 w0
()
4 parameters: R{, R,, Cy, (5
1 I S
“UTRG P TRG T TR G T RiG

I4 constraints
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Two Constraints from Filter Spec.

1.2 /"\\“
l

0.6 [
4
/

0.2 ’M

o I~ v

-10 -5
-W2 Stop band -W: ®: Pass band @2

—1 -1
@® 2zeros: — W= — Wy =
1 RiCy '’ 2 R, C,

are given from the filter specification.
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Proposed Algorithm Uses Third Constraint

14
: f
0.8
O 0.6 j
Y /
02 | ]
~~—T__ NV _
B 5 o0 5 10
-2 Stop band -W: i1 Pass band 2
W
1

@® \We use the third constraint X =
R,Cy

for passpand gain flattening.

@ The fourth constraint is left for ease of IC realization.
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Nyquist Chart of G2(jw)

Gain characteristics |G2(jw) |

Nyquist chart of G2(jw)=X(w)+j Y(w)

1.4 ) @0y 0.4
1.2 | i 0.2 N PN
1 1 1 ! \
— I I I O AW | 1~ - AW |
08 u2)| [G2(jw1)|
I I | - .02 - ~
06 | / | | é \
0.4 . . : > 04 N
] ' | GaVwiwz)|
0.2 n i i -0.6 /
o \/ I \/ 1 J o8 L ’ y
-10 -5 0 5 10 Wy I A w1
-W2 Stop band -W1 |W1  Pass band w2 -1 : :
-15 -1 0.5 VW10 0.5 1 1.5
X(w)

| G2(jwi) | =] G2(jw2) |

But in general

| Ga(jwi) | =] Ga(jwz) | = NGa(iVwiws)|
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Our ldea for Flat Passband Gain Algorithm

Gain characteristics |G2(jw) | Nyquist chart of G2(jw)=X(w)+j Y(w)
1.6 @@z | | @y | 04
1.4 ' ] ' 0.2 O RN
1o : fr ! ! 0 ,
B j o ' 0.2 - 1Ga(jw2)] |G2(jwa)]
(D 08 | : / : : : -0.4 /// \\\
— 0.6 | } | '06
04 | : L ! 3 -0.8 / AN
0.2 : , ! | s \\ |G2(jVwiw?2)| /
.0 I V ! I ! -1.2 \ / ]
10 s 0 5 10 1.4 2 | N Ao |
. \_._ T
"2 Stop band -1 | wy Pass band @z | () 16 | NI passband

-1.5 -1 -0.5 0 0.5 1 1.5
X(w)

If we make|Gz(jw1)| =|G2(jw2)| =|G2(jvVwiw2)]|,
Passband gain becomes flat from w1 to wa.
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Outline

@ RC Polyphase Filter and Hilbert Filter

Y. Tamura, R. Sekiyama, K. Asami, H. Kobayashi,
"RC Polyphase Filter As Complex Analog Hilbert Filter",
IEEE 13th International Conference on Solid-State and Integrated
Circuit Technology, Hangzhou, China (Oct. 2016)
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Research Objective

-

lin+

RC Polyphase Filter

Analog
Complex (I, Q) input

~

'M - '\M lout+
/AR T R Xen
C1 Mm L Cn /\&C -
\/ R1 ?/ Rn

in- - - lout-
‘-7fc1 }W\,Eéém o %Cn,m\:i:m

-

R1

Hilbert Filter
Digital
Real part (Vin) input

lout+
e

R
—_—m  -_)
=g =g =g —
1z Ea Eal 1z!
—aq ) ay a
Qout+
N \ul=‘

m

Analyze RC polyphase filter

We found that relevance between

RC polyphase filter and Hilbert filter
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Hilbert Filter

B Characteristics
*Hilbert transform
1 input and 2 outputs
It is often implemented in digital filter

Ré’ \\\\\ IOUt+
1 1 .
Vin P
z ! z! z 1 z71 : :
—a1<7 —Qg Qo A ‘
| ! Qout+
g AN NP >  Phase
I/
Im . Im
x(t) +Jjy (©) ‘
- 1

7 ©) —jy (©) 0| “

/’ ~
e ” ~
’ 7’
’ g ~
’ .
AY 7/ \
’ \ i
\
i \ v \
/ : ] .
1 1 1
! 1 > ! 1 >
T | T 1 »>
1 ] \ N
\ ' Re N ! R
Al ’ \ 1 e
A 7 v 7
\ / \ ’
\ ’ . ’
~ N ’
~ ~ ’
~ ~ -
~ ~ -
~ - s -

Gain
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Cosine, Sine Generation with Hilbert Filter

w component w component
_ cos(wt)+jsin(wt) cos(wt)+jsin(wt)
m Im
X(©) +jy (© K ‘ “
. .

= X =

-
-, s ~.
s ” ~
s P N
/) N o N
! M ‘ \
1 N ’ \
\ i
\
i \ ! 1
1 | - ! I
T > >
\ 4 ! !
/ R | /
\\ 1 e ' ! Re
i \ ’
A} r \ 7
\‘ ’ A ’
’ —— & A
~ ~ ,’
~ w N -
Y .. -

X0 -jy © w W

Gain
cos(wt)-jsin(wt)
-w component Hilbert filter

cos(wt)

sin(wt)
2 cos(wt)
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Hilbert Transform

Complex signal from real signal x (t)
x(t) - x(t) +jy (¢)

Hilbert transform

1 ¢ x(7) 1
y(t) = - j dt = x(t) x —
T t—1 tt
- David Hilbert
1862-1943
Impulse response Fourier Transform
1 —j >0 T
O "0V S
mt Fourier J
0 w
Frequency characteristic H (w) o ‘
2
_ (- X(w) (w>0)
Viw) = H(w)X(w) = {]X(w) (w <0) Phase
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15t order RC Polyphase Filter: Analysis

_ 1+ wR{C;
H(jw) = , : Transfer function
1+ jwR.C
Stop band - Pass band

1.8° | A

Gain
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15t order RC Polyphase Filter : Gain and Phase

Hl(iw) = lee(ja)) + jHiim(jw)

H (jw) + H{ (—jw) 1
H ] p— pr—
1re () 2 1+ jwR,C,
Hi(jw) — H{ (—jw) _ wR,{C;

Hyj,(jw) = .
1im(J 2 )1+ jwR.C,
£H; (jw)
||H1re| |H11m||« » |Hirel + [Hyiml =tHyjm(jw) — £H1e(Jw)
___________________________________ P E——— Hire
1.8 7= TTTTETTTTTYTTTTTRYTTTT L R A B A
—A—He | | N NN 3 lidiiir it i = Hyjm
R E A T 2T T T
1.41 el I A G S A L R N Hy
_ 12 ' o R, ) e
5 — 2 ¢
§ 11 & ol i i ]| phaselag
0.81 & 1 S R - -
0.6 1 2T RN R
0.41 -1 e,
0.21 3 2 phase lead
0 —2TT + + i i ; ; t 1 1 1 1 + TE t + t 1
; 8 6 4 -2 2 4 6 8
D)
|Hirel = |[Hyim!| | Gain Phase
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15t order case Analysis Results

4 )
Gain : Hilbert filter only at zero
Phase : Completely Hilbert filter
\§ J
187 2T Y T T p—
+o1] Sl AT
1.4- pliedoded b Hy
_ 12} R N e
RC Polyphase Filter 6 ‘T g ol L Epha.se. l?.
0.8 | = , | —phase lead BEBUN
06 1 ; | AR b~y
041 | i
0.21 i R
S VAPV S S S S N S N S S S S
-10 -8 6 -4 -2 0 - 6 -4 2 0 2 4 6 8
w
T A
2
1
Hilbert filter 0 "W
T
0 2
Gain Phase
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Results: 2" to 41" RC Polyphase Filter

[ pem—— P
.6 ) ,Er,, H2re| + |H2im|

J LIH?_ ((.l)) |
=¢Hyim () — £Hypo(w)

Gain

B S .

o |H4:r'e| + |H4im|

1.4
124

11
0.8

Gain

0.6

0.4

0.2] £H,y(w)

‘ =£Hyim (W) — LHyre (@) r
0 27 R s e e e

8 6 -4 2 0 2 4 6 8
W w




Analysis Results and Consideration

15t to 4t order RC Polyphase Filter Analysis results

[

-

Gain : Hilbert filter only at zeros

Phase : Completely Hilbert filter

Prove for general n-th order case
(n=1,2,3,4,5,..)

Qin+ W Qout+
R1 R
CW Cn
lin- - lout-
& %
C1 Cn
Qin- W —_—— m Qout-

R1

lin+ lout+
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Order and Galin

x —IHI[ 18 —IHll e ~_—Hl| 16 ==L
. | 1.4
14 A 14 14 -~
1.2 1.2 1.2 1.2
) \M 1 1 1
0.8 \\ 0.8 0.8 0.8
0.6 0.6 ™ 0.6 0.6
0.4 \ 0.4 N 0.4 0.4
0.2 0.2 N\ A 0.2 0.2
- om_t\ N
0 > 0 Y A~ ) LW )
-20 -10 0 10 20 -20 -10 0 10 20 -20 -10 n 10 20 —20 -10 0 10 20
15t 2nd 3rd 4th
>

The higher orders,
the number of zeros increases;
|Hre| and |Him| becomes close in wide range

$

Close to ideal Hilbert transform
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Order and Phase

T T T T
— ZH — ZH — ZH — ZH
/2 /2 n/2 /2
0 0 0 0
/2 /2 n/2 /2
o -10 0 10 20 D20 -10 0 10 20 T -10 0 10 20 o 210 0 10 20
15t 2nd 3rd 4th

Phase characteristic is not changed

$

There Is always 90 phase difference

Fulfill Hilbert transform in full range

44/65



1.6

Summary of RCPF and Hilbert Filter

14

1.2

0.8

0.6

0.4

0.2

-20

RC Polyphase Filter Hilbert Filter

« [—m] =z z

r\\ /2
] —

0

0
/2

_I

i 10 0 10 20 20 10 0 10 20 0 2

Gain Phase Gain Phase

(

\_

RC polyphase filter is approximation of
ideal Hilbert filter for complex input signal
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Outline

@ Active Complex Bandpass Filters

A. Hatta, N. Kushita, M. T.Tran, K. Asami, A. Kuwana, H. Kobayashi,
"Relationship between Active Complex Bandpass Filter and Hilbert Filter”

5% Taiwan and Japan Conference on Circuits and Systems. Nikko, Japan
(Aug. 2019)
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Gm : Transconductance

Input voltage: V.
=g V.

out m " In

viout dimension of gm = %

Output current : [, I
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ComEIex BandEass Gm-C Filter

Iin@)

o & U Viout+ ]VQout
! % 1 lin+ jQin
— Agm ¥ B (o+SC— jgn

Qin() %go o2+ gn?+5%C%+2gos C
Vaout

C

V
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Gain of Complex Bandpass Gm-C Filter

1 Center Freq. ?

ey
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Complex Bandpass Active RC Filter

g
U
¢
|
L - 1
J7 iIout—\
g
ik
ﬁ% =8
4
Qin g, ||
e Qo]
J7 out—
H(jo)=— 2
g, + J(-9; + aC)
Center freq. a)oz% 0= Gain |H(ja))|=i

C 29, 9,

Transfer functions of complex bandpass Gm-C and active RC filters are the same.
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Our Investigation Results

Gain : Poor Hilbert filter characteristics for both pass and stop bands
Phase : Hilbert filter only at large |w|

05 LHim(w) — £Hye ()
04 r \/
2
A H@) . | f
0 B s
wn
5 2 / o) LHim(w)
'a |Hre ((l))l /H’\\ ! i{fﬁ\ \‘\. '5
oo 1 SN T N N o LHre ((1))
— ""/ - /{x\ / 1 -, -~ - l_' L
__________:_____.:-"'j_ - Lo R N, § \“"'\»-.__..__..‘_t_;“_'__-;_____ | 71
. Ej‘ : —_ _—_ ] N ‘j: ///
|Him ((U)l ¢
2H(w)
M4 s 2 4 o0 1 2 3 4 s 5 -4 a3 2z 1 0

Normalized angular frequency ~ [rad/s] (we=1/(2m)) Normalized angular frequency [a@s] (we=1i2m))

Poor Hilbert filter characteristics of active complex bandpass filters
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Outline

@® Complex Bandpass AY AD Modulator

H. San, Y. Jingu, H. Wada, H. Hagiwara, A. Hayakawa, J. Kudoh, K. Yahagi, T. Matsuura,
H. Nakane, H. Kobayashi, M. Hotta, T. Tsukada,K.Mashiko, A. Wada,

“A Multibit Complex Bandpass Delta Sigma AD Modulator with I, Q Dynamic Matching and
DWA Algorithm", IEEE Asian Solid-State Circuits Conference, Hangzhou, China (Nov. 2006).
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Receiver Architecture Comparison

Direct conversmq receiver

«2o0r0dF o

Signal
offset
1/f noise

Frequency

Low-IF receiver Cnnventmnal
Low-IF

'If'F noise
Signal
Fraquency

Quadrature-IF
Low—IF A f'-”

Image| -=

1ff noise

Signal

Fraqusnw

RF — Baseband
Zero-IF
= No mage
Problem of DC offset, flicker noise

RF — Low-IF

No problem of DC offset, flicker noise.
Image as well as signal are
AD converted = Power is wasted

Image is not AD converted.
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Complex Bandpass Delta-Sigma AD Modulator

DAC, |«
| E
I"l'<§;- | [ ADC, Iﬁﬂt
Analog H(z) Digital
Input Output
—»! ADCq }—r——
Qin - Complex T Qout
Banpass Filter Eq
DACQ - Output P Spect
I{}th + JQDUI — E':::
e Q) (IR T
Complex bandpass noise-shaping ™™ " ™ Feasodin™ = 2"
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Proposed Complex Bandpass A2 AD Modulator Configuration

DAC1

DWA1
li lout
n b ADC1 —-
M M
U u
X X
Qin
ADC2 1 —
T Qout
SEL DWA2| SEL

® |, Q paths mismatch reduction
@® Complex bandpass DWA algorithm for multi-bit DACs
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Chip Implementation & Measurement

Output Power Spectrum

......................................................

Power[dB]
8

[=2]
o

(=]
o
k

100 O 1
Frequency(Fin/Fs)
Technology 0.18-um CMOS 1P6M
Supply voltage 2.8V
Sampling Frequency 20MHz
SNDR 64.5dB @ BW=78kHz

Power consumption 28.4mw

Active area 1.4mm*1.3mm
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Outline

@® Complex Multi-Bandpass A% DA Modulator

M. Murakami, H. Kobayashi, S. | N. B. Mohyar, O. Kobayashi, T. Miki, J. Kojima,
"I-Q Signal Generation Techniques for Communication IC Testing and ATE Systems",
IEEE International Test Conference, Fort Worth, TX (Nov. 2016).
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IC Testing with Complex Multi-tone Signal

(1) Image Rejection Ratio Testing of Communication ICs

Negative freq. (input) == Positive freq. (output)

(11) Complex Analog Filter Testing
Gain Complex filter gain

J
\

v N

“Nfy - =3f-2fi—fu O fo 2, 3fn - Nfa f |
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Complex Resonator

I-:'n
Qt?n . Qaut
O utput spectrum \A
pole piole pole fole pole
; P
2 2
[} O
o L
5 Win/ Ws 05 N5 Win / Ws 05
N=1 Single—band N=4 Multi—band
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Complex N-Band DWA Algorithm

Digital Analog

bR V
E)) +IDAC > —
Digital | Gomplex Bandpass Complex Analog
input AZ Modulator Bandpass Filter | output
— T{DAC P W
LP algorithm .
CGLEA =
5 . \ CLK1 CLKILIL
o DACH)—4— o—— e U
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Multi-tone Signal Generator
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This work was done by Mr. Masahiro Murakami. 61/65



Outline

@ Conclusion
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Conclusion

Complex filter is simple, but very interesting

l

Even somewhat mysterious !

l

To understand its principle, we use
its complex transfer function and
Hilbert transfer form.

l

These are useful for filter design as well as analysis
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Kobayashi
Laboratory

Thank you for listening
e

= FLEH J\FE [E may be complex.

But complex signal processing is NOT complex. 65/65
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Hilbert Filter ImEuIse ResEonse

N w,=1.0, N=700 animation
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Made by Prof. A. Kuwana
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Imaginary part of impulse response for Hilbert filter

f mms(?.nft} df = %5&:) {— f mgznftdf _ 1(5(1:} + L)

2 mt
= 11
L sin(2nft) df = >— %
J
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Bx Product : Division bx 0

stt) = %Z sin(nwet) = 1/(r+t) [ . 0] i
n=1 O
DIVISION BY ZERO CALCULUS A ‘
(Draft)

Prof. Saburo Saito
SABUROU SAITOH

March 10, 2019
Note that the identity
=l 1 1
sin(2mté df = — -,
jﬁ; (278) i

s0, for t = 0, the both should be zero (H. Kobayashi: 2019.3.9.10:49).
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Delta Function and Cosine Waves
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