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Outline

Research objective

R-r resistor ladder
— Convergence resistance value
— Metallic mean and /2 approximation ladder

Resistor ladder with different resistance values

— Correspondence
« combined resistance and continued fraction

Resistor network digital-to-analog converters
Conclusion
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Outline

* Research objective
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Research Objective

* On Integrated circuit,
resistance absolute value — vary
resistance ratio— accurate

* Irrational number
<continued fraction configured by integers

* By connecting resistors with integer ratio
— Irrational number approximation ratio

« Generate irrational number approximation
analog signal
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Outline

* R-rresistor ladder
— Convergence resistance value
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R-r Resistor Ladder

-y
R -r resistor ladder network

T
ﬂdlng/ connecting

Unit resistive ladder
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Combined Resistance Value

* Increase the number of stages 7
R i1/ R
g R r(R+ 1) |
c r+(R+r) Zy = -
(A R
Zw+1 =R+
k+1 r+ 2,

- (7"+R)Zk + TR
B Z, +7r L+ r Ly

j> Recurrence relation of Z, 0
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Combined Resistance Value

ay® — B
Zk: k—l
14

Here,

L+

a =

B = (R—\/RZ +4rR),
_R+r-—-p
" R+r—a’

Convergence value:
> R JR(R +4r)

oo
2 2

(R ++/R% + 4rR),

N =N =

14 1<y
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Outline

 R-r resistor ladder

— Metallic mean and +/2 approximation ladder



10/34

Metallic Mean A

* Positive root of * n=1:golden ratio ¢
x?—nx—1=0 14++/5
U ¢ =—
P vn? +4 - n = 2:silver mean t
b2 2 T=1++2
« Continued fraction + n = 3: bronze mean &
expansion
" - 3++v13
A, =n+ T 2
n -+ 1
n -+ 1

n-+ -
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R-r Ladder and Metallic Means

Resistance value of R-r ladder Metallic mean

|
R JR(R+4r) n Vn2 + 4
Lo =—+ 1 =—
— |
|
|
|
|

rZy
ZH1—R+T+ZR
R 1
=ECw+R+ R) ! 1
mr ' mZ, A, =n+ T
_R/ 1 <1_> n+ 1
T m m R+ 1 : n + 1
mro : n+7.
|

Combined resistance of R-r ladder
E> Metallic mean ratio (irrational number)




12/34

R-R Resistor Ladder

. R JR(R +4r)
RR =9 2
R JR(R+4R)
2 2
1++/5
= R

2

-———

Golden ratio ¢ ladder

o
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2R-0.5R Resistor ladder

V2R(2R + 4 - 0.5R)

Z2R05SR = 7"‘ 5
2V 2R2
= R 4
=(1+ x/E)R - -
~ 2.414R
ZZR,O.SR 0.5R

o ————9

Silver mean 7 ladder
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2R-0.5R Resistor Ladder (Simulation)

out >
R1
R6
500
tran 1
 Simulation conditions

— R=1kQ
— Supply 1 mA to ladder,
calculate Z; from V (out)

Result

Z, = 2.4142855 kQ
(1 ++/2 =2.4142135623-)

+
2 4145K e Y (OUE(11) sart(2)+1
2.4144KQ oo -2.4144
s 2412590 Ly arag
2AMAKO — -2.4142
2.4142136
73 L] /('R USSR SRS S S -2.4141
2.4140KQ 2.4140

| | | |
00s 0.2s 04s 0.6s 0.8s 1.0s



2R-0.5R resistor ladder

.tran *

Simulation conditions

— R=1kQ

— Supply 1 mA to ladder,
calculate Zs from V (out)

Result

Zs = 2.4142135 kQ
(1+4+/2 =2.4142135623-)
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' +

2.4145K Q- Lout/I(1) Atsart(2)

yJUPV.\' (o' NN SN S— S -2.4144

2. 4143K0=] oo e e ~2.4143
2.1142135KQ

2 412K R T ~2.4142
2.4142136

7Y LV L] (o' AN SN N N S ~2.4141

2.4140KQ : 2.4140

| | I
00s 0.2s 04s 0.6s 0.8s 1.0s
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V2 Approximation Ladder

* ﬁ:(l'l'\/i)_l ¢ ZZR,O.SR:(]‘-l_\/E)R
1 Zrro05R — R = V2R

=1+
2 + 11

2+ —

2+ =

Replace the first 2R resistor of 2R-0.5R ladder with R.




Verification of V2 Ladder, 2-Stage

—out
R1 R3
11 1k 2k
% R2 R4
500 500
Tm
 Simulation conditions

— R=1kQ

— Supply 1 mA to ladder,
calculate Z, from V (out)

Result

Z, = 1.41666666 kQ
(V2 =1.41421356237309-+)
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1.4170KQ—rt ) 5 1.4170
1.4165KQf e e ML
1.4160KQ-—--- RSOSSN NSO SO NS -1.4160
1.4155KQ-— S —— H— -1.4155
1.4150KQ - - -1.4150
1 BEKQA oo oot 4243614145
1.4100KQH S S — 1.4140
1.4135KQ-— _—_—:@r . 1.4135
1.4130KQ — 1.4130

| |
0.0s 0.2s 0.4s

T |
0.6s 0.8s 1.0s




Verification of V2 Ladder, 5-Stage
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—Vout >
R1 R3 R5 R7 R9
11
1m
1 ‘
ran 1.4170K Qe '“15:' Sqrt(2) 1.4170
: : . (LT (o O SR S S ~1.4165
« Simulation conditions s
(JLTCTI] (o' SR S S — ~1.4160
- R=1kQ Lo B S ~1.4155
— supply 1 mA to ladder, L1 e ~1.4150
calculate Zs from V(out) | 1.4145KQe—imeeoomriooree e S LE
e Result 1.4140KQ= - -------- 15;41—421235 ------- —1.4140
= 1.4142136 kQ 1.4135KQ - -oroeohoreresossorncns s -1.4135
Zs = 1. 1.4130KQ .’ , 1.4130

(V2 =1.41421356237309--+)

| | |
00s 02s 04s 0.6s 0.8s 1.0s
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Outline

 Resistor ladder with different resistance values

— Correspondence
« combined resistance and continued fraction
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R-ladder with Different Resistance Values

Registance value of
k-th stage
— weighting by

pr and g

qrR - Zy_4
QxR + Z;_4

Ly = prR A
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R-ladder with Different Resistance Value

R-Z,_ R
Zk=ka+qk k—1 P1
QxR+ Z_4
1
dx  Zk-1
1
=R/Pk+
T, 1
1
1k Pk-1 T 1 1
+ —
\ dk-1 -

Adjust p,, and g, according to continued fraction of
specified number

E>Resistance ratio to R is specified number
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Napier's Constant

e |rrational number

1
» Denoted by e A, T
. 1
* Natural logarithm 2+ 1
: : 1
 Continued fraction 1+
— regularity =[2;1,2,1,1,4,1,1,6,1,1,8,1,-]

pr — odd-numbered terms of integer part
2,2,1,1,6, ...

q; — reciprocals of even-numbered terms
1,1,1/4,1,1, ...




e Approximation Ladder, 4-Stage

out >

R1

Simulation condition
— R=1KkQ

— supply 1 mA to ladder,
calculate Z, from V (out)

Result

2.7183098 kQ
(e =2.718281828459536 ---)

2.71835KQ

V(out)I(11)  2.718281828
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e~ |[2;1,2,1,1,4,1,1]

2.71835

2.71833KQ-

2.71831KQ

""""""""""""""""""""""""""""

=-2.71833

2.71831

2.71829KQ-

----------------------------------------------

—2.71829

2.71827KQ-

2.71825KQ

B s i el s

=2.71827

2.71825

| | | |
0.0s 0.2s 0.4s 0.6s 0.8s 1.0s



e Approximation Ladder, 8-Stage

out >
R1 R3 R5 R7 R9 R11 R13 R16
11 2k 2k 1Kk 1k 6k 1k 1k 10k
R2 R4 R6 RS R10 R12 R14 R15
1k 1k 250 1k 1k 125 1k 1k
1m
.tran 1

e~|2;1,2,1,1,4,1,1,6,1,1,8,1,1,10,1]

Simulation condition

- R=1kQ

— supply 1 mA to ladder,
calculate Zg from V (out)

Result

2.7182816 kQ
(e =2.718281828459536 -
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2 71835K 0y (U101 2718281828 . ..

2.71833KQ- oo -2.71833

2.7183AKQ----- oo eommreerbeen e -2.71831

2.71820KQ - feoeencb 9 A BRG] 271829
' . 2.7182816K

PRLT7Y( (o' N - S - 271827

2.71825KQ ; ; ; ; 2.71825

00s 02s 04s 0.6s 0.8s 1.0s
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m Approximation Ladder

e |rrational number

_ _ m ~ 3.14159
« Ratio of a circle's 1
circumference to =3+ ; 1
diameter T 1541 .
« Continued fraction 1+
— NO regularity =[3;7,15,1,25,1,7,4]

pr — odd-numbered terms of integer part
3,15, 25,7

q; — reciprocals of even-numbered terms
1/7,1,1, 1/4
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m Approximation Ladder

Simulation conditions
— R=700Q
— Supply 1 mA to ladder and R,

calculate resistance ratio to
R from the ratio of voltages

Result

Ratioto R : 3.1415896
(Design value : 3.14159)

V(out_pi)/(V(out)-V(out_pi))

3.14160 ;3'14159: .
3.14159
3.1415 , ,
3.1415896
T B S
3.14157= ----------------------
3.14156= ----------------------
3.14155 i i i i

0.0s
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Outline

* Resistor network digital-to-analog converters
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Resistor Network Digital-to-Analog Converters

VOUT
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Resistor Network Digital-to-Analog Converters

VOUT(ILIZI"'JINIRITIRT) T

Ay

'3

Ay

)
b

R
it
Ri2

Ayn-1 r||An—2 r
| Iy - + Iy_q - +
(’V + N r||Ay—y + Ay A+ T

r||An-3 r
B I +
(’V ° r||Ay—z + Ay Ay +T
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5-bit R-2R DAC

« R-2R DAC
R - R
r = 2R
Rr - R
For all n,
A, = 2R

VOUT(IL 121 131 141 15' R)

1 1 1
= —R (215 + 1, + E13 + le + §11) ‘(::I Currents I weighted in binary‘
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Examples of Resistor network DAC
 R-R network DAC

R - R
r >R I I I3 I, Is
R - R

(o] R (o] (o) (o] (o]

EAM— W —A— Ao vour

VOUT(I]J 12) 13) 14-) 15) R)

34 13 1 3 3 16 8 21
=R\ s getlgetg | bty ss o\ s

1 _
= s R(34l5 + 131, + 515 + 21, + 1) When I, ~ I = (1, -1, 0)
I:> Operate as a DAC
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Examples of Resistor network DAC

* Weighted in “ternary”
R — 4R
r — 3R
R+ — 2R

For all n,

§ 3753
o] AR o] o] o] o]

4R 4R 4R

2R§

VOUT(Ilr IZJ 13' 14' 15' R)

=2R| I 6+1 2+1
- > gt g 3
= —R

(

2

31+I+1I+1I+1I
5 Tl T3l TyhTr 7l

AN ——AW——AM——AA

3R§ 3R§

12+1
38 3

)

® o] VOUT

S

L=

(+23-3)

When I, ~Is = (I,—1,0)
I:> Operate as a DAC
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Outline

 Conclusion
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Conclusion

e Clarified

— R-r ladder network © some irrational numbers

— By using continued fraction of specified number,
equivalent resistor
(resistance ratio to R is specified number)

— Approximation accuracy
— better, as the number of resistors larger

* Resistor network DAC
— Generalized DAC using resistor ladder
— New idea of Non-binary DACs
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Q&A

* Q. You showed a ternary DAC on slide 32.
Can you design a “Quaternary” DAC?
A. Probably, we can. But | suppose a
“Quaternary” DAC needs more current
sources than ternary DAC.

» Q. Can you design the v2 weighted DAC?
A. I'm not sure. Probably we can by using

a 1 + /2 ladder or other configuration of
ladder.



