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1. Research Background
Motivation on High-Order Physical Systems

• Behaviours of complex functions in time and 
frequency domains are not analysed in detail.

• Limitations of loop gain, differential equations, and 
heat equations are not pointed out.

• Superposition theorems are not widely used in 
large-, medium-, and small-scale physical systems.

• Properties of positive and negative impedances, 
resistance in mechanical systems are not
introduced.

• Relationship between periodic motion systems and 
positive feedback systems is not well investigated.
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1. Research Background
Objectives of This Study

• Investigation of some limitations of differential 
equations and loop gain in motion models  

• Study of behaviors of various different scale 
systems: planets, mechanical systems, and 
electronic systems

• Models of periodic motion systems using complex 
functions Positive feedback systems
 Ringing test for high-order electronic systems 
such as transmission lines, passive and active filters.
 Observation of phase margin at unity gain 
determines operating regions of high-order systems



 Three superposition formulas for physical systems.
• Mechanical superposition formula
• Electrical superposition formula
• Multi-source superposition formula
 Proposed motion models for various different scale 

physical systems: 
• Earth’s motions (large-scale), 
• Simple pendulum systems (regular-scale), and 
• Electronic systems (small-scale)
 Investigation of positive feedback systems
 Ringing test for mechatronic systems such as 

transmission lines, passive and active low-pass filters 
4
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1. Research Background
Limitations of Differential Equations and Loop Gain

Nyquist plot of loop gain
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(Unclear operating region)

Overshoot

Undershoot

Ringing in mechatronic systems

LAB 
tool

Stability 
test

 Loop gain cannot be used to do the ringing test for mechatronic systems.

BW =100 Hz GBW =10 MHz

Loop Gain

Aβ : loop gain
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Gain reduction in an inverting amplifier

Transfer function

'''' ''' '' '
0 1 2 3 4 0;    a y a y a y a y a y
 Numerical methods don’t solve the 

high-order differential equations.
 They only approximate the solutions 

to them.

Fourth-order differential equation
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2. Proposed Superposition Formulas
Superposition Formulas for Mechatronic Systems
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2. Proposed Superposition Formulas
Time and Frequency Responses of Systems

Time response of high-order system (single harmonic input wave)

   
 

     
     

1
0 1 1

1
0 1 1

;
...

...







      


    




 
 i

n n
n n

n n
n

out

nn

b j b j b j b
H

a j a j

V

j aV a

         
     

1
0 1 1

1
0

0 0

101

0

0 0

..
;

.

...







  






 

  

   
in

n n
n n

n n
n

o t
n

uV
b j b j b j b

a j a j a j
t

a
V t
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High-order mechatronic system

Vout(t)=Acos(ω0t+Ѳ0)H(ω0)

Frequency response of high-order system (all frequency domains)

(time domain) (time domain)
(all frequency domains)

Single-harmonic
output signal

Single-harmonic
input signal
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2. Proposed Superposition Formulas
Self-loop Function in A Transfer Function
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Transfer function of high-order system

o Magnitude-frequency plot
o Angular-frequency plot 

o Polar chart  Nyquist chart

o Magnitude-angular diagram  Nichols diagram

Bode plots

Variable:  angular frequency (ω)
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Graph signal of negative feedback system
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2. Proposed Superposition Formulas
Periodic Motions and Helix Waves

Types of breaking forces Value

A covalent bond 1600 pN

A noncovalent bond 160 pN

A weak bond 4 pN

Double helix waves in DNA

Motion of electrons in the crystal structure 
of silicon atoms

The Earth’s rotation Motion of electronic particles

Breaking forces in chemical bonds
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2. Proposed Superposition Formulas
Characteristics of Helix Functions

  0 0( )   pS t Ahe t   0 0( )  NS Ahet t
Positive helix function Negative helix function
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2. Proposed Superposition Formulas
Spectra of Common Analog Signals

Signal type Time domain Half-side spectrum
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3.Motion Models for Large-Scale Systems
Behaviors of the Earth’s Motions

Motion of the Earth on its orbitMotion of the Earth on its axis

   0 0 heV t Ahe t 

A is radius of the Earth 
Frequency f0 is 11.5 µHz, (or a period of 86400 s)

Motion 
wave
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3.Motion Models for Large-Scale Systems
Motion Model of the Earth on Its Orbit

Transfer function

Apply superposition at the node Xout,Model of the Earth and the Sun
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Loop gain cannot be applied for a large-scale physical system.
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3.Motion Models for Large-Scale Systems
Behaviors of a 2nd -Order Mechanical System

Transfer function
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Relationship between output and input

Graph signal of positive feedback system

Positive feedback system

A is radius of the Earth’s orbit, and 
frequency f0 is 31.5 nHz

   0 0 heV t Ahe t Motion wave
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4. Motion Models for Regular-Scale Systems
Analysis of a 2nd -Order Pendulum System
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Apply superposition at the node Xout,Model of pendulum system

   
1 1 

  
              
 

qm
pl

in l l out p p
l p

kkX c j m X c j m
j j

Mechanical superposition formula

   
   

0 1 ;
1

 
  

  
out

in

X b jH
X L

Transfer function

0 0 1; ;  
c m cb a a
k k k

Where,
   20 1 ;    L a j a j

Self-loop function

Loop gain cannot be applied for a high-order mechanical system.
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4. Motion Models for Regular-Scale Systems
Behaviors of a 2nd -Order Pendulum System
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Relationship between output and input

Graph signal of positive feedback system

Positive feedback system

Harmonic motion of pendulum system

Here, l = 1m, m = 1 kg, g = 9.8 m/s2
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4. Motion Models for Regular-Scale Systems
Analysis of a 4th -Order Pendulum System
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4. Motion Models for Regular-Scale Systems
Behaviors of a 4th -Order Pendulum System
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Graph signal of positive feedback system
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Relationship between output and input

As c = 0, then b0, a1, a3 are neglected.

Here, 
l1 = l2 = 1m

m1 = m2 = 1 kg

g = 9.8 m/s2
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5. Motion Models for Small-Scale Systems
Analysis of a 2nd -Order Passive Low-Pass Filter
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Implemented circuit of RLC LPF
Apply superposition at the node Vout,

Schematic of RLC low-pass filter
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Electrical superposition formula
Loop gain cannot be applied for a passive filter.
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5. Motion Models for Small-Scale Systems
Measurement Results of a 2nd -Order Passive LPF

Nichols plot of self-loop function

Bode plot of transfer functionSimulated transient response

Overshoot

Case Over-
damping

Critical 
damping

Under-
damping

Magnitude 
(transfer 
function)

-12 dB -6 dB 1 dB

Phase 
margin 

(self-loop 
function)

80o

(observed 
at 100o)

60o

(observed 
at 120o)

31o

(observed 
at 149o)

149o PM
31o

120o

100o

PM
80o

PM
60o

1 dB

-6 dB

-12 dB
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5. Motion Models for Small-Scale Systems
Analysis of Schematic Model of Transmission Line

Simplified model of coaxial line Parameters of the schematic model

Parameter Value Parameter Value

Metal width (W) 0.71 mm Substrate thickness (H) 2

Trace length (L) 40 mm Dielectric constant (εr) 4.6

Metal thickness (Tm) 35 mm Loss tangent (Tan) 0.01

Metal resistivity 17.2 nΩ Frequency 1.5 GHz

Surface roughness 0.1 um Characteristic Impedance 50 Ω

Variable Value Variable Value

La 0.25 nH Z0 50 Ω

Ra 1.82 mΩ Loss 1.6 mdB

Ca 0.1 pF Skin depth 1.7 um

Ga 6.81 uM/Ω Delay 0.2 ns

Parameters of the physical model
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5. Motion Models for Small-Scale Systems
Ringing Test for Coaxial Line

Physical model of transmission line General characteristic impedance
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Transfer function and self-loop functionRinging test for the coaxial line
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5. Motion Models for Small-Scale Systems
Simulation Results of Coaxial Line

Bode plot of transfer function
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5. Motion Models for Small-Scale Systems
Analysis of Fourth-Order Active Low-Pass Filter

Schematic of Akerberg-Mossberg LPF
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5. Motion Models for Small-Scale Systems
Simulation Results of 4th -Order Active LPF

Nichols plot of self-loop function

Bode plot of transfer function
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6. Conclusions

This work:
• Study of limitations of differential equations and loop gain.
• Three superposition formulas are also introduced for deriving 

the transfer functions in physical systems.
• Investigation of behaviors of physical systems such as the 

Earth’s motions, pendulum systems, transmission lines, passive 
and active low-pass filters.
 Periodic motion networks are positive feedback systems.
 Observation of self-loop function can help us  optimize the 

behaviors of high-order mechatronic systems easily.
Future work:
• Stability test for dynamic load and other mechatronic systems.



32

References
[1] H. Zhou, W. Hanafusa, K. Udo, N. Hirai, Y. Ohki, “Aging Behavior of Flame-Retardant Cross-Linked Polyolefin under 
Thermal and Radiation Stresses,” IEEE Trans. Dielec. & Elec. Insu., vol. 28, no. 1, pp. 303 – 309, Feb. 2021.
[2] T. Tran, Complex Functions Analysis, LAP LAM. Acad. Pub., ISBN: 978-620-3-46189-3, Mau., Feb. 2021.  
[3] P. Wang, S. Feng, P. Liu, N. Jiang, X. Zhang, "Nyquist Stability Analysis and Capacitance Selection Method of DC Current 
Flow Controllers for Meshed Multi-Terminal HVDC Grids", J. Pow. & Ene. Sys., vol. 7, no. 1, pp. 114-127, July 2020.
[4] W. Zheng, Y. Hou, Z. Li, “A Dynamic Equivalent Model for District Heating Networks: Formulation, Existence and 
Application in Distributed Electricity-Heat Operation,” IEEE Trans. Smart Grid, pp. 1-1, Jan. 2021.
[5] X. Mei, Z. Chen, W. Xu, L. Zhou, W. Wu, J. Zou, “A Common Drain Operational Amplifier Using Positive Feedback 
Integrated by Metal-Oxide TFTs,” IEEE Elec. Dev. Soc., vol. 9, pp. 342 – 347, Feb. 2021.
[10] T. Tran, A. Kuwana, H. Kobayashi "Ringing Test for Negative Feedback Amplifiers," 11th IEEE Annu. Inf. Tech., Elect. & 
Mob. Com. Conf. (IEMCON 2020), Canada, Nov. 2020.
[11] J. Lin, M. Su, Y. Sun, X. Li, S. Xie, G. Zhang, F. Blaabjerg, “Accurate Loop Gain Modeling of Digitally Controlled Buck 
Converters,” IEEE Trans. on Indus. Elec., Early Access, pp. 1-1, Jan. 2021.
[12] T. Roinila, H. Abdollahi, S. Arrua, E. Santi, “Real-Time Stability Analysis and Control of Multi-Converter Systems by 
using Mimo-Identification Techniques,” IEEE Trans. on Pow. Elec., vol. 34, no. 4, pp. 3948 - 3957, Apr. 2019.
[23] T. Tran, A. Kuwana, H. Kobayashi, "Ringing Test for 3rd-Order Ladder Low-Pass Filters," 11th IEEE Ann. Ubiq. Com., 
Elect. & Mob. Com. Conf. (UEMCON 2020), USA, Oct. 2020. 
[24] A. Jain, A. Sharma, V. Jately, B. Azzopardi, S. Choudhury, “Real-Time Swing-up Control of Non-Linear Inverted 
Pendulum using Lyapunov based Optimized Fuzzy Logic Control,” IEEE Trans. Access, pp. 1-1, Feb. 2021. 
[29] R. Matusu, B. Senol, L. Pekar, “Robust PI Control of Interval Plants With Gain and Phase Margin Specifications: 
Application to a Continuous Stirred Tank Reactor,” IEEE Access, vol. 8, pp. 145372-145380, Aug. 2020.
[30] M. Liu, I. Dassios, G. Tzounas, F. Milano, "Stability Analysis of Power Systems with Inclusion of Realistic-Modeling of 
WAMS Delays", IEEE Trans. Pow. Sys., vol. 34, no. 1, pp. 627-636, 2019.



Gunma
Kobayashi
Laboratory

Thank you very much!


