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Abstract. This paper describes an efficient linearity calibration technique for the flash-type time-to-

digital converter (TDC) with the histogram method using the metallic ratio sampling. Its principle and 

simulation results for validation are presented. 

1. Introduction 

The TDC measures the timing difference between two digital signals with a digital value. Thanks to 

the recent miniaturization of CMOS LSIs, the TDC can perform it with fine time resolution [1, 2]. 
However, due to the process, temperature and supply voltage (PVT) variations, its linearity may be 

degraded and its effective remedy is required. In this paper, we show that the metallic sampling method  

is useful for deciding the frequency ratio of the upper and lower ring oscillators for the TDC linearity 

calibration with the histogram method. We previously proposed the metallic sampling method for 

efficient waveform acquisition with equivalent-time sampling in LSI testing [3]. We show here that it 

can be applied to the TDC linearity calibration with the histogram method; when the input signal 

frequency and sampling frequency are set to a metallic ratio, its effective linearity calibration can be 

achieved. We show several simulation results for its validation. 

 This paper is organized as follows: Section 2 explains the TDC configuration and operation. Section 

3 shows the TDC nonlinearity due to the buffer delay mismatches and its calibration method with the 

histogram method. Section 4 explains the metallic ratio sampling while Section 5 discusses its 

application to the TDC linearity calibration and demonstrates its effectiveness with simulation results. 

Section 6 concludes the paper. 
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2. Time-to-Digital Converter (TDC) 

Flash TDC measures the time interval between two edges [1, 2]. Fig. 1 shows the configuration of a 

flash TDC: the reference clock (START) passes through a buffer delay line, which consists of a chain 

of inverters, and the delayed reference clock (START) signals are used as the data input for some flip-

flop (DFF) circuits. The measured signal (STOP) is used as the clock signal of the flip-flops. We obtain 

the outputs of the flip-flops as a thermometer code, according to the rise-edge-timing interval between 

the reference START edge and STOP edge, and the encoder transforms the results into a binary code. 

The time resolution is determined by gate delay 𝜏. 

 

 
Fig. 1. A flash TDC architecture and its operation. 

3. Linearity Calibration of TDC 

Ideally, all of the buffer delays τ in Fig. 1 are identical. However, in reality they may be mismatched 

due to PVT variations, which causes the TDC nonlinearity. The delay variation Δτ1, Δτ2, …. can be 

measured with the histogram data when the frequencies of START and STOP clocks are asynchronous 

and the large number of the TDC output data are collected (Fig.2) [2, 4]. The Differential Non-

Linearity (DNL) and Integral Non-Linearity (INL) at digital code k are respectively given by 

      DNL (k) = ∆τk/τ                               (1) 

INL (k) = DNL(1) + DNL(2) + … + DNL (k)               (2) 

Here τ is the average delay value of gate delays. We assume here that the START and STOP are 

asynchronous with each other and the distribution of the timing differences between START and STOP 

is statistically uniform and also a large number of data are collected. When the buffers have uniform 

delay, the distribution of the bins of the constructed histogram is also uniform. On the other hand, if 

there are some mismatches (Δτ1, Δτ2, ….) among gate delay values, the histogram for the k-th bin is 

proportional to τ+∆τk or 1+DNL(k). In other words, DLN(k) can be measured from the histogram data. 

With the obtained histogram, the TDC nonlinearity is compensated during normal operation by 

calculation of the inverse transfer function obtained by INL in digital domain [2].  

  For self-calibration, we proposed the configuration of two ring oscillators to generate START and 

STOP signals which are not synchronized and whose frequencies are f1 and f2 respectively (Fig. 3). 

However, we found that when the ratio of f1 and f2 is a proper value, the accurate measurement of the 
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buffer delays with the histogram method can be achieved with small number of data; otherwise it 

cannot be achieved.  

 

 

      
Fig. 2. Delay mismatches and their measurements with the histogram data. 

 

 
Fig. 3. TDC configuration in linearity self-calibration mode. 

4. Equivalent-Time Sampling Technique 

There are two sampling techniques for waveform acquisition: real-time sampling and equivalent-

time sampling [5, 6, 7, 8]. Real-time sampling can sample any input signal of a single event if the 

sampling theorem condition is satisfied. Equivalent-time sampling is only applicable to repetitive 

waveform input, but sampling can be performed with a time resolution finer than the period of the 

sampling clock. Equivalent-time sampling can be classified into random sampling, sequence sampling 

and coherent sampling, and our previously proposed metallic ratio sampling in [3] is in the case of the 

random sampling. We consider here to apply the equivalent-time sampling technique with metallic 

ratio sampling to the effective self-calibration technique of the TDC linearity. 

4.1 Random Sampling 

The random sampling employs an asynchronous sampling clock for the measured waveform signal, 

and we consider the case that it is periodic and each sampling time from the phase zero of the measured 

waveform is measured and known. Then after many sampling data acquisitions, a waveform with one 
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period can be reconstructed. Fig. 4 shows the random sampling of the repetitive waveform. When the 

sampling points appear in random phase over one cycle of the measured signal, it is possible to sample 

efficiently with a small number of points as shown in Fig. 4. 

  If the frequency ratio of the sampling clock and the signal under measurement are irrational or 

asynchronous, all phases can be sampled uniformly over time. However, if the frequency ratio causes 

bias in the sampling points, which is called as the waveform missing phenomena, the overall waveform 

cannot be acquired with a small number of sampling points [3, 5]. Thus we investigated the frequency 

ratio that enables the entire waveform acquisition with a small number of sampling points, where the 

entire waveform can be sampled with uniform phase distribution throughout the entire measurement. 

 

Fig. 4. Principle of random sampling and waveform reconstruction. 

4.2 Metallic Ratio Sampling 

This subsection explains our investigated metallic ratio sampling technique. The metallic ratio (1 : 

Mn) is defined as follows [9]: 

1 : ( n + (n2+4) ) / 2     (n = 1, 2, 3,…)                  (3) 

For example, when n = 1, it is called the golden ratio and M1 =1.6180... . Here Mn is called the n-th 

metallic number. Setting the ratio of the signal frequency fsig to the sampling frequency fCLK to the 

metallic ratio is called as the metallic ratio sampling [3]. We call it as the golden ratio sampling for n 

= 1. 

fCLK = Mn  fsig                           (4) 

Related to the n-th metallic number Mn , there is a number sequence in which the ratio of adjacent 

terms  (Fm+1 / Fm ) is converges to the n-th metallic ratio as m goes to infinity [9]. 

       F0 = 0, F1 = 1, Fm+2 = nFm+1 + Fm   (n = 1,2,3…, m = 0,1,2…)      (5) 

Notice that the metallic ratio frequency clocks can be generated based on Eq. (5).  



Proceedings of Joint Conference of  
11th International Science, Social Sciences, Engineering and Energy Conference  

(I-SEEC 2022) and, 
6th International Conference on Technology and Social Science 2022 (ICTSS 2022) 

 

5 

We found that for the metallic ratio sampling, the ratio of the minimum and maximum distances 

between sampling points of consecutive numbers is always as follows [3]:  

  1 / Mn   or   ( n – 1 ) / Mn + 1/Mn
2 

In other words, the ratio of the maximum to minimum distance between adjacent sampling points is 

constant, allowing stable sampling while maintaining mathematically guaranteed efficiency. In 

addition, the sampling time resolution improves in proportion to the number of data. 

  When n=1, the ratio of the maximum distance to the minimum distance is the smallest, and this ratio 

increases as the metallic number n increases. This means that the smaller the metallic number n, the 

higher the efficiency but the slower the sampling rate, and the larger the metallic number n, the lower 

the efficiency but the faster the sampling rate. 

5. Application of Metallic Sampling to Linearity Calibration of Flash-type TDC 

This section shows that the metallic ratio sampling is a powerful tool for getting accurate calibration 

of the flash TDC. 

  Here furo, fCLK are defined as the oscillation frequencies of the upper and lower ring oscillators, 

respectively in Fig. 3. Also Turo = 1/furo, TCLK = 1/fCLK. With zero initial phase difference between the 

upper and lower oscillations, we can express the n-th timing difference with the two ring oscillators 

Δn as follows.  

∆n = remainder of nTCLK divided by Turo.                         (6) 

If the data sequence distributes randomly, accurate calibration result can be obtained with relatively 

small number of histogram data (in other words, in short calibration time). Accordingly, for accurate 

calibration, the ratio between fCLK and furo is important; this was inspired by our another research result 

that the ratio between fCLK and fsig is important for accurate waveform acquisition described in the 

previous subsections. Here Ratio is defined as fCLK=Ratio×furo. We found that for Ratio = Mn, good 

randomness of sampling phase is obtained. 

  The pseudo-randomness in the case of the golden ratio is evaluated compared with several ratios. 

The calibration is performed with some non-linear TDC with calibration for Ratio = M1, M2, M3, π, e, 

eπ, τ, 4.321, and 5. Then the constructed histograms are compared. The higher the randomness is, the 

more uniform the histogram is. In this evaluation, Turo is 1024, the length of the delay buffers in the 

TDC is 128. 

  Fig. 5 shows the simulation results, while Fig. 6 shows the ones in Fig. 5 with the vertical axis 

enlarged to 230~270 for the ratio of M1, M2, M3, e, eπ, τ, 4.321, 5 while 180~300 for the ratio = π. 

When Ratio = M1, M2, M3, the distribution of the constructed histogram is almost uniform; this means 

that sufficient randomness is obtained. 
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Fig. 5. Constructed histogram with various two-frequency ratios. 

The INL after compensation is evaluated with numerical simulation. The calibration is performed 

with the nonlinear TDC when Ratio = M1, M2, and 4.321, and the INL is calculated from the obtained 

histogram. There, Turo is 1024, the number of the delay buffers is 128, while Gaussian noise of 10 % 

standard deviation is added to the buffer delays. Fig. 7 shows the simulation results.  

  We see from the above results that accuracy of the linearity calibration largely depends on the 

frequency ratio between the upper and lower ring oscillator frequencies. The golden ratio and other 

metallic ratios realizes accurate calibration results according to the metallic ratio sampling theory. On 

the other hand, when π is used as the frequency ratio, the calibration accuracy is poor. Accurate 

calibration can also be achieved by using e, 5, etc. However, since no law is found for calibration 

using different ratios, we have to find a new value each time. We see that the metal ratio sampling 

method provides a good guideline for accurate calibration of the flash TDC linearity with the histogram 

method.  
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Fig. 6. Enlarged constructed histogram with various ratios.  
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Fig. 7. INLs for various two-frequency ratios. 

5. Conclusion 

In this paper, we have shown that the metallic ratio sampling is efficient for the flash TDC linearity 

calibration with the histogram method; the TDC nonlinearity can be measured and compensated with 

a small number of data. We found that the accuracy of calibration is largely dependent on the two-

frequency ratio of the upper and lower ring oscillators, and when the frequency ratio is the metallic 

ratio, high accuracy calibration can be achieved with a small number of histogram data; otherwise, the 

calibration may not be accurate. These were verified with simulations. The results show that the use 

of metallic ratio sampling can provide stable and highly accurate corrections. 

We close this paper by remarking the following: we have shown here that the metallic ratio sampling 

technique is effective for the TDC linearity calibration, but additionally it is also effective for the ADC 

linearity testing with the histogram method using a ramp input as shown in [10]. 
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