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Abstract This paper analyzes first-, second- and third-order RC polyphase filters; these are important compo-
nents used for image rejection and in quadrature signal generation circuits in the analog front-ends of wireless
transceivers. We clarify their input impedance and the effects of output termination, parasitic capacitance, and
component mismatches. We also propose a design algorithm for a flat-passband second-order filter.
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. and component mismatches. Also, based on this explicit
1. Introduction : . .
analysis, we propose a design algorithm for a flat-passband

RC polyphase filters are important components in analog second-order filter.
front-ends of wireless transceivers; they are used for In-Phase In this paper, we use the following notation:

and Quadrature (I and Q) signal generation and for image o
I . wi = 1/(ReC), wij :==1/(RiC;) (k,i,j=1,2,3).
rejection [1]0 [4]. In our previous papers, we have analyzed

their transfer functions including parasitic capacitance ef- 2. Input Impedance

fects [5]0 [7]. In this paper we analyze their characteristics  \ye will consider the input impedance of RC polyphase fil-

in more detail; we describe their input impedance, and clar- ters. Let Jr4, Ji—, Jos and Jg_ respectively be the currents

ify the effects of output termination, parasitic capacitance, which flow from the input voltage sources lint, Lin—, Qins
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and Qin— into the RC polyphase filter. Then we have the
following (complex) input impedance Zx(jw), (k =1,2,3):

[in(jw) + JQm(Jw)
Ji(jw) +jJo(jw)

Jrin(jw) == Jry (jw) — Ji- (jw),

Join(jw) := Jo+ (jw) — Jo-(jw).

Zk (]w) =

Here

Fact 1 Input impedance Zi(jw) of the first-order filter
(Fig.1) is given by

1 1+ jwRi1Ch

Z1(jw) = .
10w) = 520a0 1 T (1 +wR.Ch)

Fact 2 Input impedance Zs(jw) of the second-order filter

is given by

. 1 Nz2r(w) + jNz2r(w)
Zo(jw) = = .
2(jw) 2 Dzar(w) + jDzar(w)

Here NZQR((U) =
(R1 + Ra) — w?(R?RaC? + R1R3C2
+4R2RoC1C2 4+ 2R1 R2C1C + 2R2R2C2),

Nzor(w) :=
w(R?Cl +2R1R2C1 +4R1R2Co + R%CQ
+ 2R2(Cs) — w3(2RIR3CICy + RIRZC1C3),

Dzop(w) :=
W(R1C1 + R2C2) + w?(R3C? + R3C2
+ 6R1C1 RaCa 4+ R2C1C2 4+ R1 R2C? + Ry Ry C2
+ R2C1Cs,) 4+ w3 (R?R2C3Cy + R1R3C1C3),

Dzar(w) :=
— w(R1C1 4+ R1C2 + R1C2 + R2Ch)
+ w3(R101R§C§ =+ R%RQC%CQ =+ RlechQ + R%Rgclcg).

Fact 3 Input impedance Z3(jw) of the third-order filter is
given by

Nz3r(w) 4+ jNzar(w)

Dzsr(w) + jDzsr(w)’

Here Nzsp(w):=

Z3(jw) = RiR3

1 —w?(R1R2C1C2 + R1R3C1Ca + RaR3C2C5
+ 2R1R2C2C5 4+ 2R1 R3C2C3 + 2R1 R3C1C3 + R3C2)
+ wH(R1R3C1C3 + R3R3C3C3 + R1RZR3C1C3
+ 2R1R3C3C3 + 2R1 R2R3C3C3 + +R1 R2R3C1C3Cs),

Nzzr(w) :=
w(R1C1 + R2C2 + R3C3 + 2R1C2 + 2R1C3 + 2R2C3)
— W3(R1R2R3C1C2Cs + R1R3C1C2 + R3C3 + RZR3C2C3
+ 2R1R2C3 4+ 2RI R2C2C5 + 2R3C2C5)
+ w’R1R3R3C1C5C3,
Dzsr(w) == —R1Ry — RiRs — RyR3 — R3

— QLU(RlRQRgC;g =+ R1R§CQ + R%Rgcl)
+ w? [Rle(Clcz - 022 +2C1C3 + 20203)

R1R%R3(2C1Cs + 3C2 +4C1 C5 4 4C2C3 + 2C3)
R1R2R2(C1C5 + 3C2C3 — C2) + R3R3(4C2C3 + C2 +2C2)
RZR2(20> + C3)C3 + R3R301(C1 + 203 + 2C5)

— R3R20? + RIR2R3(C3? + 2C1C2 + 2C2Cs)

+ 2RIR3(C1 + C2)Cs + RIR3C1 (Ch1 — 4C»))]

— w?[2R1 R} (R1C1 + R3C3)C3 + 2R} Ra(RaCh + R3C3)CY

+ 2R} RoR3C1C3(4RoCh + R3C3)|

— W' [R1R§R3C2C3(C1C2 + C1C3 + CoCi + C3)
R3R2R3(2C103 +201C2C3 4 2C1C3

4C3Cy +3C2C2 + 12020505 + 2C2C2)

R3R3C1(C3Cy +2C3%C5 + C1C2 +2C1C2C3)
R3R2R2C3(C1 03 + 3C2C3 4 CF)

R2R3R3(C202 4+ 20105 + 2C1C3

ACFC2C3 +8C1C5C3 + 2C5C3)|

— R2RZR2(C2C2 4 2C%CoC3 + 4C1 CoC2

+ 2C1C3Cs + 2C3Cy))|

— w?RIR3R3C1CoC3(R1RaC1Ca + R1R3C1C3 + Ry R3CCl3)
+ WORIRERIC2C2C3(Ch + C2)(Ca + Cs),

+ o+ +

Dzsr(w) =

-—w [RIR%(CI +2C2 +2C3) + R1R2R3(C1 + 3C2 + 4C3)
R3(Ca + 2C3) + 2R3 R3(Ca + 2C5) + 2RI R3(C1 + C2 + C3)
(R1+ Ro)R3C3| — w? RYR2 R3C1Cs
w? [RIR3CT(C1 + 20 + 2C3) + RIR3CT(Ch + 2C3)
R3R2C1(C1 4 2C2)Cs + RER3C2(Ca + C3)C3
2R?RZR3(C2Cs + C1C2 +2C3C5 + C2C3 + 2C35)
RIRyR3C1(C1 + 2C2)Cs
R3R2R3C1 (C? 4 2C2C3 + 3C1Ca + 4C1 C3)
R1R2R2(C1C2 4 2C1C2C3 + 3C3C3 +4C203)
RiR3R3(C1C3 + 2C1C3 + 4C1C2C3 + C3 + 4C3C3 + 2C2C3)|
w® [RYRIR3C1(2C5C3 + 4C7CoCs + CC3
20202 4+ C1C3 + 401 C2C5 + 2C1C2C2)
R3RZR2C102C5(202C, + C2C3 + 3C102 + 2C102C5 + 2C5)
RYR3R3C1C2C3(C1Ch + C1Cs + 2C3)] .

+ o+ + 4+ + + o+ o+

+ o+ o+

3. Output Termination

Sometimes the outputs of the RC polyphase filters are con-
nected as shown in Fig.4[2]; Qout+ and Ioui4 are connected,

and Qout— and oy e+ are connected. Letting

Voutkt = Qout+ = lout+
Voutk— := Qout— = lout—
Voutk = Voutk+ - Voutkf (k - 17 27 3)

then we obtain the following input/output relationships:

Fact 4 First-order RC polyphase filter case:

B 1 1—jwRiCh
21 —|—ij16’1

Note that wq := 1/(R1Ch),

. 1 .
Voutl(]w) = _Iz’n(]w)

5 Qin(jw).



Vout1(jwr) = 5 [Lin(jw1) + jQin(jwr)],

Vout1 (—jw1) = §[Lin(—jw1) — jQin(—jw1)].
In other words,
Vout1 (Jw1) = a1lin(jw1) + b1Qin (jwn),
1
Aal — Zbl = 72, 5

2 la1] = |ba] =

)

e
ZCl — Zdl = 5,

Fact 5 Second-order RC polyphase filter case:
Vout2 (]w) =
[(1 + w?R1R2C1Cy) + jw(RiCh + RaCo)|Lin(jw)
— [(1+ w’R1R2C1Cs) — jw(RiCh + R2C)]Qin (jw)]

/ [2(1 - w2R1R20102) + jw(R1C1 4+ R2C2 + 2R1Cz))]

Note that When R101 = RQCQ and w1 1= 1/(R101),

Voutz(jw1) = 1[(1 = ) Lin(Gw1) + (1 + §)Qin (jw1)],
Vout2(—jw1) = +[(1 4 ) Iin(—jw1) + (1 — §)Qin(—jw1)].

In other words,

Voutz(jw1) = aalin(jw1) + b2Qin (jw1)],

™ 1
“ 2 2’ jaz] = [be| 22’
Vour2(—jwi) = c2lin(—jw1) + d2Qin(—jw1)],
s 1
Leo— [dy = & = ldy| = ——.
C2 2 27 |62| | 2| 2\/5

Fact 6 Third-order RC polyphase filter case:

Vouts (jw) =
1[A(w) + jBW)|1in — [C(w) + jD(w)]Qin
2 Dysr(w) + jDvar(w)

Here A(w):= Rz + R3
+ wQ(Rleclcg + Rleclcg — R%RgCQQ — RQR%C%)
- w4R1R§RgchQCg(CQ + C3)7

B(w) :==
w(R1R2C1 + R2C2 + 2R2R3C3 + R1 R3Cy + 2R2R3Co
+R2C3) + w?[2(R2 4+ R3)R1 Ry R3C1C2C3 +
RZR2C5C3(C + C3) + R1RaR3C1 (R2C2 + R3C3))

C(w):=R2+ R3
+ w?[R1R3C102 + R1R3C1C3 + R3R3C2 + RoR3C2
+ 2R2R3(R1C1C2 + R1C1C3 + R2C2C3 + R3C2C3)]
+ W R1RER2C1C2C5(Ca + C3),

D(w) :=

— w(R1R2C1 + R1R3C1 + R3C: + R2C5)

+ w?(R1R3R3C10% + RZR2C3C5 4+ RAR3C-C2
+ R1RaR2C1C3),

Dy3gr(w) := R2 + R3
— MQ[Rleclcg + R1R§0103 + RlR%CQCs

R1R2R3C2 + Ry R2C2 + RZR;C2
2(R1R2R3C1C2 + RQR%CQCg + Rleclcg

R1R3C3) + 4(R1R2R3C1C3 + R3R3CaCs)
TR1 Ry R3C>C3 — R1R3C3)

n
+
+ R1R2C5C3 + R1R2C2C3 + R1R2R3C2 + R2R3C2
+
n
+ wiR1RER2C1C2C5(Ca + C3),

Dysr(w) :==

W[R1R2C1 + R1R3C1 + R1R3C5 + R3C> + R2Cs
2(R2R3C3 + R1 R3C2 + R1R2Ca + R2C3)
3R1R2C3 + 4R R3C3)

+ +

W3[R1RZR3C1C2C5 + RAR3C2C3 + RER2CC2
R1R%2R3C2C% + R1R3R3C1C2 + R1R2R2C O3
R1R2R3C1 02 +2(R1 RaR3C1 0203 + R1 Ry R3C3Cs
R1R2R3C2C5 4+ R1R2R3C2C2 + R1RZR3C102)

+ o+ + 4

3R1R§R3010203}.

Note that when Ry = R: = R3, Ch = C2 = Cs3 and
w1 :=1/(R:1Ch),

Vout (jwi) = *%[L‘n(jM) + 7 Qin(jwi)],

[Iin(—jw1) — jQin(—jw1)].

.

VoutS (7]4*]1) =

In other words,

Vouts(jw1) = azlin(jw1) + b3Qin(jwr),

Lay—tbs= =T, sl =|bs| = 1,
Vouts(—jw1) = c3lin(—jw1) + d3Qin(—jwi),
Les—tds =T, les] = |do| = i.

4. Component Mismatch Effects

Next we will study component mismatch effects. Suppose
that the resistors (four R;’s) and capacitors (four Ci’s) of
the first-order RC polyphase filter in Fig.1) have (relative)

component mismatches described as follows:

Rig+ := Ri + ARig+, Rig- :=Ri+ARig-,
Riry == Ri+ ARury,
Cig+ = C1 + AC1g+,

Cir4 == C1 + AChr4,

Rir— := Ri1 + ARy,
Cig- = Ci1 + AChg-,
Cir— :=C1+ ACi1-,

where

Ry := (Rig+ + Riry + Rig- + Rir-)/4,
Ci := Cigt + Crry + Cig- + Cui-)/4,
AR1g+ + ARiry + ARig- + ARir- =0,
ACios + ACirs + ACiog- + ACy— = 0.



Then we have the following:
Fact 6

Vout(jw) = G1(jw)Vin(jw) + E1(jw) - AX - Vin(jw).

Vout(jw) = G1(jw) - Vin(jw) + E1(jw) - AX - Vin (jw).
Here
m = lip — JQZTL7 Vout := Tout — onuh

AR AR;-  AC ACT—
I+ L I+, 1

AX =
( Ry Ry 1 Ch )7
.oy 14+ wR1Cy
Gl(]w) - 1_|_ij1013
Bi(jw) == — (Lt jwRiCr E1(jw) == — (L= ok Cy

2(1 + ij101)2 ’

The above fact tells us that when there are component mis-
matches among resistors and capacitors, the input image
signal of m affects the output of Vou(jw), and also
the input signal of Vi, (jw) causes the output image sig-
nal of Vou:(jw); these effects are the most significant at
w = £1/(R1C1) because |E1(jw)| has a maximum value at
w==£1/(R1C1). We will call E;(jw) an image transfer func-

tion; Table 1 and Fig.5 describe its characteristics.

Table 1: Characteristics of E(jw).

w Ei(jw) | [E1(w)|

—00 0 0
(=1 = V2)wy -1/4 1/4
—w1 -1/4 +j/4 V2/4
(1= v2)wr i/ 1/4
0 0 0
(=14 v2)w; -1/4 1/4
w1 -1/4 +j/4 V2/4
(1+v2)wr i/ 1/4
00 0 0

5. Design Algorithm for Flat-Passband
Second-Order Filters

In this section, we propose a design algorithm for second-
order filters (Fig.2) to make their passband gain flat. Let us
consider the design of a second-order RC polyphase filter for
image rejection; we will determine the four parameter values
R1, Ry, C1 and Cs.
Flat Gain Second-order RC Polyphase Filter Design
Algorithm :

e Filter Specification :
Stop band: —w, < w < —wyp
Pass band: wp < w < wq.

Here

2(1 — ij1C1)2 '

Yo - 12.63556. (1)
Wh

Gain |G2(jw)| is very flat in pass band.
(|G2 (Jw)| & constant for min(wr,w2) < w < max(wl,wg)).
e Design Algorithm:
Choose the values of Ri, R, C1 and C3 to satisfy

1 1 1 _,5+\/52,4m(2)
R:1Cy - e R2C - Wb R-Cy 2
or
1 1 1 7—B+\/62—4a7(3)
RiC1 b RoCy — % RoCyL 2 ’

Here o« := 6wf + 6w§ + dwiwe — 8y/wiws (w1 + w2), (4)
B 1= 6w} +6wi 410w wa (w1 +wa) —8y/wiwa (w1 +w2)?,(5)

vi=wh 4w+ 2wrwa (W + w3 + Bwiws)

— 4y/wiws (wf’ + Wiws + wrws + wg) (6)

e Image Rejection Ratio (IRR)

When eq.(2) or eq.eq.(3) is satisfied, the image rejection
ratio is given by

|G2(§w)|wy <w<wa
AX —w, <w< —wy |G2 (]w)|

2
= 20log,, (Vo + V) VL‘”’)Q [dB].
(\/ Wa — 4/ ‘Ub)

Remark The number of parameters (Ri1, Rz, C1,C2) is 4

IRR := 20log,, -

while the number of their constraint equations (eq.(2) or
eq.(3)) is 3. So the designer can add one more constraint
arbitrarily, for example, by considering their physical imple-
mentation.

Now we will explain why the proposed algorithm can make
the passband gain flat. Note that the transfer function of the
second-order filter is given by

(14 wR1C1)(1 + wR2C2)

7
1 —w?2R1C1R2Co + jw(C1R1 + C2R2 + 2R102)( )

Ga(jw) =

It follows from eq.(7) that |G2(jwi)| = |G2(jw2)| is always
satisfied, and

V2(witws) (8)
\/w%+u§+2w21 (w1 +watwa1)

|G2(jwr)| = |G2(jw2)| =

(G (/)| = WLt V) (9)

w1 + wa + 2war

Recall Fact 8 in [7] and look at the Nyquist chart of G2 (jw)
in Fig.6 (b). Then we will propose the following algorithms:

For given w1 and w2, choose w21 := 1/(R2C1) such that

|G2(jwi)|(= |G2(jw2)]) = |G2(jv/wiw2)]. (10)

Using eqs.(8) and (9), we have the following equation to sat-
isfy eq.(10):

awdy + Pwar +v = 0. (11)

— 4 —



Here a, 3 and v are defined by egs.(4), (5), (6) respectively.
Note that

a22w —w)? 20, B22w—w)(wr+ws) 20,

we see that the condition that “eq.(11) has a positive real

solution of wa1” is “y < 0”. We have obtained the following

from numerical calculation:
v <0 for 0.079142 < w1 /ws < 12.63556.

In this case, we have
R s A
2c0

and we obtain the above-mentioned proposed algorithm.

w21 =

Our simulation showed that the passband gain becomes
very flat (its ripple is less than 0.1%) when these conditions
are satisfied (Figs.7, 8).

Next we will consider the image rejection ratio (IRR) when
eq.(10) is satisfied. It follows from eq.(7) and Fig.6 (b) that
(/T — @)’

max .
w1 + w2 + 2w21

max_|Gajiw)| = |Ga(—jv/erem)| =
—wg<w< —wyp
Hence we have obtained the following IRR:
|G2(jw)]w, <w<w,
MaX—w, <w<—wy |G2(]W)|
|G2(j/wiwa)|
20log,y —————=-
B0 1Ga (=) Voren)|
(Vo1 + yw2)? (4B
(Vor — Vwz)?

We see that in order to have a large IRR, wi/we has to

it should not be that

IRR := 20log,,

= 20log,) —5

be close to one (in other words,
w1 /wa << 1 or wi/wz >> 1) in any case; hence in our algo-
rithm, eq.(1) is not a serious restriction.
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Fig.1: The first-order RC polyphase filter.
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Fig.2: The second-order RC polyphase filter.
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Fig.4: Output termination of the third-order RC polyphase
filter.
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Fig.5 (a): Gain characteristics of an image transfer function
El(jw) with R1Cq = 1.
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Fig.5 (b): Nyquist chart of E;(jw).
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Fig.6 (a): Gain characteristics of G2 (jw).
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Nyquist chart of the second-order RC polyphase filter (2)

Fig.6 (b): Nyquist chart of G2 (jw) := Xa(w) + jY2(w).
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Fig.7 (a) : Example 1 (w1 = 1, w2 = 2.58, w21 = 0.58).
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Fig.7 (b) : Example 2 (w1 = 1,w2 = 5.08, w21 = 0.57).
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Fig.7 (c) : Example 3 (w; = 1,w2 = 7.58, w21 = 0.44).

Fig.7 : Gain characteristics of second-order RC polyphase
filters for passband (w1 < w < w2) using the proposed flat-
passband algorithm.

wil=1_wd=7 50
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Fig.8 : Passband gain characteristics of several second-order
RC polyphase filters with w; = 1.0, w2 = 7.58. From the top
to bottom lines, w21 = 0.10, 0.44, 1.0, 1.5, 2.0 respectively.
We see that the passband gain is very flat for wo = 0.44

which is obtained by our proposed algorithm.



