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Abstract This paper analyzes first-, second- and third-order RC polyphase filters; these are important compo-

nents used for image rejection and in quadrature signal generation circuits in the analog front-ends of wireless

transceivers. We clarify their input impedance and the effects of output termination, parasitic capacitance, and

component mismatches. We also propose a design algorithm for a flat-passband second-order filter.
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1. Introduction

RC polyphase filters are important components in analog

front-ends of wireless transceivers; they are used for In-Phase

and Quadrature (I and Q) signal generation and for image

rejection [1]～[4]. In our previous papers, we have analyzed

their transfer functions including parasitic capacitance ef-

fects [5]～[7]. In this paper we analyze their characteristics

in more detail; we describe their input impedance, and clar-

ify the effects of output termination, parasitic capacitance,

and component mismatches. Also, based on this explicit

analysis, we propose a design algorithm for a flat-passband

second-order filter.

In this paper, we use the following notation:

ωk := 1/(RkCk), ωij := 1/(RiCj) (k, i, j = 1, 2, 3).

2. Input Impedance

We will consider the input impedance of RC polyphase fil-

ters. Let JI+, JI−, JQ+ and JQ− respectively be the currents

which flow from the input voltage sources Iin+, Iin−, Qin+
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and Qin− into the RC polyphase filter. Then we have the

following (complex) input impedance Zk(jω), (k = 1, 2, 3):

Zk(jω) :=
Iin(jω) + jQin(jω)

JI(jω) + jJQ(jω)
.

Here JIin(jω) := JI+(jω) − JI−(jω),

JQin(jω) := JQ+(jω) − JQ−(jω).

Fact 1 Input impedance Z1(jω) of the first-order filter

(Fig.1) is given by

Z1(jω) =
1

2jωC1

1 + jωR1C1

1 + j(1 + ωR1C1)
.

Fact 2 Input impedance Z2(jω) of the second-order filter

is given by

Z2(jω) =
1

2

NZ2R(ω) + jNZ2I (ω)

DZ2R(ω) + jDZ2I(ω)
.

Here NZ2R(ω) :=

(R1 + R2) − ω2(R2
1R2C2

1 + R1R2
2C2

2

+4R2
1R2C1C2 + 2R1R2

2C1C2 + 2R2
1R2C2

2 ),

NZ2I (ω) :=

ω(R2
1C1 + 2R1R2C1 + 4R1R2C2 + R2

2C2

+ 2R2
1C2) − ω3(2R2

1R2
2C2

1C2 + R2
1R2

2C1C2
2 ),

DZ2R(ω) :=

ω(R1C1 + R2C2) + ω2(R2
1C2

1 + R2
2C2

2

+ 6R1C1R2C2 + R2
1C1C2 + R1R2C2

1 + R1R2C2
2

+ R2
2C1C2, ) + ω3(R2

1R2C2
1C2 + R1R2

2C1C2
2 ),

DZ2I (ω) :=

− ω(R1C1 + R1C2 + R1C2 + R2C1)

+ ω3(R1C1R2
2C2

2 + R2
1R2C2

1C2 + R1R2
2C2

1C2 + R2
1R2C1C2

2 ).

Fact 3 Input impedance Z3(jω) of the third-order filter is

given by

Z3(jω) = R2
1R3

NZ3R(ω) + jNZ3I (ω)

DZ3R(ω) + jDZ3I (ω)
.

Here NZ3R(ω) :=

1 − ω2(R1R2C1C2 + R1R3C1C2 + R2R3C2C3

+ 2R1R2C2C3 + 2R1R3C2C3 + 2R1R3C1C3 + R2
2C2

2 )

+ ω4(R1R3
2C1C3

2 + R3
2R3C3

2C3 + R1R2
2R3C1C3

2

+ 2R1R3
2C3

2C3 + 2R1R2
2R3C3

2C3 + +R1R2
2R3C1C2

2C3),

NZ3I (ω) :=

ω(R1C1 + R2C2 + R3C3 + 2R1C2 + 2R1C3 + 2R2C3)

− ω3(R1R2R3C1C2C3 + R1R2
2C1C2

2 + R3
2C3

2 + R2
2R3C2

2C3

+ 2R1R2
2C3

2 + 2R1R2
2C2

2C3 + 2R3
2C2

2C3)

+ ω5R1R3
2R3C1C3

2C3,

DZ3R(ω) := −R1R2 − R1R3 − R2R3 − R2
2

− 2ω(R1R2R3C3 + R1R2
2C2 + R2

1R2C1)

+ ω2
[
R1R3

2(C1C2 − C2
2 + 2C1C3 + 2C2C3)

+ R1R2
2R3(2C1C2 + 3C2

2 + 4C1C3 + 4C2C3 + 2C3
3 )

+ R1R2R2
3(C1C3 + 3C2C3 − C2

3 ) + R3
2R3(4C2C3 + C2

2 + 2C2
3 )

+ R2
2R2

3(2C2 + C3)C3 + R3
1R3C1(C1 + 2C2 + 2C3)

− R3
1R2C2

1 + R2
1R2R3(C

2
1 + 2C1C2 + 2C2C3)

+ 2R2
1R2

3(C1 + C2)C3 + R2
1R2

2C1(C1 − 4C2)
]

− ω3
[
2R1R3

2(R1C1 + R3C3)C
2
2 + 2R3

1R2(R2C2 + R3C3)C
2
1

+ 2R2
1R2R3C1C3(4R2C2 + R3C3)

]

− ω4
[
R1R3

2R2
3C2C3(C1C2 + C1C3 + C2C3 + C2

2 )

+ R3
1R2

2R3(2C1C3
3 + 2C1C2

2C3 + 2C1C3
2

+ 4C3
1C2 + 3C2

1C2
2 + 12C2

1C2C3 + 2C2
1C2

3 )

+ R3
1R3

2C1(C
2
1C2 + 2C2

1C3 + C1C2
2 + 2C1C2C3)

+ R3
1R2R2

3C2
1 (C1C3 + 3C2C3 + C2

3 )

+ R2
1R3

2R3(C
2
1C2

2 + 2C1C3
2 + 2C1C3

3

+ 4C2
1C2C3 + 8C1C2

2C3 + 2C3
2C3)

]

− R2
1R2

2R2
3(C

2
1C2

3 + 2C2
1C2C3 + 4C1C2C2

3

+ 2C1C2
2C3 + 2C3

2C3)
]

− ω5R2
1R2

2R3C1C2C3(R1R2C1C2 + R1R3C1C3 + R2R3C2C3)

+ ω6R3
1R3

2R2
3C2

1C2C3(C1 + C2)(C2 + C3),

DZ3I(ω) :=

− ω
[
R1R2

2(C1 + 2C2 + 2C3) + R1R2R3(C1 + 3C2 + 4C3)

+ R3
2(C2 + 2C3) + 2R2

2R3(C2 + 2C3) + 2R2
1R3(C1 + C2 + C3)

+ (R1 + R2)R
2
3C3

]
− ω2R2

1R2R3C1C2

+ ω3
[
R3

1R2
2C2

1 (C1 + 2C2 + 2C3) + R2
1R3

2C2
1 (C2 + 2C3)

+ R3
1R2

3C1(C1 + 2C2)C3 + R3
2R2

3C2(C2 + C3)C3

+ 2R2
1R2

2R3(C
2
1C2 + C1C2

2 + 2C2
1C3 + C2

2C3 + 2C3
2 )

+ R2
1R2R2

3C1(C1 + 2C2)C3

+ R3
1R2R3C1(C

2
1 + 2C2C3 + 3C1C2 + 4C1C3)

+ R1R2
2R2

3(C1C2
3 + 2C1C2C3 + 3C2

2C3 + 4C2C2
3 )

+ R1R3
2R3(C1C2

2 + 2C1C2
3 + 4C1C2C3 + C3

2 + 4C2
2C3 + 2C2C2

3 )
]

− ω5
[
R3

1R3
2R3C1(2C3

2C3 + 4C2
1C2C3 + C2

1C2
2

+ 2C2
1C2

3 + C1C3
2 + 4C1C2

2C3 + 2C1C2C2
3 )

+ R3
1R2

2R2
3C1C2C3(2C2

1C2 + C2
1C3 + 3C1C2

2 + 2C1C2C3 + 2C3
2 )

+ R2
1R3

2R2
3C1C2C3(C1C2 + C1C3 + 2C2

2 )
]
.

3. Output Termination

Sometimes the outputs of the RC polyphase filters are con-

nected as shown in Fig.4 [2]; Qout+ and Iout+ are connected,

and Qout− and Iout+ are connected. Letting

Voutk+ := Qout+ = Iout+

Voutk− := Qout− = Iout−

Voutk := Voutk+ − Voutk− (k = 1, 2, 3)

then we obtain the following input/output relationships:

Fact 4 First-order RC polyphase filter case:

Vout1(jω) =
1

2
Iin(jω) − 1

2

1 − jωR1C1

1 + jωR1C1
Qin(jω).

Note that ω1 := 1/(R1C1),
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Vout1(jω1) = 1
2
[Iin(jω1) + jQin(jω1)],

Vout1(−jω1) = 1
2
[Iin(−jω1) − jQin(−jω1)].

In other words,

Vout1(jω1) = a1Iin(jω1) + b1Qin(jω1),

� a1 − � b1 = −π

2
, |a1| = |b1| =

1

2
,

Vout1(−jω1) = c1Iin(−jω1) + d1Qin(−jω1),

� c1 − � d1 =
π

2
, |c1| = |d1| =

1

2
.

Fact 5 Second-order RC polyphase filter case:

Vout2(jω) =
[
(1 + ω2R1R2C1C2) + jω(R1C1 + R2C2)]Iin(jω)

− [(1 + ω2R1R2C1C2) − jω(R1C1 +R2C2)]Qin(jω)
]

/
[
2
(
1 − ω2R1R2C1C2) + jω(R1C1 + R2C2 + 2R1C2)

)]
.

Note that when R1C1 = R2C2 and ω1 := 1/(R1C1),

Vout2(jω1) = 1
4
[(1 − j)Iin(jω1) + (1 + j)Qin(jω1)],

Vout2(−jω1) = 1
4
[(1 + j)Iin(−jω1) + (1 − j)Qin(−jω1)].

In other words,

Vout2(jω1) = a2Iin(jω1) + b2Qin(jω1)],

� a2 − � b2 = −π

2
, |a2| = |b2| =

1

2
√

2
,

Vout2(−jω1) = c2Iin(−jω1) + d2Qin(−jω1)],

� c2 − � d2 =
π

2
, |c2| = |d2| =

1

2
√

2
.

Fact 6 Third-order RC polyphase filter case:

Vout3(jω) =

1

2

[A(ω) + jB(ω)]Iin − [C(ω) + jD(ω)]Qin

DV 3R(ω) + jDV 3I(ω)

Here A(ω) := R2 + R3

+ ω2(R1R2
2C1C2 + R1R2

3C1C3 − R2
2R3C2

2 − R2R2
3C2

3 )

− ω4R1R2
2R2

3C1C2C3(C2 + C3),

B(ω) :=

ω(R1R2C1 + R2
2C2 + 2R2R3C3 + R1R3C1 + 2R2R3C2

+R2
3C3) + ω3[2(R2 + R3)R1R2R3C1C2C3 +

R2
2R2

3C2C3(C2 + C3) + R1R2R3C1(R2C2 + R3C3)]

C(ω) := R2 + R3

+ ω2[R1R2
2C1C2 + R1R2

3C1C3 + R2
2R3C2

2 + R2R2
3C2

3

+ 2R2R3(R1C1C2 + R1C1C3 + R2C2C3 + R3C2C3)]

+ ω4R1R2
2R2

3C1C2C3(C2 + C3),

D(ω) :=

− ω(R1R2C1 + R1R3C1 + R2
2C2 + R2

3C3)

+ ω3(R1R2
2R3C1C2

2 + R2
2R2

3C2
2C3 + R2

2R2
3C2C2

3

+ R1R2R2
3C1C2

3 ),

DV 3R(ω) := R2 + R3

− ω2[R1R2
2C1C2 + R1R2

3C1C3 + R1R2
2C2C3

+ R1R2R3C2
3 + R2R2

3C2
3 + R2

2R3C2
2

+ 2(R1R2R3C1C2 + R2R2
3C2C3 + R1R2

2C1C3

+ R1R2
3C2C3 + R1R2

2C2C3 + R1R2R3C2
2 + R2

2R3C2
3

+ R1R2
3C2

3 ) + 4(R1R2R3C1C3 + R2
2R3C2C3)

+ 7R1R2R3C2C3 − R1R2
3C2

3 ]

+ ω4R1R2
2R2

3C1C2C3(C2 + C3),

DV 3I (ω) :=

ω[R1R2C1 + R1R3C1 + R1R3C3 + R2
2C2 + R2

3C3

+ 2(R2R3C2 + R1R3C2 + R1R2C2 + R2C3)

+ 3R1R2C3 + 4R2R3C3]

− ω3[R1R2
2R3C1C2C3 + R2

2R2
3C2

2C3 + R2
2R2

3C2C2
3

+ R1R2
2R3C2C2

3 + R1R2
2R3C1C2

2 + R1R2R2
3C2C2

3

+ R1R2R2
3C1C2

3 + 2(R1R2R2
3C1C2C3 + R1R2R2

3C2
2C3

+ R1R2
2R3C2

2C3 + R1R2
2R3C2C2

3 + R1R2
2R3C1C2

3 )

+ 3R1R2
2R3C1C2C3].

Note that when R1 = R2 = R3, C1 = C2 = C3 and

ω1 := 1/(R1C1),

Vout3(jω1) = − j

4
[Iin(jω1) + jQin(jω1)],

Vout3(−jω1) =
j

4
[Iin(−jω1) − jQin(−jω1)].

In other words,

Vout3(jω1) = a3Iin(jω1) + b3Qin(jω1),

� a3 − � b3 = −π

2
, |a3| = |b3| =

1

4
,

Vout3(−jω1) = c3Iin(−jω1) + d3Qin(−jω1),

� c3 − � d3 =
π

2
, |c3| = |d3| =

1

4
.

4. Component Mismatch Effects

Next we will study component mismatch effects. Suppose

that the resistors (four R1’s) and capacitors (four C1’s) of

the first-order RC polyphase filter in Fig.1) have (relative)

component mismatches described as follows:

R1Q+ := R1 + ∆R1Q+, R1Q− := R1 + ∆R1Q−,

R1I+ := R1 + ∆R1I+, R1I− := R1 + ∆R1I−,

C1Q+ := C1 + ∆C1Q+, C1Q− := C1 + ∆C1Q−,

C1I+ := C1 + ∆C1I+, C1I− := C1 + ∆C1I−,

where

R1 := (R1Q+ + R1I+ +R1Q− + R1I−)/4,

C1 := C1Q+ + C1I+ + C1Q− + C1I−)/4,

∆R1Q+ + ∆R1I+ + ∆R1Q− + ∆R1I− = 0,

∆C1Q+ + ∆C1I+ + ∆C1Q− + ∆C1I− = 0.
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Then we have the following:

Fact 6

Vout(jω) = G1(jω)Vin(jω) + E1(jω) · ∆X · Vin(jω).

Vout(jω) = G1(jω) · Vin(jω) +E1(jω) · ∆X · Vin(jω).

Here

Vin := Iin − jQin, Vout := Iout − jQout,

∆X := (
∆RI+

R1
+

∆RI−
R1

+
∆CI+

C1
+

∆CI−
C1

),

G1(jω) =
1 + ωR1C1

1 + jωR1C1
,

E1(jω) := − (1 + j)ωR1C1

2(1 + jωR1C1)2
, E1(jω) := − (1 − j)ωR1C1

2(1 − jωR1C1)2
.

The above fact tells us that when there are component mis-

matches among resistors and capacitors, the input image

signal of Vin(jω) affects the output of Vout(jω), and also

the input signal of Vin(jω) causes the output image sig-

nal of Vout(jω); these effects are the most significant at

ω = ±1/(R1C1) because |E1(jω)| has a maximum value at

ω = ±1/(R1C1). We will call E1(jω) an image transfer func-

tion; Table 1 and Fig.5 describe its characteristics.

Table 1: Characteristics of E1(jω).

ω E1(jω) |E1(jω)|
−∞ 0 0

(−1 −√
2)ω1 - 1/4 1/4

−ω1 - 1/4 + j/4
√

2/4

(1 −√
2)ω1 j/4 1/4

0 0 0

(−1 +
√

2)ω1 - 1/4 1/4

ω1 - 1/4 + j/4
√

2/4

(1 +
√

2)ω1 j/4 1/4

∞ 0 0

5. Design Algorithm for Flat-Passband
Second-Order Filters

In this section, we propose a design algorithm for second-

order filters (Fig.2) to make their passband gain flat. Let us

consider the design of a second-order RC polyphase filter for

image rejection; we will determine the four parameter values

R1, R2, C1 and C2.

Flat Gain Second-order RC Polyphase Filter Design

Algorithm :

• Filter Specification :

Stop band: −ωa < ω < −ωb

Pass band: ωb < ω < ωa.

Here

ωa

ωb
< 12.63556. (1)

Gain |G2(ω)| is very flat in pass band.
(
|G2(ω)| ≈ constant for min(ω1, ω2) < ω < max(ω1, ω2)

)
.

• Design Algorithm:

Choose the values of R1, R2, C1 and C2 to satisfy

1

R1C1
= ωa,

1

R2C2
= ωb,

1

R2C1
=

−β +
√
β2 − 4αγ

2α
(2)

or

1

R1C1
= ωb,

1

R2C2
= ωa,

1

R2C1
=

−β +
√
β2 − 4αγ

2α
.(3)

Here α := 6ω2
1 + 6ω2

2 + 4ω1ω2 − 8
√
ω1ω2(ω1 + ω2), (4)

β := 6ω3
1 +6ω3

2 +10ω1ω2(ω1+ω2)−8
√
ω1ω2(ω1+ω2)2,(5)

γ := ω4
1 + ω4

2 + 2ω1ω2(ω2
1 + ω2

2 + 5ω1ω2)

− 4
√
ω1ω2(ω3

1 + ω2
1ω2 + ω1ω

2
2 + ω3

2). (6)

• Image Rejection Ratio (IRR)

When eq.(2) or eq.eq.(3) is satisfied, the image rejection

ratio is given by

IRR := 20 log10

|G2(jω)|ωb<ω<ωa

max−ωa<ω<−ωb |G2(jω)|

= 20 log10

(
√
ωa +

√
ωb)2

(
√
ωa −√

ωb)2
[dB].

Remark The number of parameters (R1, R2, C1, C2) is 4

while the number of their constraint equations (eq.(2) or

eq.(3)) is 3. So the designer can add one more constraint

arbitrarily, for example, by considering their physical imple-

mentation.

Now we will explain why the proposed algorithm can make

the passband gain flat. Note that the transfer function of the

second-order filter is given by

G2(jω) =
(1 + ωR1C1)(1 + ωR2C2)

1 − ω2R1C1R2C2 + jω(C1R1 + C2R2 + 2R1C2)
(7)

It follows from eq.(7) that |G2(ω1)| = |G2(ω2)| is always

satisfied, and

|G2(jω1)| = |G2(jω2)| =
√

2(ω1+ω2)√
ω2
1+ω2

2+2ω21(ω1+ω2+ω21)
(8)

|G2(j
√
ω1ω2)| =

(
√
ω1 +

√
ω2)2

ω1 + ω2 + 2ω21
. (9)

Recall Fact 8 in [7] and look at the Nyquist chart of G2(jω)

in Fig.6 (b). Then we will propose the following algorithms:

For given ω1 and ω2, choose ω21 := 1/(R2C1) such that

|G2(jω1)|(= |G2(jω2)|) = |G2(j
√
ω1ω2)|. (10)

Using eqs.(8) and (9), we have the following equation to sat-

isfy eq.(10):

αω2
21 + βω21 + γ = 0. (11)
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Here α, β and γ are defined by eqs.(4), (5), (6) respectively.

Note that

α >= 2(ω1 − ω2)2 >= 0, β >= 2(ω1 − ω2)2(ω1 + ω2) >= 0,

we see that the condition that “eq.(11) has a positive real

solution of ω21” is “γ < 0”. We have obtained the following

from numerical calculation:

γ < 0 for 0.079142 < ω1/ω2 < 12.63556.

In this case, we have

ω21 =
−β +

√
β2 − 4αγ

2α
> 0

and we obtain the above-mentioned proposed algorithm.

Our simulation showed that the passband gain becomes

very flat (its ripple is less than 0.1%) when these conditions

are satisfied (Figs.7, 8).

Next we will consider the image rejection ratio (IRR) when

eq.(10) is satisfied. It follows from eq.(7) and Fig.6 (b) that

max
−ωa<ω<−ωb

|G2(jω)| = |G2(−j√ω1ω2)| =
(
√
ω1 −√

ω2)2

ω1 + ω2 + 2ω21
.

Hence we have obtained the following IRR:

IRR := 20 log10

|G2(jω)|ωb<ω<ωa

max−ωa<ω<−ωb |G2(jω)|

= 20 log10

|G2(j
√
ω1ω2)|

|G2(−j√ω1ω2)|

= 20 log10

(
√
ω1 +

√
ω2)2

(
√
ω1 −√

ω2)2
[dB].

We see that in order to have a large IRR, ω1/ω2 has to

be close to one (in other words, it should not be that

ω1/ω2 << 1 or ω1/ω2 >> 1) in any case; hence in our algo-

rithm, eq.(1) is not a serious restriction.
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Fig.1: The first-order RC polyphase filter.
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Fig.2: The second-order RC polyphase filter.
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Fig.3: The third-order RC polyphase filter.
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Fig.5 (a): Gain characteristics of an image transfer function

E1(jω) with R1C1 = 1.
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Fig.5 (b): Nyquist chart of E1(jω).
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Fig.6 (a): Gain characteristics of G2(jω).
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Fig.6 (b): Nyquist chart of G2(jω) := X2(ω) + jY2(ω).

Fig.7 (a) : Example 1 (ω1 = 1, ω2 = 2.58, ω21 = 0.58).

Fig.7 (b) : Example 2 (ω1 = 1, ω2 = 5.08, ω21 = 0.57).

Fig.7 (c) : Example 3 (ω1 = 1, ω2 = 7.58, ω21 = 0.44).

Fig.7 : Gain characteristics of second-order RC polyphase

filters for passband (ω1 < ω < ω2) using the proposed flat-

passband algorithm.

Fig.8 : Passband gain characteristics of several second-order

RC polyphase filters with ω1 = 1.0, ω2 = 7.58. From the top

to bottom lines, ω21 = 0.10, 0.44, 1.0, 1.5, 2.0 respectively.

We see that the passband gain is very flat for ω21 = 0.44

which is obtained by our proposed algorithm.
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