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Abstract This paper derives explicit transfer functions for first-, second-, third- and fourth-order RC polyphase

filters; these are important components used for image rejection and in quadrature signal generation circuits in the

analog front- ends of wireless transceivers. We use Nyquist charts to characterize them, and also discuss the effects

of parasitic node capacitances.
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1. Introduction
RC polyphase filters [1] are important components in analog

front-end of wireless transceivers; their roles are described

in [2], [3], and their use for In-Phase and Quadrature (I and

Q) signal generation and for image rejection is described

in [4]～[8]. Up to now their design has been based on sim-

ulation, in most cases [6]. However, in our previous pa-

pers [2], [3], we derived explicit transfer functions for first-,

second-, and third-order RC polyphase filters, and Fukura

et.al. have also derived them [9]. In this paper we analyze

their characteristics in more detail; we derive the transfer

function of a fourth-order filter, clarify the characteristics

of first-, second- and third- order filter with their Nyquist

charts, and also study the effects of parasitic capacitances

and loading capacitances. In a companion paper [10], we

also discuss input impedance, output termination, compo-

nent mismatch effects and a flat-gain design algorithm for

RC polyphase filters.

In this paper, we use the following notation:

ωk := 1/(RkCk), ωij := 1/(RiCj) (k, i, j = 1, 2, 3, 4).

2. Transfer Function

Let us consider the RC polyphase filters in Figs.1, 2, 3 and

define the following:

Iin(t) := Iin+(t)− Iin−(t), Iout(t) := Iout+(t)− Iout−(t),

Qin(t) := Qin+(t)− Qin−(t), Qout(t) := Qout+(t)− Qout−(t).

Also define complex signals Vin(t) and Vout(t) as follows [11]:

Vin(t) := Iin(t) + jQin(t), Vout(t) := Iout(t) + jQout(t).

Letting Vin(jω), Vout(jω), Iout(jω), Qout(jω), Iin(jω) and
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Qin(jω) be the Fourier transform of Vin(t), Vout(t), Iout(t),

Qout(t), Iin(t) and Qin(t) respectively. Then we can define

the frequency transfer function for complex input and output

signals Vin(jω) and Vout(jω) as follows [12]:

Gk(jω) :=
Vout(jω)

Vin(jω)
, (k = 1, 2, 3, 4).

Next we derived them explicitly.

2. 1 First-order Filter Case

Fact 1 (i) First-order filter transfer function (Fig.1 (a)) is

given by

G1(jω) =
1 + ωR1C1

1 + jωR1C1
. (1)

(ii) Gain and phase of G1(jω) are given by

|G1(jω)| = |1 + ωR1C1|√
1 + (ωR1C1)2

,

tan( � G1(jω)) = −ωR1C1.

Figs. 1 (b) and (c) show |G1(jω)| and � G1(jω) with regards

to ω, respectively.

(iii) The real part (X1(ω)) and imaginary part (Y1(ω)) of

G1(jω) are given as follows:

G1(jω) := X1(ω) + jY1(ω).

X1(ω) :=
1 + ωR1C1√
1 + (ωR1C1)2

,

Y1(ω) := − (ωR1C1)(1 + ωR1C1)√
1 + (ωR1C1)2

.

Fig.1 (d) shows the Nyquist chart of G1(jω).

Fact 2 Table 1 shows gain characteristics of G1(jω). Also

note that in general, |G1(jω)| |= |G1(−jω)|, and[
∂|G1(jω)|

∂ω

]
ω=ω1

= 0.

Table 1: Characteristics of |G1(jω)|.
ω X1(ω) Y1(ω) |G1(jω)|

−∞ -1.0 -1.0
√
2

−(1 +
√
2)ω1 -0.2 -0.5 1.3

−ω1 0.0 0.0 0.0

(1−√
2)ω1 0.5 0.2

√
0.29

0.0 1.0 0.0 1.0

(−1 +
√
2)ω1 1.2 0.5 1.3

ω1 -1.0 -1.0
√
2

(1 +
√
2)ω1 0.5 -1.2 1.3

∞ -1.0 -1.0
√
2

Fact 3 Table 2 shows phase characteristics of G1(jω). Also

note that tan � G1(jω) = − tan � G1(−jω), but � G1(jω) |=
− � G1(−jω), and

� G1(jω) =

{
− � G1(−jω) (0 <= ω < ω1)

� G1(−jω)− π (ω1 < ω).

Table 2: Characteristics of � G1(jω).

ω X1(ω) Y1(ω) � G1(jω)

−∞ = 0 < 0 −π/2

−∞ ∼ −ω1 < 0 < 0 −π/2 ∼ −(3/4)π

−ω1 − 0 < 0 < 0 −(3/4)π

−ω1 + 0 > 0 > 0 π/4

−ω1 ∼ 0 > 0 > 0 π/4 ∼ 0

0 ∼ ∞ > 0 < 0 0 ∼ −π/2

ω1 > 0 < 0 −π/4

∞ = 0 < 0 −π/2

Fact 4 (i) Nyquist chart of G1(jω) (Fig.1 (d)) is symmetric

with respect to a line of Y1 = −X1.

(ii) Let decompose G1 into its real part and imaginary part

at ω = aω1 for an arbitrary a ( |= 0),

G1(aω1) := X1(aω1) + jY1(aω1).

Then G1(j
1

a
ω1) = −Y1(aω1)− jX1(aω1).

(iii) |G1(jaω1)| = |G1(j
1
a
ω1)|.

Proof It follows from eq.(1) that

G1(jaω1) =
1 + a

1 + ja
=

1 + a

1 + a2
(1− ja),

G1(j
1

a
ω1) =

1 + (1/a)

1 + j(1/a)
=

1 + a

1 + a2
(a − j).

Then we have Fact 4. (Q.E.D.)

2. 2 Second-order Filter Case

Fact 5 (i) Second-order filter transfer function (Fig.2 (a)) is

given by

G2(jω) =

(1 + ωR1C1)(1 + ωR2C2)

1− ω2R1C1R2C2 + jω(C1R1 + C2R2 + 2R1C2)
. (2)

(ii) Gain and phase of G2(jω) are given as follows:

|G2(jω)| =
√

X2(jω)2 + Y2(jω)2

=
|1 + ω/ω1||1 + ω/ω2|√

(1− ω2/(ω1ω2))2 + ω2(1/ω1 + 1/ω2 + 2/ω12)2
,

tan � G2(jω) =
X2(jω)

Y2(jω)
=

ω(1/ω1 + 1/ω2 + 2/ω12)

ω2/(ω1ω2)− 1
.

Fig.2 (b) shows |G2(jω)| with respect to ω, and we see that

G2(jω) has zeros at ω = −ω1,−ω2.

(iii) The real part (X2(ω)) and imaginary part (Y2(ω)) of

G2(jω) are given as follows:

G2(jω) := X2(ω) + jY2(ω),

X2(ω) :=

(1 + ω/ω1)(1 + ω/ω2)(1− ω2/(ω1ω2))

(1− ω2/(ω1ω2))2 + ω2(1/ω1 + 1/ω1 + 2/ω12)2
,
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Y2(ω) :=

− ω(1 + ω/ω1)(1 + ω/ω2)(1/ω1 + 1/ω2 + 2/ω12)

(1− ω2/(ω1ω2))2 + ω2(1/ω1 + 1/ω1 + 2/ω12)2
.

The Nyquist chart of G2(jω) is given un Fig.2 (c).

Fact 6 Table 3 shows gain characteristics of G2(jω) . Also

in general |G2(jω)| |= |G2(−jω)|, and[
∂|G2(jω)|

∂ω

]
ω=±√

ω1ω2

= 0.

Table 3: Characteristics of |G2(jω)|.
ω X2(ω) Y2(ω) |G2(jω)|

−∞ -1.0 0.0 1.0

−ω1 0.0 0.0 0.0

−ω2 0.0 0.0 0.0

-
√

ω1ω2 0.0 −p p

0.0 1.0 0.0 1.0
√

ω1ω2 0.0 −q q

ω1 α β γ

ω2 −α β γ

∞ -1.0 0.0 1.0

Note that in Table 3,

p :=
(
√

ω1 −√
ω2)

2

ω1 + ω2 + 2ω21
, q :=

(
√

ω1 +
√

ω2)
2

ω1 + ω2 + 2ω21

α :=
(ω1 + ω2)(−ω1 + ω2)

ω2
1 + ω1ω2 + ω2

2 + ω12(ω1 + ω2 + ω12)
,

β := − (ω1 + ω2)(ω1 + ω2 + 2ω12)

ω2
1 + ω1ω2 + ω2

2 + ω12(ω1 + ω2 + ω12)
,

γ :=

√
2(ω1 + ω2)√

ω2
1 + ω2

2 + 2ω21(ω1 + ω2 + ω21)
.

Fact 7 We have the phase characteristics of G2(jω) in Table

4 by noting that X2(ω) = 0 at ω = −ω1,−ω2,±√
ω1ω2 and

Y2(ω) = 0 at ω = −ω1,−ω2, 0. Also note that

tan θa :=
ωb − ωa

ω1 + ω2 + 2ω12
, − π < θa < −π

2
.

tan θb :=
ωa − ωb

ω1 + ω2 + 2ω12
, − π

2
< θb < 0.

where ωa := max(ω1, ω2), and ωb := min(ω1, ω2).

Table 4: Characteristics of � G2(jω).

ω X2(ω) Y2(ω) � G2(jω)

−∞ −1 0 π

−∞ ∼ −ωa < 0 > 0 π/2 ∼ π

−ωa ∼ −√
ω1ω2 > 0 < 0 −π/2 ∼ 0

−√
ω1ω2 ∼ −ωb < 0 < 0 −π ∼ −π/2

−ωb ∼ 0 > 0 > 0 0 ∼ π/2

0 ∼ √
ω1ω2 > 0 < 0 −π/2 ∼ 0

√
ω1ω2 ∼ ∞ < 0 < 0 −π ∼ −π/2

ωb > 0 < 0 θb

ωa < 0 < 0 θa

∞ −1 0 −π

Fact 8 (i) Nyquist chart of G2(jω) (Fig.2 (c)) is symmetric

with respect to a line of X2 = 0.

(ii) For an arbitrary a ( |= 0),

G2(ja
√

ω1ω2) := X2(a
√

ω1ω2) + jY2(a
√

ω1ω2),

and then

G2(j
1

a

√
ω1ω2) = −X2(a

√
ω1ω2) + jY2(a

√
ω1ω2).

(iii) |G2(ja
√

ω1ω2)| = |G1(j
1
a

√
ω1ω2)|.

Proof It follows from eq.(2) that

G2(ja
√

ω1ω2)

=
(1 + a

√
ω2/ω1)(1 + a

√
ω1/ω2)

(1− a2) + ja
√

ω1ω2((1/ω1) + (1/ω2) + (2/ω12))

=
(
√

ω1 + a
√

ω2)(
√

ω2 + a
√

ω1)√
ω1ω2(1− a2) + ja[ω1 + ω2 + (ω1ω2/ω12)]

.

G2(j
1

a

√
ω1ω2)

=
(
√

ω1 + a
√

ω2)(
√

ω2 + a
√

ω1)

−√
ω1ω2(1− a2) + ja[ω1 + ω2 + (ω1ω2/ω12)]

.

Then we have Fact 8. (Q.E.D.)

2. 3 Third-order Filter Case

Fact 9 (i) Third-order filter transfer function (Fig.3 (a)) is

given by

G3(jω) =
(1 + ωR1C1)(1 + ωR2C2)(1 + ωR3C3)

DG3(jω)
. (3)

Here DG3(jω) := DG3R(ω) + jDG3I(ω),

DG3R(ω) := 1− ω2[R1C1R2C2 + R2C2R3C3

+ R1C1R3C3 + 2R1C3(R2C2 + R2C1 + R3C2)],

DG3I(ω) := ω[R1C1 + R2C2 + R3C3

+ 2(R1C2 + R2C3 + R1C3)]− ω3R1C1R2C2R3C3.

(ii) Gain and phase of G3(jω) are given as follows:

|G3(jω)| = |N3(ω)|√
DG3R(jω)2 + DG3I(jω)2

tan( � G3(jω)) = − DG3I(jω)

DG3R(jω)
.

Fig.3 (b) shows |G3(jω)| with respect to ω, and we see that

G3(jω) has zeros at ω = −ω1,−ω2,−ω3.

(iii) The real part (X3(ω)) and imaginary part (Y3(ω)) of

G3(jω) are given as follows:

G3(jω) = X3(ω) + jY3(ω)

X3(ω) :=
N3(ω)DG3R(ω)

DG3R(jω)2 +DG3I(jω)2
,

Y3(ω) := − N3(ω)DG3I(ω)

DG3R(jω)2 + DG3I(jω)2
.
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Note that X3(ω) = 0 at ω = −ω1,−ω2,−ω3,−α, 0, α, and

Y3(ω) = 0 at ω = −ω1,−ω2,−ω3,−β, 0, β, where

α :=

√
ω1ω2ω3

ω1 + ω2 + ω3 + 2(ω31 + ω32 + ω21)

β :=
√

ω1ω2 + ω2ω3 + ω1ω3 + 2(ω1ω32 + ω2ω31 + ω3ω21).

Fact 10 Let us consider the case that R1 = R2 = R3(= R)

and C1 = C2 = C3(= C).

(i) The transfer function is given by

G3(jω) =
(1 + ωRC)3

1− 9ω2R2C2 + j(9ωRC − ω3R3C3)
.

Table 5 shows its gain, phase, X3 and Y3 characteristics.

Table 5: Characteristics of G3(jω) when

R1 = R2 = R3(= R) and C1 = C2 = C3(= C).

ω X3(ω) Y3(ω) |G3(jω)| � G3(jω)

−∞ 0.0 1.0 1.0 π
2

(−5−√
24)ω1 0.4 0.4 0.4

√
2 π/4

−3ω1 0.1 0.0 0.1 0.0

−ω1 0.0 0.0 0.0 N/A

−ω1/3 0.0 0.1 1 π
2

(−5 +
√
24)ω1 0.4 0.4 0.4

√
2 π/4

0 1.0 0.0 1.0 0.0

ω1/3 0.0 -0.8 0.8 −π/2

ω1 0.5 0.5
√
2/2 −(3/4)π

3ω1 -0.8 0.0 0.8 −π

∞ 0.0 1.0 1.0 π/2

(ii) Nyquist chart of G3(jω) (Fig.3 (c)) is symmetric with

respect to the line Y3 = X3.

(iii) For an arbitrary a ( |= 0), we have

G3(j
a

RC
) := X3(

a

RC
) + jY3(

a

RC
),

and then G3(j
1

a

1

RC
) = Y3(

a

RC
) + jX3(

a

RC
).

(iv) |G3(j
a

RC
)| = |G3(j

1
a

1
RC

)|.
Proof It follows from eq.(3) that

G3(j
a

RC
) =

(1 + a)3

1− 9a2 + j(9a − a2)

=
(1 + a)3√

(1− 9a2)2 + (9a − a3)2
[1− 9a2 + j(a3 − 9a)],

G3(j
1

a

1

RC
) =

(1 + a)3

1− 9a2 + j(9a − a2)

=
(1 + a)3√

(1− 9a2)2 + (9a − a3)2
[a3 − 9a + j(1− 9a2)].

Then we have Fact 10. (Q.E.D.)

2. 4 Fourth-order Filter Case

Fact 11 Fourth-order RC polyphase filter transfer function

is given by

G4(jω) =

(1 + ωR1C1)(1 + ωR2C2)(1 + ωR3C3)(1 + ωR4C4)

D4R(ω) + jD4I(ω)
.

where D4R(jω) = 1

− ω2
[
R1R2(C1C2 + 2C1C3 + 2C1C4 + 2C2C3 + 2C2C4)

+ R1R3(C1C3 + 2C1C4 + 2C2C3 + 4C2C4 + 2C3C4)

+ R2R3(C2C3 + 2C2C4 + 2C3C4) + R3R4C3C4

+ R1R4(C1C4 + 2C2C4 + 2C3C4) + R2R4(C2 + 2C3)C4

]
+ ω4R1R2R3R4C1C2C3C4,

D4I(jω) = ω
[
R1C1 + R2C2 + R3C3 + R4C4

+ 2R1C2 + 2R1C3 + 2R1C4 + 2R2C3 + 2R2C4 + 2R3C4

]
− ω3

[
R1R2R3(C1C2C3 + 2C1C2C4 + 2C1C3C4

+ 2C2C3C4) + R2R3R4C2C3C4 + R1R2R4(C1C2C4

+ 2C1C3C4 + 2C2C3C4) + R1R3R4(C1C3C4 + 2C2C3C4)
]
.

3. Parasitic Capacitance Effects
Next let us consider the parasitic capacitance and loading

capacitance effects. Suppose that a RC polyphase filter is

implemented on the integrated circuit and hence its resis-

tors and capacitors have parasitic capacitance to the sub-

strate. Also the polyphase filter has load capacitances at the

output nodes; we model its equivalent circuit as shown in

Fig.4 (the third-order filter case). Then the transfer func-

tions (Gpk, (k = 1, 2, 3)) are given as follows:

Fact 12 First-order RC polyphase filter case:

Gp1(jω) :=
1 + ωR1C1

1 + jωR1(C1 + Cp1)
.

Fact 13 Second-order RC polyphase filter case:

Gp2(jω) := (1 + ωR1C1)(1 + ωR2C2)/Dp2(jω).

Here Dp2(ω) := 1

− ω2R1R2[C1C2 + C1Cp2 + C2(Cp1 + Cp2) + Cp1Cp2]

+ jω[R1(C1 + 2C2 + Cp1 + Cp2) + R2(C2 + Cp2).

Fact 14 Third-order RC polyphase filter case:

Gp3(jω) :=
(1 + ωR1C1)(1 + ωR2C2)(1 + ωR3C3)

Dp3R(ω) + jDp3I (ω)
.

Here Dp3R(ω) := 1− ω2[R1R2(C1C2 + 2C2C3 + 2C1C3

+C1(Cp2 + Cp3) + C2(Cp1 + Cp2 + Cp3) + 2C3Cp1

+Cp1(Cp2 + Cp3)) + R2R3(C2C3 + C2Cp3 + C3(Cp2 + Cp3)

+Cp2Cp3) + R1R3(C1C3 + 2C2C3 + C1Cp3 + 2C2Cp3

+C3(Cp1 + Cp2 + Cp3) + (Cp1 + Cp2)Cp3)],
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Dp3I (ω) := ω[R1(C1 + 2C2 + 2C3) + R2(C2 + 2C3) + 2R3C3

+R1Cp2 + R2(Cp2 + Cp3) + R3Cp3]− ω3R1R2R3[C1C2C3

+C1C2Cp3 + C1C3(Cp2 + Cp3) + C2C3(Cp1 + Cp2 + Cp3)

+C1Cp2Cp3 + C2(Cp1 + Cp2)Cp3 + C3Cp1(Cp2 + Cp3)

+Cp1Cp2Cp3].

We see that the parasitic capacitances Cp1, Cp2 and Cp3

do not change the zero positions of Gp1(jω), Gp2(jω) and

Gp3(jω) (which are ω = −ω1,−ω2,−ω3). Fig.5 shows the

simulation result of gain characteristics including parasitic

capacitances and we see that as the parasitic capacitance

values increase, the gain drops for large |ω|.
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Fig.1 (a) : The first-order RC polyphase filter.
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Fig.1 (b) : Gain characteristics of Fig.1 (a).
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Fig.1 (c) : Phase characteristics of Fig.1 (a).

-1.4

-1.2

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

-0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

[ Y
(ω

) 
]

[ X(ω) ]

Fig.1 (d) : Nyquist chart of G1(jω) := X1(ω) + jY1(ω).
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Fig.2 (a) : The second-order RC polyphase filter.
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Fig.2 (b) : Gain characteristics of Fig.2 (a) when R1 =

1kΩ, C1 = 10pF, R2 = 2kΩ and C2 = 1pF .
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Fig.2 (c) : Nyquist chart of G2(jω) := X2(ω) + jY2(ω).
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Fig.3 (a) : The third-order RC polyphase filter.
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Fig.3 (b): Gain characteristics of the third-order RC

polyphase filter when R1 = 1kΩ, C1 = 10pF , R2 =

3kΩ, C2 = 1pF , R3 = 5kΩ and C3 = 0.2pF .

Fig.3 (c) : Nyquist chart of G3(jω) := X3(ω)+ jY3(ω) when

R1 = R2 = R3 and C1 = C2 = C3.
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Fig.4: Equivalent circuit of the third-order RC polyphase fil-

ter with parasitic capacitance to substrate (Cp0, Cp1, Cp2,

and a part of Cp3) and load capacitance (the other part of

Cp3).
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Fig.5 (a) : Gain characteristics of a first-order RC polyphase

filter (R1 = 1k, C1 = 1p) with parasitic capacitances. From

the top to bottom lines, Cp1 = 0, 0.1p and 0.2p respectively.
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Fig.5 (b) : Gain characteristics of a second-order RC

polyphase filter (R1 = 1k, R2 = 3k, C1 = 1p, C2 = 3p)

with parasitic capacitances. From the top to bottom lines,

Cp1/C1 = Cp2/C2 = 0, 0.1 and 0.2 respectively.
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Fig.5 (c) : Gain characteristics of a third-order RC polyphase

filter (R1 = 1k, R2 = 3k, R3 = 5k, C1 = 1p, C2 = 0.1p,

C3 = 0.02p) with parasitic capacitances. From the top to

bottom lines, (Cp1, Cp2, Cp3) = (0, 0, 0), (0.1p, 0.01p, 0.002p)

and (0.2p, 0.02p, 0.004p) respectively.
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