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Abstract This paper derives explicit transfer functions for first-, second-, third- and fourth-order RC polyphase
filters; these are important components used for image rejection and in quadrature signal generation circuits in the
analog front- ends of wireless transceivers. We use Nyquist charts to characterize them, and also discuss the effects
of parasitic node capacitances.
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. also discuss input impedance, output termination, compo-
1. Introduction ) ) ) )
nent mismatch effects and a flat-gain design algorithm for

RC polyphase filters [1] are important components in analog RC polyphase filters

front-end of wireless transceivers; their roles are described

in [2], [3], and their use for In-Phase and Quadrature (I and

In this paper, we use the following notation:

Q) signal generation and for image rejection is described wr = 1/(RkCk), wij:=1/(R:Cy) (k,i,5=1,2,3,4).

in [4]0 [8]. Up to now their design has been based on sim- .
2. Transfer Function

ulation, in most cases[6]. However, in our previous pa-

pers [2], [3], we derived explicit transfer functions for first-, ~ Let us consider the RC polyphase filters in Figs.1, 2, 3 and

second-, and third-order RC polyphase filters, and Fukura define the following:

et.al. have also derived them [9]. In this paper we analyze
their characteristics in more detail; we derive the transfer
function of a fourth-order filter, clarify the characteristics
of first-, second- and third- order filter with their Nyquist
charts, and also study the effects of parasitic capacitances

and loading capacitances. In a companion paper [10], we

Lin(t) == Lint (t) = Lin— (1), Tout(t) := Tout+(t) — Tout—(t),
an(t) = an-‘r(t) - Qin—(t)a Qout(t) = Qout+(t) - Qoutf(t)-
Also define complex signals Vi, (t) and Vo (t) as follows [11]:
Vin(t) := Lin(t) + jQin(t), Vour(t) := Lout(t) + jQout(t).

Letting ‘/zn(]w)z Vout(jw)7 [out(jw)z QOUt(jw)7 [Zn(.]w) and
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Qin(jw) be the Fourier transform of Vi, (t), Vout(t), Lout(t),
Qout(t), Lin(t) and Qin(t) respectively. Then we can define
the frequency transfer function for complex input and output
signals Vi, (jw) and Vout(jw) as follows [12]:

Vout(jw)

(k=1,2,3,4).

Next we derived them explicitly.
2.1 First-order Filter Case
Fact 1 (i) First-order filter transfer function (Fig.1 (a)) is
given by
14+ wRiCh

@) = T 5omer (1)

(ii) Gain and phase of G1(jw) are given by
|1+ wR1CH|

/14 ((,01%16’1)27

tan(ZG1(jw)) = —wR:1C1.

1G1(jw)| =

Figs. 1 (b) and (c) show |G1(jw)| and £G1(jw) with regards
to w, respectively.
(iii) The real part (Xi(w)) and imaginary part (Yi(w)) of

G1(jw) are given as follows:

Gi(jw) = Xa(w) + jYi(w).

X1 (w) = 1+ wRiCh 7
/14 (wR1C’1)2
Yl(w) — (wR1C’1)(1 + wR1C’1) .

1+ (wR1C’1)2

Fig.1 (d) shows the Nyquist chart of G1(jw).
Fact 2 Table 1 shows gain characteristics of G1(jw). Also
note that in general, |G1(jw)| F |G1(—jw)|, and

91G1(jw)| _
[ Ow ]wwl =0

Table 1: Characteristics of |G1(jw)].

w X1(w) | Y1(w) | |G1(jw)]

—00 -1.0| -1.0 V2
—(1+V2)w1 | -02] -0.5 1.3
—w1 00| 0.0 0.0

(1 —v2)wn 0.5 0.2 v0.29
0.0 1.0 0.0 1.0
(—1+v2)w; 1.2 05 1.3
w1 -1.0 | -1.0 V2

(14 V2w 05| -1.2 1.3
00 -1.0| -1.0 V2

Fact 3 Table 2 shows phase characteristics of G (jw). Also
note that tan /G1(jw) = —tan /G1(—jw), but /G1(jw) *
—£G1(—jw), and

—£Gr1(—jw)
(Gi(—jw) — T

(0L w<w)
(w1 < w).

/G (jw) = {

Table 2: Characteristics of /G (jw).

w Xi1(w) | i(w) /G (jw)

—o0 =0 <0 —7/2
—00 ~ —w1 <0 <0 | —m/2~—(3/4)m
—w1 —0 <0 <0 —(3/4)w
—w1 40 >0 >0 /4
—w1~0 >0 >0 w/4 ~0
0~ o0 >0 <0 0~ —7m/2
w1 >0 <0 —7/4

oo =0 <0 —7/2

Fact 4 (i) Nyquist chart of G1(jw) (Fig.1 (d)) is symmetric
with respect to a line of Y1 = —X7.
(ii) Let decompose G into its real part and imaginary part

at w = aw; for an arbitrary a (£ 0),

G1(aw1) := Xi(aw1) + jY1(awr).

1
Then Gl(jawl) = —Yi(aw1) — 7 X1 (aw1).
(i) |Gi(jawr)| = |G1(jzw)l-
Proof It follows from eq.(1) that

1+a 1+a

Gi(jawr) = T 1+a2(1—Ja)7
1 1+(l/a)  lta,
Gl(]awl)_1+j(1/a)_1+a2(a ])'

Then we have Fact 4. (Q.E.D.)

2.2 Second-order Filter Case
Fact 5 (i) Second-order filter transfer function (Fig.2 (a)) is
given by

G2(jw) =

(14 wR:1C1)(1 +wR2C5)
1 —w?2R1C1R2Cs + jw(Ci1R1 + C2Ra + 2R1Cs)

(2)

(ii) Gain and phase of G2(jw) are given as follows:

|G2(jw)| = /X2 (jw)? + Ya(juw)?
|14+ w/wi||]l 4+ w/wa| ’
\/(1 —w?/(wiw2))? + w2(1/w1 + 1 w2 + 2/w12)?

tan /G2 (jw) = X2(5w) =

w(l/wl + 1/(4)2 + Q/W12)
Yz (jw) '

w?/(wiw2) — 1

Fig.2 (b) shows |G2(jw)| with respect to w, and we see that
G2(jw) has zeros at w = —w1, —w>.
(iii) The real part (X2(w)) and imaginary part (Y2(w)) of

G2(jw) are given as follows:
Ga(jw) = Xa(w) + jY2(w),

Xo(w) :=

(14 w/wi)(1 + w/w)(1 — w?/(wiw2))
(1 —w?/(wiw2))? + w2(1 /w1 + /w1 + 2/w12)?’




Yo (w) :=
wl+w/w)(l4+w/w2)(l/wi +1/we +2/wi2)
(1 —w?/(wiw2))? + w2(1 /w1 + /w1 + 2/w12)?’
The Nyquist chart of G2(jw) is given un Fig.2 (c).

Fact 6 Table 3 shows gain characteristics of G2(jw) . Also

in general [G2(jw)| # |G2(—jw)|, and

[3|G2(jw)|] —o.
Ow ——
Table 3: Characteristics of |G2(jw)].
w Xo(w) | Ya(w) | |G2(jw)]
—00 -1.0 0.0 1.0
—w1 0.0 0.0 0.0
—w2 0.0 0.0 0.0
-Vwiwy 00| -p P
0.0 1.0 0.0 1.0
Vwiwz 0.0 —q q
w1 o g Y
w2 —a B ¥
00 -1.0 0.0 1.0
Note that in Table 3,
(/o1 = v/a3)? (o1 + v/3)?

w1 +wa + 2wer’ w1 + w2 + 2w21

(UJ1 + UJQ)(*CL]:[ + UJQ)
wi + wiwe + w3 + wiz(wi + ws +wi2)’

B (w1 + w2) (w1 + w2 + 2wi2)
w? 4 wiws + w3 + wig(w1 + w2 + wi2)’

8=

- V2(w1 + w2) .

\/wf + w% + 2wa1 (w1 + w2 + wa1)
Fact 7 We have the phase characteristics of G2(jw) in Table
4 by noting that Xo(w) = 0 at w = —w1, —w2, £1/wiw2 and
Y2(w) =0 at w = —w1, —w2,0. Also note that

Wy — Wa ™
tanf, := ————2 7 <0, < ——.
1Ya w1 + w2 + 2wi2 T “ 2
Wa — Wh ™
tan@p i= ———— —  — — <0, <0.

noe w1 + w2 + 2wi2 2 b

where w, := max(w1,w2), and wp := min(wi,ws).

Table 4: Characteristics of /G2 (jw).

w Xo(w) | Ya(w) | Z2G2(jw)
—0o0 -1 0 ™
—00 ~ —Wq <0 >0 T2~ T
—Wg ~ —/wiws >0 <0 —7/2~0
—/wiwz ~ —wp <0 <0| —m~—7/2
—wp ~0 >0 >0 0~ /2
0~ /wiws >0 <0 —m/2~0
Vwiwz ~ oo <0 <0 | —m~—7/2
wp >0 <0 Oy

wa <0 <0 Oa
00 -1 0 -

Fact 8 (i) Nyquist chart of G2(jw) (Fig.2 (c)) is symmetric
with respect to a line of X2 = 0.

(ii) For an arbitrary a (& 0),

Ga(jar/wiws) := Xa(ay/wiwz) + jYa(ay/wiws),

and then
1
Gg(jax/wlwz) = *Xz(a\/wudg) +jY2(a\/w1w2).
(i) |Ga2(jaywiws)| = |G1(j, Vwiws)|.

Proof It follows from eq.(2) that

Ga(jav/wiws)
_ (14 a/w2/w1)(1 4+ ar/w1/w2)
(1 —a?) +jaywiwz((1/w1) + (1/w2) + (2/w12))

(Vw1 + ay/w2) (/w2 + a\/w1)
Vwiwz (1 — a?) + jalwr + we + (wiwz/wiz)]’

G2(j§\/w1w2)
(Vw1 + ay/w2) (Vw2 + ay/wr)

—Vwiwz(1 — a?) + jalwi + wa + (wiwz/wi2)]’

Then we have Fact 8. (Q.E.D.)
2.3 Third-order Filter Case

Fact 9 (i) Third-order filter transfer function (Fig.3 (a)) is

given by

(1+wR1C1)(1 + wR2C2)(1 + wRsC?)

)= Des(j)

E))

Here Dgs(jw) := Dgsr(w) + jDgsr(w),
Dgsr(w) := 1 —w?[R1C1R2Ca + RaCaR3Cs

+ R1C1R3C3 + 2R1C3(R2C2 4 R2C1 + R3(Ch)),
Dgar(w) := w[R1C1 + R2C2 + R3C3

+ 2(R1C2 + R2C3 + R1C3)] — w3 R1C1 RyCaR3C3.

(ii) Gain and phase of G3(jw) are given as follows:

' |N3(w)]

G3(jw)| =

|G3(jw)] \/DG3R(jW)2 + Dgsr(jw)?
tan(£Gs(jw)) = _%'

Fig.3 (b) shows |G3(jw)| with respect to w, and we see that
G3(jw) has zeros at w = —w1, —w2, —ws3.
(iii) The real part (X3(w)) and imaginary part (Yz(w)) of

G3(jw) are given as follows:

G3(jw) = X3(w) + 7Y3(w)

= N3(w)Dasr(w)
X3(w) == Desn(jw)? + Dast (ja)?’
Y3(w) == N3(w)Dasr(w)

N Deasr(jw)? + Dasr(jw)?”



Note that X3(w) = 0 at w = —w1, —w2, —ws3, —, 0, a, and 2.4 Fourth-order Filter Case

Y3(w) =0 at w = —w1, —w2, —ws, —5, 0, 3, where Fact 11 Fourth-order RC polyphase filter transfer function
o \/ A is given by
w1 + w2 + ws + 2(w31 + w32 + wa1) Ga(jw) =
(1 + leC1)(1 =+ wRQCQ)(l =+ ngcg)(l —+ wR4C’4)
8= \/w1w2 + waws + wiws + 2(&)114132 + waw31 + wgwgl). D4R(w) + jD‘U(w) .

Fact 10 Let us consider the case that R1 = R2 = R3(= R)
and Ch = Cy = C3(=C).

(i) The transfer function is given by

where D4R(jw) =1
— w2 [Rle(Clcg +2C1C3 +2C1Cy + 2C2C3 + 20204)
+ R1R3(C1C3 +2C1C4 +2C2C3 + 4C2Cy + 2C3C4)

Galjw) = (1+wRC)? + RoR3(CoCy + 2C2Cy + 2C3C4) + R3RaCaCly
T 1 _902R2C2 1 4 — B3R3(3)
WAREC? + j(wRC — wPRCT) + R1R4(C1Cy + 2C2Cy +2C5Cy) 4+ R2 R4 (C2 + 203)04}
Table 5 shows its gain, phase, X3 and Y3 characteristics. 4+ w*R1RsR3RyC1C2C5CY,
Table 5: Characteristics of G3(jw) when Dyr(jw) = w [RICI + R2C2 + R3Cs + R4Cy
Ri=Rs = R3(= R) and C1 = Cs = 03(2 C) + 2R1C2 +2R1C3 +2R1Cy +2R2C3 + 2R2Cy + 2R304]
w X3(w) | Ya(w) ‘GS(]“’J)‘ LG3(jw) — w3 [R1R2R3(Clcgc3 +2C1C2C4 +2C1C3C,
- 0.0 1.0 1.0 z
o 2 + 2C2C3C4) + RaR3R4C2C3Cy + R1R2R4(C1C2Cy
(=5 — V24)w; 0.4 0.4 042 /4
31 o1 0.0 o1 0.0 + 2C103C4 +2C2C3C4) + R1R3R4(C1C3C4 + 2020304)} .
—w 0.0 0.0 0.0 N/A age .
! / 3. Parasitic Capacitance Effects
—w1/3 00| 0.1 1 z
(=5 + V24)w1 04 04| 042 /4 Next let us consider the parasitic capacitance and loading
0 1.0 0.0 1.0 0.0 capacitance effects. Suppose that a RC polyphase filter is
w1/3 00| -0.8 0.8 —m/2 implemented on the integrated circuit and hence its resis-
w1 0.5 0.5 V2/2 | —(3/4)m tors and capacitors have parasitic capacitance to the sub-
3wi -0.8 0.0 0.8 - strate. Also the polyphase filter has load capacitances at the
> 0.0 1.0 1.0 /2 output nodes; we model its equivalent circuit as shown in

(ii) Nyquist chart of Gs(jw) (Fig.3 (c)) is symmetric with Fig.4 (the third-order filter case). Then the transfer func-

respect to the line Ys = Xs. tions (Gpk, (k=1,2,3)) are given as follows:

(iii) For an arbitrary a (& 0), we have Fact 12 First-order RC polyphase filter case:

. 1+ wRiCh
a4 N a : a Gp1(jw) = - .
Gs(ipa) = Xslga) +1Vs(55), r1(jw) 1+ jwR1(C1 + Cp1)
Fact 13 Second-order RC polyphase filter case:
11 a a
and then G3(j——==)=Y3(==)+jXs(==).
Ve Re) = Volge) Ti%(Re) Gp2(jw) = (1 + wR1C1)(1 + wR>Ca)/ Dy (jw).
(iv) 1Gs(ige)l =1Gs(izza)l-
Proof It follows from eq.(3) that Here Dp2(jw):=1
Gs(j—) = (1+a)° — w?R1R2[C1C2 + C1Cpa + C2(Cp1 + Cpa) + Cp1 Oy
SUYRC! T 1-9a% + j(9a — a?) + jw[R1(C1 + 2Ch + Cp1 + Cpa) + Ra(Ca + Cya).
(1+a)’ 2, .3
= 1—-9a" + j(a” — 9a)], rde . o
\/(1 —0a2)? + (9a — a®)? [ ] Fact 14 Third-order RC polyphase filter case:
. (1+wRiC1)(1 +wR2C2)(1 + wR3C3)
Gp3(jw) := - .
1 1 1 3 Dp3R(W) +JDP31(W)
Galjr ) = — %)
a RC 1 —9a% 4+ j(9a — a?)
(1 + a)3 Here ngR(w) =1-— w2[R1R2(0102 +2C2C3 + 2C1C3

) \/(179a2)2+(9a7a3)2[a ~9a+ (1= 9a7)]

Then we have Fact 10. (Q.E.D.)

+C1(Cp2 + Cp3) + C2(Cp1 + Cp2 + Cp3) +2C3Cp1
+Cp1(Cp2 + Cp3)) + RaR3(CaC3 4 C2Cp3 + C3(Cp2 + Cps)
+Cp2Cp3) + R1R3(C1C3 +2C2C3 + C1Cp3 + 2C2Cp3
+C3(Cp1 + Cp2 + Cp3) + (Cp1 + Cp2)Cp3)],



Dp3r(w) := w[R1(C1 + 2C2 + 2C3) + R2(C2 + 2C3) + 2R3C3
+R1Cp2 + R2(Cpa + Cp3) + R3Cp3] — wR1 RaR3[C1C2C5
+C1C2Cp3 + C1C3(Cp2 + Cp3) + C2C3(Cp1 + Cp2 + Cp3)
+C1Cp2Cp3 + C2(Cp1 + Cp2)Cpz + C3Cp1 (Cp2 + Cp3)
+Cp1Cp2Cps].

We see that the parasitic capacitances Cpi, Cp2 and Cps
do not change the zero positions of Gpi1(jw), Gp2(jw) and
Gp3(jw) (which are w = —w1, —w2, —w3). Fig.5 shows the
simulation result of gain characteristics including parasitic
capacitances and we see that as the parasitic capacitance

values increase, the gain drops for large |w|.
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Fig.1 (a) : The first-order RC polyphase filter.
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Fig.1 (b) : Gain characteristics of Fig.1 (a).
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Fig.1 (d) : Nyquist chart of G1(jw) := X1 (w) + jY1(w).
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Fig.2 (a) : The second-order RC polyphase filter.
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Fig.2 (b) : Gain characteristics of Fig.2 (a) when R;
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Fig.2 (¢) : Nyquist chart of G2(jw) := X2(w) + jY2(w).
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Fig.3 (a) : The third-order RC polyphase filter.
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Nyquist chart of the third-order RC polyphase filter

Fig.3 (c) : Nyquist chart of Gs(jw) := X3(w) + jY3(w) when

R1:R2:R3andC’1:C’2:C'3.

Fig.4: Equivalent circuit of the third-order RC polyphase fil-
ter with parasitic capacitance to substrate (Cpo, Cp1, Cp2,
and a part of Cp3) and load capacitance (the other part of
Cp3).
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Fig.5 (a) : Gain characteristics of a first-order RC polyphase
filter (R1 = 1k, C1 = 1p) with parasitic capacitances. From
the top to bottom lines, Cp1 = 0,0.1p and 0.2p respectively.
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Fig.5 (b) : Gain characteristics of a second-order RC
polyphase filter (R1 = 1k,Ry = 3k,C1 = 1p,C> = 3p)
with parasitic capacitances. From the top to bottom lines,
Cp1/C1 = Cp2/C2 =0,0.1 and 0.2 respectively.
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Fig.5 (¢) : Gain characteristics of a third-order RC polyphase
filter (R1 = 1k, R2 = 3k, R3 = 5k, C1 = 1p, C> = 0.1p,
Cs = 0.02p) with parasitic capacitances. From the top to
bottom lines, (Cp1, Cp2, Cps) = (0,0,0), (0.1p,0.01p, 0.002p)
and (0.2p, 0.02p, 0.004p) respectively.



